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PUBLISHER’S NOTE 


We believe this may be the first popular encyclopedia or 
reference book of mathematics of its kind, arranged in 
alphabetical order of subjects. It is based on the Rechenduden 
of the Bibliographisches Institut in Mannheim. Well over 
200,000 copies of this were sold within two years. The present 
version has been thoroughly adapted to Anglo-American needs 
and has been considerably altered in the process. We are 
grateful to the mathematicians on both sides of the Atlantic 
who have undertaken this task or helped us with their advice. 

The book starts from the beginning of secondary school 
mathematics and includes many of the topics studied for a 
university degree. It is not addressed to the professional 
mathematician, but it will help the student to become one, 
It is intended for the Man in the Street, the harassed parent, 
and the technical or engineering student; or for the scientist, 
engineer and accountant for whom mathematics have not lost 
their fascination. 

The encyclopedia is reliable and the explanations clear. It 
contains a large collection of formulae (arithmetical, algebraic, 
geometric, trigonometric, special functions, series, differential 
and integral calculus). There are also tables of mathematical 
functions (powers, square and cube roots, logarithms, trigo- 
nometrical functions, exponential functions, length of arcs and 
angles in degrees and radians, tables of differences)—every 
value electronically calculated separately, with no interpolated 
values. 


FOREWORD 


I AM GLAD of the opportunity to say a few words about this clearly 
written, sensibly arranged and reliable reference work. 

It is a translation of a widely used German compendium, designed 
to serve the needs of high school and college students, which encom- 
passes many branches of mathematics from arithmetic through the 
calculus and includes a collection of essential formulae and tables. 
While the higher branches such as group theory or algebraic topology 
are not treated, the coverage within the limits indicated is succinct 
and to the point, and it is safe to predict that the book will be a much 
consulted companion, a comfort for the student, engineer or teacher to 
have within arm’s reach. 

The thought may readily cross one’s mind that there must be several, 
if not indeed many, references of similar scope already available. 
Curiously enough, despite the immense growth in popularity of 
mathematical studies since the last world war, and the expanding 
mathematical curricula in the schools, this is not the case. Populariza- 
tions of mathematics abound, and the textbook field has been almost 
literally swamped with new approaches and innumerable revisions of 
standard works; also, there has been an outpouring of self-help and 
self-teaching guides, But if you are looking for an explicit, simply- 
written, alphabetically-arranged lexicon of mathematics, geared to 
average requirements, which explains such matters as angles, the 
design and operation of calculating machines, conic sections, continued 
fractions, mathematical induction, regular polygons, the Pythagorean 
theorem, the real number system, infinite series, nomography, log- 
arithms, linear transformations, the solution of equations, the binomial 
distribution, complex numbers, Archimedes’s spiral, the computation 
of interest, the indefinite integral, Pascal’s triangle, the Roman number 
system, rigid motions, Platonic solids, the use of determinants, the 
nature of vectors, trigonometric relations, and many other concepts, 
methods and applications of mathematics, you will find this book 
unique. 

The treatment of most topics seems to me just right. A straightfor- 
ward, unencumbered definition is usually followed by a more detailed 
discussion, which often includes a number of carefully selected and 
worked out examples. Where diagrams are used they are helpful and 
utilitarian, not introduced for decoration, It is not assumed that you 
already know about a subject before looking it up, but it is assumed, 
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FOREWORD 


and quite properly, that you are equipped to make your own way at that 
level. For instance, if you look up affine transformations, you are 
assumed to be reasonably conversant with the fundamentals of analyti- 
cal geometry, and if logarithms are your quarry you must at least have 
some notion of the behaviour of exponents. It would, of course, be a 
mistake to suppose that you can teach yourself all about a topic by 
reading the relevant article in the encyclopedia. That is not its purpose. 
What it sets out to do and what I believe it is successful in doing in a 
remarkably high proportion of its entries is to explain the elements of a 
concept or method, to indicate its connections and relations with other 
parts of mathematics and to give the reader the proper bearings and a 
good start in following up, if he is so inclined, by consulting appropriate 
texts and monographs. 

Teachers will, I believe, be grateful for this book, for themselves and 
for their students. Parents will like it, as will the adult reader who still 
retains a flickering interest in mathematics which his earlier schooling 
has not extinguished. The book is a prize I wish I had had when I was a 
student, and even now I look forward to having it on my shelf. 


JAMES ἢ. NEWMAN 
CHEVY CHASE, MD. 
SEPTEMBER 1963 
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ALPHABETICAL ENCYCLOPEDIA 
UNDER SUBJECTS 


Absolute value 

The absolute value of a real number a, written |a| (read: mod a), 
equals a if a is positive, and —a if a is negative, e.g. |—2| = 2, 
|+2| = 2. The absolute value of a complex number z = a + ib 
is reckoned as z = Va? + b?. In the Argand diagram (see below), 
the absolute value (modulus) of a complex number is the distance 
from the origin of the point representing the number. 


Acute triangle 


A triangle is said to be acute if each of the three interior angles 
is less than 90° (i.e. if all interior angles are acute). 


Addition 
Addition is one of the four fundamental operations of arith- 
metic. The addition sign is ‘+’ (read: plus). The numbers which 
are added are called summands. 
Ἢ. τὸ 3. ee 
Summand plus Summand equals Sum 


Addition of fractions 
Fractions can be added directly only if they have equal denom- 


; 3. ες 
inators, 6.0, ΤΊ si 17 17 

If fractions with unequal denominators are to be added they 
must first be brought to their /east common denominator (see 


below). 


Addition of literal numbers 


Identically-named numbers can be added (and subtracted) by 
adding the coefficients: 


2a + 3b + a+ 4b = 3a + 7b. 
1] 
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ALPHABETICAL ENCYCLOPEDIA 
UNDER SUBJECTS 


Absolute value 


The absolute value of a real number a, written |a| (read: mod a), 
equals a if a is positive, and —qa if a is negative, e.g. |—2| = 2, 
|+2| = 2. The absolute value of a complex number z = a + ib 


is reckoned as z = V a® + b*. In the Argand diagram (see below), 
the absolute value (modulus) of a complex number is the distance 
from the origin of the point representing the number. 


Acute triangle 


A triangle is said to be acute if each of the three interior angles 
is less than 90° (i.e. if all interior angles are acute). 


Addition | 

Addition is one of the four fundamental operations of arith- 
metic. The addition sign is ‘+’ (read: plus). The numbers which 
are added are called summands. 


4 + 3 = 7 
Summand plus Summand equals Sum 


Addition of fractions 

Fractions can be added directly only if they have equal denom- 
: 3. 4 7 
inators, e.g. 17 + 07D 


If fractions with unequal denominators are to be added they 
must first be brought to their /east common denominator (see 
below). 


Addition of literal numbers 


Identically-named numbers can be added (and subtracted) by 
adding the coefficients: 


2a + 3b + a+ 4b = 3a + 7b. 
| 11 


ADDITION THEOREMS FOR TRIGONOMETRIC FUNCTIONS 
Summands may be interchanged (commutative law): 
atb=b+a. 


With more than two summands, brackets may be inserted 
(associative law): 


atb+c=(a+)+ec=a+(6+4+ 0c). 


_ Addition of directed numbers 
No further rule is needed for the addition of positive numbers: 


α-ὶ (ἐδ) πε α- δ, 54+(43)=543=8. 
To add one negative number to another, its absolute value is 
subtracted: 
α -Ἔ (--ὃ) Ξε α -- ὃ, (-- + (--ὃ) = —(a+ ὃ); 
5. (--3) Ξ- 5 --3-:2, (—5) + (—3) = --[ἰἭἥ + 3) = --8. 


Addition of powers and surds 
Powers and surds must be treated like literal numbers for the 
purposes of addition, e.g. 
αϑ -- 4.085... 4.5. -.4,. α τ 5. -- 46 + οϑ); 
3V2 + 5V3 4 ν2 --4ν2- 5ν3. 


Addition of complex numbers 
In adding complex numbers the real and imaginary parts must 
be added separately, e.g. 


(5 + 3i) + (17 — i) = 22 + 2i. 


Addition theorems for trigonometric functions 

The addition theorems enable us to calculate the functions 
sin (« + ), cos (« + β). sin (ἃ — β) and cos (« — β), given sin «, 
sin B, cos « and cos f, and to calculate tan (« + £), tan (« — β), 
cot (a + £), cot (« — β), given tan a, tan f, cot «, cot β. 

The addition theorems are as follows: 

I. sin(« + β) =sinacos β + cos «sin B 
II. sin (« — £) = sinacos β — cos «sin β 
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ADDITION THEOREMS FOR TRIGONOMETRIC FUNCTIONS 
III. cos (« + £) = cosacos β — sin a sin B 
IV. cos (α — £) = cos acos β + sin α sin B 
tan « + tan β 


Υ. ee a ee τ ΤΤΥ. 
VI. tan (« — f) = mae — Eee 


1 + tan «tan β 


cot «cot B — 1 
cot β + cota 
cot «cot 8 + 1 
cot β — cot a 


The proof of formulae I-IV can be derived with the help of the 
following figures. 
In Fig. 1, clearly, 


OD = cos β, DE = OD sin « = sin « cos f, 


OE = OD cosa, AD = sin B, CD = ADsin«. 


VIL. cot (« + f) = 


VIII. cot (α — β) = 


Further, AC = ADcosa= sin B cos a. 
| ΡΝ 
Then = sin(a + 8) = — = AB=AC+CB=ACt DE, 
AO 


that is, sin (« + β) = sinacos # + sin β cos α. 
_ Sumilarly, 


OB. fess: ee | ee, Ste ees 
cos (a + β) = -τ = OB = OE — BE = ΟΕ — CD, 


that is, cos (« + β) = cos «cos β — sin α sin β, 
In Fig. 2, similarly, | 
AD = sin β, DE=ADcosa= cos « sin β, 
OD = cos β, DC = ODsin « = cos β sin a, 
OC = OD cos « = cos B cos «, 
AE = ADsin« = sin sin «. 
13 


ADDITION THEOREMS FOR TRIGONOMETRIC FUNCTIONS 


Fic. 2 


Then sin (a — 8) = 48 --ὀ EC = DC— DE= sin.« cos βὶ — 
cos « sin β, 
and cos(« — 8) =OB=0C+CB=O0OC+FEA= 
| cos «cos β + sin « sin β. 
Formulae V-VIII are obtained immediately from the relations 
sin d cosh 
tand = ed and cot¢ = ae 
Trigonometric functions of double angles 


If the values of sin «, cos a, tan « and cot « are known, sin 2«, 
cos 2x, tan 2« and cot 2« can be calculated by putting 8 = « in 
the addition theorems: 

sin 2x = 2 sin «cos a; 
cos 2% = cos? a — sin? « = 2cos?« — 1 = 1 —2sin? «; 
co ee 2tana 12 _ cotta — 1 

ἡ} oo Deoke 

More generally, sin (nx) and cos (nx) can be calculated, given 
sin « and cos « ( a positive integer): 


n : n 
sin (na) = (7) cos"! « sina — (5).cost-* a sin? α Ἐ 


+ (3) cos" «sin®a—..., 
14 | 


AFFINE-SYMMETRICAL 


n n ; 
cos (na) = cos" a — (3) cos"? α sin? « + ( 4) cos"~4 « sin? « 


Trigonometric functions of half angles 


α α 


. Φ ΝΗ α 
Given sin a, cosa, tana, and cot «, then sin 5» COS 5, tan 5 


and cot 5 can be calculated as follows. 


Since we know cos 2x = 2 cos? « — 1 = 1 — 2 sin? «, 


ᾶ τς δ 
we have cosa = 2cos*5 —1=1— 2 βίη" 5; 


2 
ae he 1 -- cos a ey esa 
that is, sin 5 = = ; cos 5 = δ 


Dividing, we have 


, oe 1—cos« sin o 1 — cos « 
an - = .{{--τ2--: τ --τ---- τ ----------- 
2 l1+cosa 1-+cose sina ἢ 


and similarly 
; α fi + cos « 
τὼ 2 N1—cosa 


Affine 

Two figures (solid or plane) which are derivable one from the 
other by an affine transformation (see below) are called affine 
with respect to one another. E.g. an ellipse can be regarded as the 
affine image of the circle on its major axis. Ellipse and circle are 
affine with respect to one another. 


Affine-symmetrical 

A plane figure is called affine-symmetric if a straight line exists 
such that the part of the figure lying on one side of the line is 
transformed into the part lying on the other side by an affine 
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AFFINE TRANSFORMATION 


reflection (see Reflection, affine). E.g. the oblique kite-like figure 
of Fig. 3 is affine-symmetrical with respect to the diagonal AC. | 
The other diagonal BD gives the direction of reflection. 

An ellipse is affine-symmetrical with respect to a diameter d,. 
The conjugate diameter d, gives the direction of reflection (see 
Ellipse). 

ς 


Fic. 3 Fic. 4 


Affine transformation 


An affine transformation of the points of space is a reversible 
single-valued (one-to-one) transformation in space, in which the 
ratios of distances separating three points P, Q, R which lie on a 
straight line remain unchanged. Le. if P’, Q’, R’ are the image 


ΕΣ δ ἐδ τς 
points of P, Ο, R, and if re = c, then —— =e. 


If a general point P has coordinates x, y, z in a given rectangular 
coordinate system and the image point P’ has coordinates 
x’, γ΄, 2 in the same coordinate system, then the sets of coordi- 
nates are connected by equations of the following form: | 


"= aX + ay + 32 + ay, 
) =) x + boy + bsz + by, 
2 = 4X + Cay + Cz + Gy. 
Here the coefficients a,, ὃ.» c; are real numbers which satisfy the 
condition that the determinant 
a ἄς. a 
C1 (ὧς (8 
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AFFINE TRANSFORMATION 


(If D = 0, all the image points P’ lie on a single line.) 

Under affine transformation straight lines transform into 
straight lines. If two straight lines are parallel the image lines are 
parallel also. 


Types of plane affine transformation 
(In what follows, P(x, y) is to have the image point P’(x’, y’) 
in the same rectangular coordinate system.) 


1. Parallel displacement. Equations: 


Displacement distance: d= ν αὖ -ἰ- δῇ. The 
ee ᾿ direction of the parallel displacement is that of 
» =Y+ 4 the line joining the origin to the point O(a, b,). 


x =x+a, 


2. Reflection in a straight line in the plane 


Reflection in the x-axis: in the y-axis: 
x’ =x, x = —x, 
Pay . y=y. 


3. Rotation about a point in the plane 
(a) Rotation about the origin through angle 6, 
x’ =x.coséd + y.sin ὃ, 
y =(—x). sind + y.cos ὃ. 
(b) Rotation about the point P(x,, y,) through angle 6, 
x — x, =(x — x,).cosd + (Ὁ — γὼ). sind, 
¥ -- ».Ξ —&—x,).sind + Ο — y,). cos ὃ. 


The transformation 1, 3(a) and (b) are so-called Rigid motions 
(see below) or congruent transformations in the plane. In a rigid 
motion the originating figure and the image figure are always 
congruent. All rigid motions in the plane can be obtained by 
compounding transformations 1 and 3(a). 


4. Magnification 
(a) Parallel] to the x-axis, (b) Parallel to the y-axis, 
x = ax, x == x, 
7 =y; 7 = by. 
17 


AFFINE TRANSFORMATION 


(c) In the direction of the line joining the origin to the point 
O(a, δι), 


x’ = aX, 
y = dy. 
(d) If the magnifications (a) and (b) are effected simultaneously 
we obtain 
x = a,x, 
y = dy. 


If a,=b, =a, we obtain the similarity transformation 
x’ = ax, γ' = ay, in which all lines proceeding from the origin 
are magnified in the ratio a:1. 

All affine transformations of the plane can be obtained by 
combining transformations 1, 2, 3(a), 4(a) and 4(b). 


Important examples of affine transformations in space 

(In what follows, P(x, y, z) is to have image point P’(x’, γ΄, 2) 
in the same rectangular coordinate system.) 

1. Parallel displacement 


Y=exta The direction of the parallel displacement is 
= 49 . es © 6 2 Μ 
b that of the line joining the origin to the point 
Y=ythy O(4,, by, Cy). The displacement distance is 
watt d= Va Ὁ δὲ Ὁ ob 


2. Reflection in a plane 
(a) in the (x, y)-plane, (b) in the (y, z)-plane, 


xx, x = —x, 
7 =y, yy, 
= --Ζ; Ζ' =z: 


(c) in the (x, z)-plane, 


18 


AFFINE TRANSFORMATION 
3. Rotation about a straight line 
(a) about the x-axis, (b) about the y-axis, 
x = x, x =x.cose+z.sing, 
y =y.cosd+z.sind, y =y, 
2=—y.sind+z.cosd; 2 =—x.sine+2Z.cose; 
(c) about the z-axis, 
x =x.cosf+y.sin ζ, 


y =x.sing+y.cos¢, 


Z ἘΞ; 
4. Reflection in a point 
(a) in the origin: (Ὁ) in the point P, (x,, y,, Z,): 
x = —x, x —x, = --ἰ( — x,), 
Tomy, γπ»ροξ τὸ — Ja) 
z= --2Ζ; Ζ' -- Ζ, = --[ἝΖ --- 2,). 


Transformations 1 and 3 belong to the rigid motions in space 
(see Rigid motions). 


5. Magnification parallel to the 


(a) x-axis: (b) y-axis: (c) z-axis: 
x’ == ax, x =x, x =X, 
Y=), y = by, Y=), 
Ζ' -- Ζ; Ζ' ΞξΞ Ζ; Z = CZ. 


The magnifications (a), (b), (c) can be effected simultaneously, 
x = ax, y = by, z= CZ. 
Ifa = b=c we obtaina 


6. Similarity transformation. In the similarity transformation, 
all lines proceeding from the origin are magnified in the ratio a:1. 
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ALGEBRA 


Algebra 


For historical reasons elementary algebra embraces a wide 
variety of topics, but its central problem is the study of algebraic 
equations (see Equations). 

Modern (abstract) algebra generalises the study of ordinary 
addition and multiplication, and is the theory of systems of ele- 
ments on which operations with specified properties are defined. 


Algebraic curves 

A curve is called algebraic if an algebraic function can be 
found which represents it. 

Examples: 


Straight lines, Conic sections 
Neil’s parabola 

Folium of Descartes 
Lemniscate 

Conchoid 

Cissoid 


Algebraic numbers 


Every algebraic number is the solution of an algebraic equation 
(see Equations): 


Ax" +ax*t+...+a, =0, 


where dp, 41». . ., a, are rational coefficients. 
The following are examples of algebraic numbers: 


=2,x=3,x= V24 V73,x = V24 V2. 


satisfies x —2 = 0, 


eM Oe 
| 


2 
3 satisfies 4x — 3 = 0, 
x= V24+4V3 © satisfies x4 — 4x2 + 1 =0, 
xa V24 V2 satisfies x* — 4x4 - 2 = 0. 
20 


ALTERNATE ANGLES 
Classification of the algebraic numbers 


algebraic numbers 


rational numbers algebraic irrational 
numbers 
integers fractions 


Many algebraic numbers are expressible as surds, e.g. 
x= V24+ V3. 


But there are also algebraic numbers which cannot be expressed 
by means of roots, for algebraic equations of order higher than 4 
cannot in general be solved in terms of roots. Those algebraic 
numbers which can be expressed by means of roots are of special 
interest, particularly those expressible in terms of square roots, 


e.g. 
x= V24+ V3. 


These can be represented by line-segments, since they can be 
constructed in the plane by the use of ruler and compass only. 
Conversely, every line-segment which can be constructed by 
means of ruler and compass may be represented by a surd in 
which only square roots enter (see Duplication of the cube, 
Trisection of the angle). 


Algebraic sum 
An algebraic sum is a sum of directed numbers, e.g. 


(+5) + (—3a) + (--462 + (0-6) + (+5ab). 
Instead of, as here, adding the negative numbers, one can also 
subtract the absolute values of these negative numbers. The 
example above then becomes: 


5 — 3a — 4b? — 0:6 + Sab. 
This type of expression also is called an algebraic sum. 


Alternate angles 

Alternate angles occur where two parallel lines are intersected 
by a third line. Alternate angles lie on opposite sides of the trans- 
versal and opposite sides of the parallel lines, and are equal (see 
Angle). 
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ALTITUDE THEOREM (EUCLID) 
Altitude theorem (Euclid) 


In a right-angled triangle the square on the altitude equals the 
rectangle formed by the two segments into which the altitude 
divides the hypotenuse: h? = pq (Fig. 6). Proof: By Euclid’s 
theorem, δ5 = cq = (p + q)q; but by the theorem of Pythagoras 
δὲ = h? + φῆ. Therefore (p+ 4)4 =H? +4, that is, pg = h? 
(Fig. 6). | 

By means of this theorem a rectangle can be transformed into 
a square of equal area. We lay the sides p and q of the rectangle 
alongside one another, construct the Thales circle on the combined 
segment p +g, and erect at F the perpendicular whose intersec- 
tion with the circle C, gives the length of side h = FC of the 
required square (Fig. 5). Similarly, of course, a square can be 
transformed by means of the altitude theorem into a rectangle of 
equal area, with one side given. 


S27 


b*=9-c=pgtg? 


Cc 
ὸ φεηξρφιφὴ. 
H=pq 
p 
Pp 
Ειο. 5 Fic. 6 
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ANALYTICAL GEOMETRY 


Altitudes of a triangle 


The perpendicular from a vertex of a triangle onto the opposite 
side is called an altitude of the triangle. Every triangle has three 
altitudes (h,, h,, h,) which may lie either inside or outside the 
triangle or may coincide (for right angled triangles) with a side 
(leg of the right-angled triangle). 

An acute-angled triangle has three internal altitudes. 

An obtuse-angled triangle has one internal and two exterior 
altitudes. 

A right-angled triangle has one internal altitude, the others 
coinciding with the legs of the triangle. 

The three altitudes of a triangle intersect in the orthocentre. 
The three feet of the altitudes form a new triangle (see Triangle). 


Analysis 

Analysis is that part of mathematics concerned with the investi- 
gation of functions. Nowadays one usually understands by 
Analysis (the term higher analysis is also used) the differential 
and integral calculuses and the branches of mathematics which 
have developed from them. | 


Analytical geometry 

Analytical geometry is the study of geometrical relations by 
means of the techniques of analysis. In this way one field of 
mathematics is used to assist the development of another. As it 
was Descartes who first unified geometry and algebra in this way, 
the use of coordinates or sets of numbers to represent points and 
other geometrical structures is spoken of as Cartesian geometry, 
although Descartes did not himself use ‘Cartesian coordinates’. 
We have an everyday use of coordinates in map-references, and 
coordinates in analytical geometry are developed and refined 
from such examples as this. In the translation from geometry to 
algebra, those points which have a given property (which lie for 
example on a circle or sphere) translate into sets of coordinates 
satisfying an algebraic equation; points with two properties (such 
as lying on two different circles) translate into sets of coordinates 
satisfying two algebraic equations; and so on. 

Although by taking n coordinates (7 = 1, 2, 3,. . .) it is easy 
to define a geometry of m dimensions, we shall confine ourselves 
to n = 2 (analytical geometry of the plane) and n = 3 (analytical 
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ANALYTICAL GEOMETRY OF THE PLANE 


geometry of space) in what follows below. By means of quadratic 
equations we can develop elegantly the theory of conic sections 
(see Conic sections, Curves of the second order, Ellipse, Hyperbola) 
and of quadric surfaces (see Surfaces of the second order). 


Analytical geometry of the plane 


1. Points in rectangular coordinate systems. If an aircraft is to 
be directed to a given position, we may give the instructions 
geometrically, in terms of a map with positions marked and 
distances drawn, or algebraically, in terms of an agreed set of 
coordinates, those of latitude and longitude. This is possible 
because each position has coordinates of latitude and longitude 
and (within agreed ranges of values) conversely. 

In analytical geometry we operate with coordinates in much 
the same way. In place of the equator and the meridian of 
Greenwich we take two lines or axes at right-angles to each other, 
a ‘vertical’ line or y-axis and a ‘horizontal’ line or x-axis. The 
first or x-coordinate of a point P is the distance of P from the 
y-axis, measured positively to the right or negatively to the left. 
The second or y-coordinate of P is the distance of P from the 
x-axis, measured positively upwards and negatively downwards. 
In analytical geometry we translate problems involving points 
such as P into problems involving coordinates such as (x, y). 

We note that if P is on the y-axis then x = 0, while if P is on 
the x-axis then y = 0. In fact these equations are necessary and 
sufficient conditions for P to lie on one or other axis. 

We note also that if P lies in the upper-right-hand quadrant 
of the plane, conventionally known as the ‘first’ quadrant, then 
both x and y are positive. Similar rules apply to the other quad- 
rants, numbered in anti-clockwise direction by convention. 


A point lying on the x-axis has ordinate y = 0. 
A point lying on the y-axis has abscissa x = 0. 
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2. Distance between two points. The distance between two points 
Pi(%, Yi) and P,(%, γε) by Pythagoras’s theorem (Fig. 7) is 
d = V (Xp -Ξ xy + ΘᾺ = y,)*. 


Px, Yo) 
rs 


wee mew we ee P, { X2, Y) 


Fic. 7 Fic. 8 


3. Mid-point of a line-segment. The mid-point M of a line- 
segment with end-points P,(x,, y,) and P,(x», y,) has coordinates 
which are the average of the coordinates of P, and P,, i.e. 


Xn = ae Vn = uae (Fig. 8). 


4. Division of a line-segment in the ratio 1 = ~ (Fig. 9). 


(a) Inner division: 2 = = (positive). If P,(x,, γι) and P,(x,, Vo) 


are the end-points of the line-segment, then the point of division 
P;(X3, ¥3) has coordinates: 


_ MX, + Mx, xy + χα — Wit My, γι t Ayn 
x3 >= n-+-m =a t+, ἘΞ n+m = 1+aA 


(b) Outer division: 4 = — (still positive). The point of division 
has coordinates " 
nx, + mx, χι — Ax, 


4= — 


m—n ia Ὁ 


_ τῆνι + my, γι -- Ay, 
Ἑ m—n Ι-- 
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B.(%,%4) 


> “ὦ ὠμὰ «αν a a aD πὸ ae ae GE ame oe oe 


Fic. 9 


5. Area of a triangle. Suppose the triangle has vertices P\(x, y,), 
P.(X2, Yo) and P,(x3, y3), the three points being laid out in the 
anticlockwise sense. The area of the triangle is 


A = $[%10'2 — 79) + χοῦ — YD + X31 — )»9)}. 


(This expression is obtained by subtracting the trapezia P,P,P,P, 
and P,P,P,P, from the trapezium P,P,P;P,; Fig. 10.) 


Η (5, ¥5) 


Fic. 10 
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This formula can be written as a determinant (see below): 


Lx yy 
A=3$/1 XX jo 
1 χε Js 


6. Equation of a straight line. The straight line through the 
points P, and P, consists of all the points P(x, y) such that the 
area of the triangle PP,P, is zero, that is, 


lx y 
1 xy Ji = 0, 
1 χορ Ye 
OF (x1Ye -- XoVy) + X(1 — Vo) + Y(%_ — χρῇ = 0, which we may 
rewrite as 
Ax + By + C=0, (a) 


where A, B and C are constants (independent of x and y). It 
follows that every straight line has the form (a). Conversely, 
every equation of the form (a) represents a line, in fact the line 


joining the points (0 3) and (= 0}, unless A = 0 or 


B = 0 in which cases we have a line parallel to one of the axes. 
It is convenient to be able to recognize the equation (a) of 
lines which are specially situated, and in general to be able to 
adapt the equation into equivalent forms which reflect more 
readily the properties with which we happen to be concerned. 

(i) Lines specially situated. A line parallel to the x axis (equa- 
tion y = 0) has equation of the form y = ὃ, where ὁ is the distance 
between the line and the axis. Similarly, a line parallel to the 
y-axis has equation of the form x = a. A line through the origin, 
that is, the point (0,0) at which the two axes intersect, has 
equation of the form Ax + By = 0, which it is convenient to 
write as y = mx. 

(11) Convenient forms of the equation of a line. As we have just 
seen, a line through the origin has equation of the form y = mx. 
m is a measure of the slope of the line, in fact it is the tangent 
of the angle between the line and the x-axis (Fig. 11). If the line 
does not pass through the origin, then (unless it is parallel to the 
y-axis) its equation has the form 


7} ΞΞ πιχ +n, 
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Fic. 11 


and this time the line passes through the point B(O, 7) on the 
y-axis and again makes an angle with the x-axis with tangent m. 
More generally, the line through the point P,(x,, y,) and 
making a similar angle with the x-axis has equation of the form 
yry = mx — x). 
The straight line meeting the x-axis in P(a, 0) and the y-axis 
in Q(0, δ) has the equation (Fig. 12) 
ce Ds 
a : Ξ1, (a #40, ὁ 40). 
If the equation of a straight line in the general form 
Ax + By + C = 0 is divided through by the constant 
ἘΝ 43 + Be 


the result is the Hessian normal 
form. This equation 


Ps Rh (xo, Yo) 


Ax + By +C _ 
Ἔν. A2 + B 


has the following properties 
(Fig. 12): 


Distance of point Py {xo 4Yo) 
d=x, cos é*y, sin δ —p ax τ τ ee 
Fic. 12 VAP + ee 


28 


ANALYTICAL GEOMETRY OF THE PLANE 


represents the absolute distance of the straight line from the 
origin if the sign of the root is taken so that Ρ is positive. If ὃ is 
the angle which the perpendicular from the origin to the straight 
line makes with the positive x-axis then: 

A B 


ὃ = ——=——._ and _ sind = -----Ξ:Ξ ----.- 
COs Vea Be an Vea ΕΣ 
The equation may then be written 
xcoséd + ysind —p=0. 


The distance d of a point P,(xo, yo) from the straight line can 
be calculated with the help of the Hessian normal form: 


Axyg + Byo + C 
+V A? + B? 
(Fig. 12). 
The distance of the origin from the line is a special case of this 
formula. 


Example: The straight line y = —#x + 4 has the Hessian 
normal form 


d=x,cosd+ysnd—p or d= 


4x + 3y— 12 0 PP asi ΣΞ 12 0. 
V16 + 9 5 
By substituting the coordinates of a chosen point in the equation 
d= ata we can obtain the distance of the point from 


the straight line. The distance of the origin is d= —*s. The 
distance of the point P,(8, 0) from the line is 
at XS +3 XO~-12 4 
5 

Note that in reckoning the distance of points from a straight line 
by means of the Hessian normal form, we assign to all points 
which lie on one side of the line positive distances and to points 
on the other side negative distances. 


7. The intersection of two lines 
(i) Point of intersection of two straight lines (two curves). The 
coordinates of the intersection of two straight lines (curves) must 
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satisfy the equations of both lines (curves). The coordinates of 
the point of intersection are thus the solutions of a system of two 
equations with two unknowns. 

Example: Intersection of the straight lines y=x-+2 and 
y = 5x — 2. Let the coordinates of the point of intersection be 
(x,, y,). Then: I. y, = 5x, — 2, 

II. y, = x, + 2. 
This system of equations has the solution 
x= ly,=3 (Fig. 13). 


(ii) Angle of intersection of two straight lines. The angle of 
intersection of two straight lines with equations y = mx + δὶ 
and y = m,x + n, can be determined from the formula 


tang = + (Fig. 14). 


ἘΠ 


Fic. 13 Εἰα.14 


The angle obtained is that specified by moving anticlockwise 
from the first line to the second. In the above example (under (i)) 


5—1 2 
m,=1 and m,=5, so that tan¢d= 1457? that is 
ᾧ = 33° 42’. 
; 1 
If the denominator (1 -+ m,m,) is zero m, = — a and the 
lines are perpendicular to one another. 1 
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8. Analytical geometry of the circle. 

Equation of the circle. For every point of the circumference of 
a circle with the origin of the coordinate-system as centre we have 
from Pythagoras’s theorem the equation 


x? + y* = r? (Fig. 15). 


Fic. 15 Fic. 16 


If the centre is not the origin, but some other point O(a, b), the 
equation of the circle is 

(x — a)? + (y — δ) = r? (Fig. 16). 
The significant features of this equation are that the coefficients 
of x? and y* are equal and there is no term in xy. These are 
necessary conditions for the general equation of the second 
degree, which then has the form 


Ax® + Ay* + 2Bx + 2Cy + D=0, 
to represent a circle, and if we exclude from consideration pairs 
of lines they are sufficient. We can obtain the coordinates of the 
centre from this equation. Dividing through by A we obtain 


B ς D 
2 2 Ξ-- 53 τ -- 
χ' Ἐγ Ἐ2ΙΧΈΖ.) Ἐπ|Ξ 0. 
If we then complete the square we have 
B B ς Cc 
2 = == = bec ney asia aye 
w+ saxt at yYt+2zyt+a= zt 
that is, 
4) <) = ἘΣ 
Χ ΤΠ) + » τ =—-{Ztpate 
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which is the equation of the circle centre O (- Ξ, - 5) and 
radius 

»» 85 63 
τα ΑἹ κξ 

Example: The equation 4x? + 4y? + 12x + 20y — 3 = 0 re- 
presents a circle since the coefficients of x? and y® are equal and 


there is no term in xy. Division by 4 and completing the square 
gives 


3\2 5\2 .3 3\2 5\2 
2 a 2 nes lea ce Zu δὴ ΝΝ 
x +324 (5) ty +5 +(5) =7+(3) + (3) 


That is 


r= 


(-+3)'+ (p43) = 

3 5 ; 
The centre of the circle is ο(-- 5» -5) and the radius 
r= 5 ΝΆ. 


(i) Equations of circles specially related to the coordinate system. 
Centre lying on the x-axis: O(a, O 


(x — αὐ + y? =r, 
Centre lying on the y-axis: O(O, δ) 
2+ (y— b= 
A circle whose centre O(a, O) lies on the x-axis and which 
touches the y-axis has the equation: 
(x—-a?+y=a or x*—2ax+ y? = 0 (Fig. 17). 


Similarly, the equation of a circle which touches the x-axis and 
has its centre O(O, δ) on the y-axis has the equation: 


χε τ δέτε δ or x*— 2by+y=0. 


(ii) Equation of a circle through three given points. If a circle 
passes through three points P,(x;, Yu), Po(Xe, 2) and P5(x5, Ys), 
the coordinates of these points must satisfy the equation of the 
circle. In this way we obtain the three conditions necessary to 
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define uniquely the quantities c, d and r, where (c, d) are the 
coordinates of the centre and r is the (positive) length of the 


radius: 
(4 -- Οὗ +, -- dP =r’, 
(ς ~ Οὐ + (Ye — 4) = r?, 
ὡς -- Ο" + 3 — d? = r*. 
(iii) Intersection of a circle and a straight line (Fig. 18). Given 


the circle x? + y® = r? and the straight line y = mx +n. Re- 
quired, the points of intersection of these two curves. 


Fic. 17 Fia. 18 


We have the system of equations 
I e@+y=r? 
If. y=mx+n 


to solve. The second equation gives γῆ = m®x® + 2mnx + πῆ, 
Put this in the first equation and we get x? + m?x* + 2mnx + n?* 
= r?, This is a quadratic equation for the x-coordinate of the 
point of intersection and has solutions 


-}} 1 TP EE ee 


We now use the second equation, y = mx + n, to calculate the 
y-coordinate of the points of intersection, namely, 


n m ar a RE 

πὰ need —————— 2 2) eee 2. 

J1.2 ΤῊ ΗΝ ἜΤΕ ηβ r°(1 τ m*) n 
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The expression under the root-sign, D = r>(1 + m®) — πῇ, is 
called the Discriminant of the circle. The discriminant allows one 
to decide whether a straight line has no points in common with 
a given circle, whether it touches it or whether it intersects it in 
two points. 

1. D=r*(1 + m?) — nr? negative. The solutions given above, 
x, and x, as well as y, and yo, are pairs of conjugate complex 
numbers, i.e. there are no (real) points of intersection. 

2. D=r(1 + m?) — πὸ τῷ, 0. x, and x, are equal, as are y, 
and y,, and so the line touches the circle in the point which has 
coordinates 

—mn _ ἢ 
XS T4m 21m 


3. D = r%(1 + m®) — n? positive. In this case there are two 
real solutions for both x and y. The line cuts the circle in two 
points. 

fv) Mid-points of parallel chords. A chord of the circle 
x* + y? = r? with gradient m has mid-point 


—mn n 
The locus of mid-points of chords with gradient m is the straight 
line y= — x, ie. the diameter of the circle which cuts the 
chords at right-angles. 


(v) Tangent to the circle x* + γ8 =r’. 

1. A straight line with gradient m is a τ τε to the circle 
x24 y2= 77 if the equation r°(1 + m*) - n? = 0 is satisfied, 
i.e. if the intercept of the line with the y-axis isn = rV1 + πιῇ. 
It follows that for a given direction the equation of a tangent is 
y=mx+rvi1 +m. The point of contact has coordinates 

ge eos, Ae ee 
~“Vi-m >) Vitm 
2. If the point P,(x,, y,) lies on the circle x? + γῆ = 7°, the 
: : : xy : 
tangent through this point has gradient m = — Ya (perpendicular 
1 
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to the radius through P,), and the equation of the tangent is 
--Χχ : . 
y—y1 = — (x — x). This reduces to xx, + yy, =r’. 


1 

(vi) Tangent to the circle (x —a*®+(y—b)=r*. The 
general equation of a tangent for this circle is (x — a)(x, — a) + 
(y — b)Q, — δ) = r*, where a and ὁ are the coordinates of the 
centre O(a, b), and x, and y, respectively the coordinates of the 
point at which the tangent touches the circle. 

(vii) Polar line of a point with respect to the circle x* + y® = νϑ, 
Suppose the two tangents are drawn to a circle from a point 
P,(Xo, Yo) Outside the circle. Let the points of contact of these 
tangents be P,(x,, y,) and P,(x», y,). The lind joining these points 
is called the polar line or polar of the point Po, and P, is called 
the pole of the line P,P,. The polar line of a point Py with respect 
to the circle x? -+ y2 =r? has equation xox + yyy =r. The 
polar line of a point with respect to the circle (x — a)? + (Ὁ — b)? 
= r* has equation (x — a)(x) — a) + (y — δ)υ — δ) = r?. 

(viii) The Radical Axis of two circles. If the equations of two 
circles are given with the coefficient of x? the same in both, the 
equation of the radical axis is obtained by subtracting one 
equation from the other. 

Example: To determine the radical axis of the circles 
x? + y? — 36 = 0 and (x — 3)? + (Ὁ — 2)? — 25 = 0. Subtrac- 
tion gives 6x —9 + 4y — 4 — 36 + 25 = 0, that is, | 


6x + 4y = 24, or y = — Ex + 6. 


9. Analytical Geometry of the ellipse, parabola and hyperbola. 
(See Conic sections, Curves of the second order, Ellipse, Hyperbola 
and Parabola.) 


Analytical geometry of space 

1. Position of a point relative to the coordinate axes and the 
coordinate planes. A three-dimensional space is divided by a rect- 
angular coordinate-system into eight octants by a straightforward 
extension of the method used in two-dimensional space. The 
positive direction of the z-axis is chosen in the manner of a right 
handed screw when associated with increasing angles in the 
xy-plane. The octant in which the point P(x, y, z) lies can be then 
determined from the signs of the coordinate-values (see Co- 
ordinate-systems). 
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The possibilities are: 


ἝἜ 
“ὦ 
ἝἜ 
Ἕ 


A point P(x, y, z) lies in one of the coordinate planes if one of 
its coordinates is zero: 
for points in the xy-plane, z = 0; 
for points in the yz-plane, x = 0; 
for points in the zx-plane, y = 0. 
A point lies on a coordinate axis if two of its coordinates are 
zero: 
points on the x-axis have y = 0 and z = 0; 
points on the y-axis have x = 0 and z = 0; 
points on the z-axis have x = 0 and y = 0. 


2. Distance between two points. By Pythagoras’s theorem, two 
points P,(x1, 1, 2) and P,(X2, ye, Z2) have distance apart 
d= νῷς — x)? + ΟἹ — »ὺ" + (Ως — 2) 
3. Direction of a line-segment. The direction of a line-segment 


with end-points P,(%,, 1, 21) and Po(%2, ye, Ζο) is specified by the 
three numbers 


ee et! EE 

νῷ; — X)? + Oe — ῦ + (22 — Σὺ" 

= Yo — J , 

i Ξ V (X_ — Xp)? + Οἱ — Yd? + Ge — 21)? 
Zo ~~ 21 
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a, B and y are the angles which a line through the origin and 
parallel to the line-segment makes with the coordinate axes. 
cos «, cos β, and cosy are called the direction-cosines of the 
line-segment. They satisfy the relation 


cos? « + cos* β + cos? y = 1. 


4. Straight line. In discussing plane coordinate geometry 
(above, p. 27), we saw that the general equation of a line / can 
be put in the form 

yprumx +n, 


where m and n are constants. If we now put x = a, + af, where 
t is variable and a, and a, are (arbitrary) constants, we have 


y = ma, + at) +n = (ma, + n) + ma,t 
= δὶ + bot (say), 


where b, and b, are constants. In other words, points on the line 
ἰ have coordinates of the form 


(a, + agt, δι + bof). 


We confirm that the locus of such points is identical with our 
original line by noticing that substituting these coordinates into 
the equation of any line /’ defines exactly one value ¢ of t, giving 
the point of intersection of / and I’ if ¢ is finite or showing the 
lines to be parallel if ¢’ is infinite. 

In the same way, a straight line in space can be represented by 
three linear functions of a parameter f: 


X= αι + aot, y = δὶ + Dot, 2 = Cy + Col. 


Substituting all possible real values of ἡ we obtain the coordinates 
of all points P(x, y, z) which lie on the straight line. 
One of az, b, and c, is certainly non-zero, since otherwise we 


= ay This value 


have only a single point. If c, #0, then ¢ = 
2 


can be substituted in the two other equations, giving 


I. x= a, +2@ — ce), 
Ce 


b 
Il. γξδι τ τα -- ω. 
8 
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This is one example of the general property of a straight line, 
namely that it can also be represented by a system of two linear 
equations in the three variables x, y and z. If a definite value k 
is substituted for one variable (say z) we can calculate the x and 
y coordinates of the point on the straight line whose z-coordinate 
is k, | 

5. The plane. A plane can be represented by a linear equation 
Ax + By + Cz + D=0. We confirm this by noting that (in 
general) three planes, or one plane and one line, intersect in a 
unique point. If the equation is divided through by — D we get 
the equation in a form from which the intercepts of the plane on 
the coordinate axes can be obtained: 


Sit νοι ος 
ἘΡ ΞΡΊ ΞΡ’ ᾿ 


A B ς 
sie : ρ | 
The plane cuts the x-axis in the point P, (- γι 0, 0}, the y-axis 
: : D oe : 
in the point P, (0, “2 0] and the z-axis in the point 


D bees τὴν ; 
Ρ, (0 0, — 6) The usual way of indicating the intercept-form is 


coe ae ae ae 
abe 
If the equation of a plane Ax + By + Cz + D = 0 is divided 
through by +V4? + B? + C2, we obtain the Hessian normal 


form. The sign of +V A? + B? + C? is chosen as opposite to 
that of D. The Hessian normal form is therefore 


Ax+By+Cz+D_, 
VA? + B+ C? 
The perpendicular from the origin on to the plane has length 


D 


PS AVE TBE 
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and the direction-cosines of the plane (defined as those of a line 
perpendicular to the plane) are 


A B 
cos -— σ΄ ς5ΞΞΞΞ:-ΞΞΞΞΞΞΞΞΞΞΞΞΞΙ, SS O_o) 
aE rr errs, aa VA? + 85. C? 


ς 
CS Y= VLE LG BC 


If we substitute the coordinates of an arbitrary point P(x,, y,, Z,) 
in the equation, we obtain the distance d 


d= Ax, + By, + Cz, 4+ D 
VeRO 


of the point from the plane. 
6. Surfaces of the second order. A functional equation of degree 
two in three variables x, y and z has the general form: 


F(X, Y, 2) = AyyX? + Agy® + 5,75 + Zayoxy + 2aygxz 
+ 2093 YZ + 204 4X + 2454} -Ἔ 2654 + Qy4 = 0 


Such an equation represents a locus of points in space which 
has two points in common with a general line and so is a surface 
of the second order (see Surfaces of the second order): 


Angle 

An angle is formed by two rays / and m proceeding from a 
point A. / and m are termed the arms or sides of the angle and 
A the vertex (Fig. 19). Angles are usually 
denoted by small Greek letters, by ΖΑ 
where A is the vertex (if this is unambig- 
uous), or, if Band C are points on / and 
m, by 7 BAC (where we note that the | 
vertex is the middle letter). 

An angle divides the plane in which 
it lies into two parts, the interior and 
the exterior of the angle, where vertex 
and arms are taken to belong to neither 
part. 
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Construction of an angle (with ruler and compass). Given an 
angle « with arms a, b and vertex O; to mark off this angle on a 
straight line m in the clockwise sense, with the given vertex V 
(see Fig. 20), describe about O and V equal circles with arbitrary 
radius r. 


Fic. 20 


The angle « cuts off an arc x on the circumference of the circle 
with centre O. This arc is marked off (with the compass) on the 
circle about V, measured from the point of intersection of the 
circle with m. The end point B gives one point of the required 
arm, which is obtained by joining VB. 

Sum of two angles (construction). To construct the sum of two 
angles we lay out the angle « on one arm of β (alternatively β 
on «) in such a way that no point of the interior of « lies in the 
interior of β (Fig. 21). 


Fic. 21 


Difference of two angles (construction). To construct the 
difference α — β of two angles « and β we lay out the angle « 
on one arm of β in such a way that the interior of β lies wholly 
within the interior of «. The part of the interior of « which does 
not lie within β is then the interior of the angle « — β (Fig. 22). 
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Comparison of angles (Fig. 23). Given any two angles « and β, 
α with arms m and n and vertex O, β with arms a and b and 
vertex Κ΄. If we lay out the angle β on m with vertex O so that the 
arm Ω lies on m, and ὦ lies on the same side of m as n, then ὁ lies 


᾿ 
a ee 
0 m ν α 


Fic. 23 


either in the interior of «, or on 7, or outside the angle «. In the 
first case β < a, in the second case the angles are equal, and in 
the third case 8 > α (Fig. 24). 

Adjacent supplementary angles. If two angles « and B have 
vertex and one arm in common, and if the other two arms lie 
in a straight line, they are said to be adjacent supplementary 
(Fig. 25). 


Fic. 25 
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Right angles. An angle which is equal to its adjacent supple- 
mentary angle is called a ‘right angle’. The right angle is assigned 
the size 90° (90 degrees, see below angular measure), and so 
adjacent supplementary angles add up to 180°, i.e. to two right 
angles, in other words, they form a straight angle (see below). 

Acute angle, obtuse angle, straight angle, convex angle, round 
angle. An angle which is less than one right angle is said to be 
acute. An angle which is greater than one right angle and less 
than two right angles is said to be obtuse. 


Acute angles are less than 90°. 

Obtuse angles are between 90° and 180°. 
The straight angle equals 180°. 

Convex angles are between 180° and 360°. 
The round angle (perigon) equals 360°. 


Vertically opposite angles. Two angles which have vertex in 
common and whose arms taken in pairs form two complete 
straight lines are said to be vertically opposite to one another. 
In Fig. 26 «, y and β, 6 are pairs 
of vertically opposite angles. 


Vertically opposite angles are | p= 
equal. Thus « = y and β = 0. <>, 
Angular measure 
(i) Sexagesimal measure: 
1° (= 1 degree) is s'cth of a right angle. 


1’ (= 1 minute) is ¢sth of a degree. 
1” (= 1 second) is τίσι of a minute. 


Fic. 26 


(ii) Radian measure: the measure of an angle in radian (circular) 
measure is the length of arc cut off by the angle on the unit circle 
(i.e. circle with radius 1) with centre at the vertex of the angle. 
Radius and arc must be measured to the same scale. We have: 


360° = 27 radians = 6:28319 radians (approximately), 
180° = π radians = 3°14159 radians, 
90° = 7/2 radians = 1-57080 radians, 
1° = 0-017,453,3 radians, 
1’ = 0-000,290,9 radians, 
1” = 0-000,004,8 radians, 
1 radian = 57° 17’ 44:8”. 
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In scientific work the angular unit is often omitted in repre- 
senting an angle, it being understood that the measure is in 
radians. 

Measurement of angles is carried out by means of a protractor, 
that is, a half-circle of metal or plastic graduated into 180°. 

Angles formed by transversal to parallel lines. The angles formed 
by a transversal to a set of parallel lines (Fig. 27) are called step 


Fic. 27 


or Corresponding angles, alternate angles and opposite angles. 
They arise when two parallel lines ἢ and J, are intersected by a 
third line / which is not parallel to the first two, but lies in the 
same plane as they do (Fig. 27). 

_Step angles: step or corresponding angles lie on the same side 
of the transversal /, and on corresponding sides of the parallels 
Lh, ἰρ. 

Opposed angles: opposed angles lie on the same side of the 
transversal /, and on different sides of the parallels ἢ, J. 

Alternate angles: alternate angles lie on different sides of the 
transversal / and on different sides of the parallels 4, J. 

In Fig. 27: 


% and %, B, and β,, γι and γ,, 6, and 6, are step angles; 
a and d,, βὶ and ys, γι and f,, 6, and ας are opposed angles; 
a and γ,, βι and ὅς, y, and ας, 6, and £, are alternate angles. 


Properties of angles formed by a transversal 


(1) Pairs of step-angles are equal. 
(2) Pairs of alternate angles are equal. Ἶ 
(3) Pairs of opposed angles are supplementary (add up to 180°). 
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Conversely: If two lines J, and /, are cut by a third line / and if: 


(a) the angles of a pair on the same side of / and of ἢ, ἰ are equal; 
or 

(b) the angles of a pair on opposite sides of / and of 4, 4, are 
equal; or 

(c) the angles of a pair on the same side of / and on different 
sides of ἰ,, 1, add up to 180°; 


then /, and /, are parallel. 


Angles of a triangle. A triangle possesses three interior angles 
which add up to 180°. For further propositions see Triangle. 

Angles of a quadrilateral (see Quadrilateral). The four interior 
angles of a quadrilateral add up to 360°. 

Angles of a polygon (see Polygon). Every polygon possesses the 
same number of interior angles as vertices. The sum of the 
interior angles of a polygon with n vertices is (ἡ — 2) 180°, and 


n= 2 s 200 
n 


so for a regular n-agon each interior angle equals 


Angles in a circle 


Circumference angle (Fig. 28): A circumference angle α is 
formed by two chords of a circle proceeding from a single point 
on the circumference. The circumference angle cuts off an arc on 
the circle. 

Central angle (Fig. 28): A central 
angle is formed at the centre of a 
circle by two radii. It too determines 
an arc of the circle. The central angle 
is double the circumference angle 
corresponding to the same arc. 

Circumference angles on equal arcs 
of a circle are equal. Two circum- 
ference angles whose arcs together 
comprise the full circle, add up to 
360°. 

Circumference angles on a semi- 
circle are right angles (see the Theorem 
of Thales, p. 428). 
᾿ς Angle between chord and tangent 

Fic. 28 (Fig. 28): The angle between a chord 


ANGLE 


δ of a circle and the tangent ¢ at an end-point of the chord is equal 
to the circumference angle « on the arc which lies between ¢ and s. 

Angle of sight. The lines of sight which proceed from the eye 
to the end-points of a line-segment form together the angle of 
sight, the angle suspended by the segment at the eye of the 
observer (Fig. 29). 

Two points can be distinguished by the eye if the angle of sight 
determined by the points is not too small. The angle of sight 
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must be at least 60’-90” for a normal eye to distinguish the points 
concerned. Optical instruments (magnifying glass, telescope, 
microscope) serve to enlarge the angle of sight. 

An angle of sight in a vertical plane is called an angle of 
elevation. 

Angle between two planes. Non-parallel planes intersect in a 
straight line. At a point on this line, perpendiculars to the line 
can be constructed in each plane (Fig. 30). These two perpen- 
diculars determine a new plane and form an angle « with one 
another in it which is called the angle of intersection or angle of 
inclination of the two planes. 

Angle between a straight line and a plane. A straight.line, which 
is not parallel to a given plane, intersects the plane in a point (its 
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trace). The projection of the line onto the plane forms with the 
line an angle, which is called the angle between the line and the 
plane, or the angle of inclination of the line to the plane. 

Solid angle. A cone comprises the system of all rays proceeding 
from a fixed point and passing through the points of a given 
curve. Cones may be measured in solid angular measure, by 
taking the sphere of unit radius with the vertex of the cone as 
centre and evaluating the area of the surface segment cut out by 
the cone on the sphere. The size of this area is taken to be the 
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measure of the solid angle of the cone. An octant has solid 
angle Ἵ: a hemisphere solid angle 27. The full solid angle is 4π. 


The circular cone (cone obtained by rotating a straight line 
about another coplanar line as axis) possesses solid angle 
Φ = 47 sin’ 5: where 5 
the axis of rotation. 

Complementary angles. Two angles which add up to 90° are 
said to be complementary, e.g. the angles adjacent to the hypo- 
tenuse of a right-angled triangle are complementary. 

Supplementary angles. Two angles which add up to 180° are 
said to be supplementary, e.g. neighbouring interior angles of a 
parallelogram are supplementary. 


is the angle between the line rotated and 


Angle between two curves 

The angle which two curves C, and C, form with one another 
at their point of intersection is defined to be the angle formed 
by the tangents ἢ, and /, to the two curves at the point of inter- 
section (see Fig. 32). , 
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Angle-bisector 


The bisector of a given angle is the straight line which passes 
through the vertex of the angle and divides the angle into two 
equal angles. The bisector of an angle is its axis of symmetry. 

Construction of the bisector of an angle (see Fundamental con- 
structions). In a triangle three angle-bisectors (w,, wz, w,), Corre- 
sponding to the internal angles, can be constructed. The term 
angle-bisectors of a triangle is usually applied to the line-segments 
extending from the vertices of the bisected angles to the opposite 
sides of the triangle. They intersect in a common point, the centre 
of the inscribed circle, and divide the sides of the triangle in the 
ratio of the sides adjacent to the angle bisected (see Triangle). 


Angle of intersection of two lines 


The angles of intersection of two straight lines is the angle 
formed by the lines at their point of intersection. The angle of 
intersection y of two straight lines ἢ and ἰῷ can be calculated 
from the gradients of the lines as follows: 


Gradient of Ist line 1,: m, = tan αἱ 


Gradient of 2nd line J,: m, = tan ας 


tan αι — tan a, 


Since p = a, — a and tany = 1 + tan a; tan a, we have 
_ Μῆ τὸ Ms, 
tan y = ΓΤ 


(see Fig. 31). 
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Angle of sight 


The lines of sight, proceeding from the eye to the end points 
of a segment, together form the angle of sight (see Angle). If the 
angle of sight occurs in a vertical plane we speak of the angle of 
elevation. In surveying, etc., a theodolite is used to measure angles 
of sight. 


Angle (solid) 
For the measurement of a solid angle, see Solid angle and 
Spherical trigonometry. 


Angles, measurement of 


The measurement of an angle in drawing is carried out by 
means of a protractor; for surveying, and similar applications, a 
theodolite is used. 


Annulus 


The area bounded by two concentric circles in a plane is called 
an annulus (or circular ring). If the circles have radii R and r, 
where R > r, then the area of such a figure is 


A =7R* — ar? = π(Κ + r)(R — r). 


Apollonius (Apollonius of Perga, c. 200 B.c.) 


The circle of Apollonius can be used to construct a triangle for 
which the ratio of two sides, the third side and a further indepen- 
dent element are given. The circle of Apollonius passes through 
the point of intersection of 
the sides of the triangle 
whose ratio is known. Its 
centre O lies on the third 
side. Further, it cuts the 
third side in two points 
which together with the end- 
points of the side form a 
harmonic range (Fig. 33). 
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Apollonius’s problem 


The problem of Apollonius is to construct a circle which 
touches each of three given circles (see Circle). 


Arc 

A segment of a circular line bounded by two end-points is 
called an arc. The straight line obtained by joining the two end- 
points of the arc is called the chord of the arc. The angle which 
has the centre of the circle as vertex and which is obtained by 
drawing the radii through the end-points of the arc is called the 
central angle of the arc. If an arc of length ὁ lies on a circle of 
radius r and has central angle of « degrees then: 


a 
b= 2nr 360. 


Archimedes’s spiral | 

The archimedean spiral is a transcendental curve which can be 
represented in polar coordinates by the equation r= a0, a 
constant (Fig. 34). 
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Area, calculation of 

For some purposes the area of a figure is determined by the 
number of unit squares contained in it (see Sguare measure). 
Congruent figures have equal area, but of course figures with 
equal areas need not be congruent. 
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Areas of ean and square. A rectangle with sides a and ὃ 
has area | Ἵ 


A=a.b. 
A square with side a has area 
A = @, 


_ Area of a parallelogram (Fig. 35) 

From Fig. 35 we see that the parallelogram ABCD must have 
the same area as the rectangle ABEF, since the rectangle ABEF 
arises out of the parallelogram by cutting off the triangle BEC, 
at the same time adding to it the congruent triangle AFD. This 
shows that the area of a parallelogram is A = gh, that is, the 
product of a side and the associated altitude is. 
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Area of a trapezium. A trapezium ABCD can by Fig. 36 be 
transformed into a pataligioe om of equal area. We have: 
Pic. 

2 e h, 


that is, the mean parallel multiplied by the altitude. 


MG es = 


ς D 
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Area of a triangle (Fig. 37). On any side of a triangle a con- 
gruent triangle can be placed diagonally opposite to the original 
triangle. The resulting figure is a parallelogram whose area is 
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double that of the triangle. The area of a triangle is therefore 
equal to half the product of one side of the associated altitude. 
If we denote the altitude associated with a side by the appropriate 
suffix we have: | 


atbte 


5 half the 


Heron’s Formula: If we denote by s = 


perimeter of a triangle, the area of the triangle is 
A= ν΄ s(s -- a)(s — δ) -- c). 
Trigonometrical Formulae for the calculation of the area of a 


triangle (in these formulae a, b, c are the sides of the triangle, 
a, 8, y the angles of the triangle, r the radius of the circumscribed 


b 
circle, p the radius of the inscribed circle, s = at): 
I. A =ps, | 

Il. A = $be sin « = $ca sin B = jab sin y, 

Π. 4- 1 δ 511. sin γ " 1.2 Sin y sin α aa 1 ὦ Sin « sin B 
2 sin % 2 sin B 2 sin y 
a.b.c 

IV. A= a 


Area of a right angled triangle. The area of a right angled 
triangle is equal to half the product of the shorter sides, 


Gee 


ἘΞ} ) 


Area of an isosceles triangle (Fig. 38) 
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Area of an equilateral triangle (Fig. 39). 


A 
= 7 V3. 
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The area of a figure with a curved boundary can, in particular 
cases, be determined by integration (see Integration). An elemen- 
tary and rough method for determining the area of a figure with 
a curved boundary is the following graphical one (Fig. 40): We 


Fic. 40 


cover the figure with a grid of squares of equal size, and count 
the number of squares which lie wholly within the figure; we then 
estimate the area of squares part of which lie within the figure. 
Naturally an approximate value only is obtained. Millimetre 
paper serves well for this purpose. 


Area of a circle 
A =nr* (r = radius), 
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or, equivalently, 
3 
Α4τ-τπ. Ζ (d = diameter), π = 3-1415.... 


Area of an ellipse. With semi-axes a and ὅ, the area is 
A = mab. 


Area, measurement of 
In the metric system the unit of area is the are = 100 m?® 
(square metres). 
1 km? = 1 square kilometre = 10° πη, 
1 hectare = 104 m?, 
1 are = 10? m?, 
1 dm? = 1 square decimetre = 10-? m?, 
1 cm? = 1 square céntimetre = 10-4 m3, 
1 mm? = 1 square millimetre = 10τ m’. 


In English measure: 
144 square inches = 1 square foot, 


9 square feet = 1 square yard, 
4840 square yards = 1 acre, 
640 acres = 1 square mile. 


Area-preserving transformation 

In such a transformation corresponding segments of surfaces 
contain equal areas. 

The congruent transformations (rigid motions) are area- 
preserving. 


Arithmetic 

Subdomain of Mathematics (see below). We distinguish: (i) 
common arithmetic, that is, calculation with definite numbers, 
(ii) literal arithmetic, calculation with numbers represented by 
alphabetical letters (algebraic calculation). In both the same laws 
hold for calculation. . 
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There are four fundamental operations: (i) Addition = counting 
together. The result of an addition of summands is called the 
sum. (ii) Subtraction = taking away, the inverse of addition. 
The result of taking subtrahend from minuend is called a differ- 
ence. (iii) Multiplication = making manifold. The result of 
multiplying factors together is called a product. (iv) Division = 
splitting into parts, the inverse of multiplication. The result of 
dividing a dividend by a divisor is called a quotient. The following 
laws hold for addition and multiplication: (3) Commutative Law: 
a+b=b+a; p.q=q.p. (ii) Associative Law: (a+b) +e 
=a-+(b+c) and (a.b).c=a.(b.c). (iii) Distributive Law: 
(a + b)c = ac + bc. When the minuend is less than the sub- 
trahend, subtraction can only be carried out if negative numbers 
are introduced. If the dividend is not an exact multiple of the 
divisor, the division of integers leads to fractions. 

A fraction represents an implied division; the dividend is the 
numerator, the divisor the denominator. Numerator and denomi- 
nator are divided by a horizontal or sloping fraction bar, or by 


a double point, e.g. : = 3/4 = 3 + 4. Fractions with numerator 


111. 
1 are called unit fractions (5, 3» 2 τ" ) According as the 


numerator is smaller or larger than the denominator the fraction 
is called proper or improper. An improper fraction (mixed 
numbers) is an integer plus a proper fraction, e. g. 2 = 3 = The 
value of a fraction is unaltered if numerator and denominator 
are both multiplied or divided by the same number. The rules for 
calculating with common fractions are illustrated by the following 
examples: 


3.0ἃ 2 ik 
77 77’ 
ς 3 15... 49. 7 ΤᾺ 2} νοὶ 
9°14 9 14 12 2. ““2᾽ 
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To add or subtract fractions with different. denominators . we 
reduce each to a common denominator, e.g. 


od 4.7. 2.5 28+10 38 3 
5.1 5.7. 7.5 35 35. 35 


The least common denominator is the least common multiple 
of individual denominators, and is the most economical common 
denominator to use. A double fraction is a fraction in which 


T [3 
numerator and denominator are themselves fractions, e. 8: 3/5 
Two fractions whose product is unity are called reciprocal, — 


being called the reciprocal of the other, 6. g. 2 a nd = 3 and 
Continued fractions (see art.) may be used to meld approximations 
to fractions with large numbers. 

Fractions whose denominators are powers of 10 are called 
decimal fractions. Proper fractions have zero unit, e.g. 0-34. 
The unity-entry is divided from the decimal-entry by a point, e.g. 
6.205. Every common fraction can be transformed into a (finite 
or infinite) decimal fraction, if a sufficient number of zeros 18 
appended, with a decimal point, to the numerator which is then 
divided by the denominator. If a denominator contains only 2 
and 5 as prime factors the division is terminated in a finite 


number of terms, e.g. 2 = 5-0000 = 16 = 0°3125; the decimal 


fraction has a finite number of places. If the denominator contains 
other prime factors the division results in an infinite decimal 
fraction in which a sequence of figures constantly repeats itself, 


e.g. : = 0-428571. The rules for calculating with decimal fractions 


correspond to those for integers. 

Other calculating operations are raising to a power, extraction 
of a root, and taking of the logarithm. Explanation: Power = 
product of equal factors, e.g. at=axaxXax a (read, a to 
the fourth); a = base, 4 = power (exponent). In raising a to 
the power n, a and n are known and we wish to find a” = ὃ. The 
first inversion of this procedure comprises the extraction of a 


root: a= Vb (read: nth root of δ), where n, the degree of the 
root and ὁ, the radicand are known, and we wish to find a. The 
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second inversion comprises the taking of the logarithm, when a 

and ὃ are known and we wish to find n: n = log, ὁ (read: log ὃ 

to base a); ὁ is an antilogarithm: 3 = logi, 1000, since 10° = 

1,000; 10 = log, 1024, since 210 = 1,024. The notion of a power 

is extended to fractional exponents by means of the definition 
8 


1 
Vb = br, e.g. Va? = at; to negative exponents by means of the 
«εἶς ee 
definition χε Ξ a~"; and can be extended further to irrational 


exponents. The rules for calculating with logarithms follow from 
the rules for calculating with powers. a’. a’ = a?+* implies 
log, a?+* = p - 4, whence (putting a? = b and a* = c): log, be 


= log, b + log, c. Similarly we get log, = log, ὃ — log, ¢ and 


log, δ' = t.log, δ. In taking a logarithm the base and the 
number taken must both be positive. 
Natural logarithms, in which the base is 


6 = 2-718,281,828,495... 


are of particular importance in theoretical mathematics; log, is 
written In. Common Briggsian logarithms are used for practical 


calculations (base 10; written as log). E.g. (rounded off to four 
decimal places). 


log 27-38 = 1-4374, log 27,380 = 4-4374, 
log 002738 = 0-4374 — 2; 


the whole number of the logarithm (1, 4, —2 in the examples) is 
called the characteristic and the decimal-part the mantissa. The 
characteristic is equal to one less than the number of digits 
behind the decimal point; the mantissa depends only on the 
sequence of digits in the number. 

Literal calculation introduces, in place of definite numbers, 
letters of the alphabet, in order that rules and laws of calculation 
can be represented as general ‘formulae’. An algebraic sum is a 
sum of terms comprising arbitrary signs which is called binomial, 
trinomial, etc., according as it contains 2, 3, etc., terms. The 
trinomial 563 + 17a*b + 9abe is said to be homogeneous and of 
the third degree since every term contains three literal factors 
(aaa, aab, abc). The fixed numbers 5, 17, 9 are called coefficients; 
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they do not enter into the degree of the expression. Thus 
ax* + 4bxy — 6ex*y* + 13dxy® — 2ey4 is a polynomial with 
five terms, homogeneous in x and y of degree 4. On the other 
hand if the various terms have different numbers of literal factors 
the expression is non-homogeneous (e.g. 543 — 2ab). 


Manipulation of polynomial expressions 
(Ὁ (a+ bla — 8) = a — B?. 


(ii) x" — y" = (x — yx? + xy + xr Byres. 
+ xy"? + ye); 
here the second bracket contains a sum of n terms each with 
(n — 1) factors ordered according to diminishing powers of x 


and increasing powers of y. 
(iii) The binomial theorem: the powers of a binomial expression 


(a + δ) are: 
(a -- δ)" = a® + 2ab + B; (a + b)® = a + 3a% + 3ab? + B: 


(a - 8)" =a" + nab + Maa) gn—2p2 


nn = In = 2) on on8 2 . Ἔ nab"! + 5b", 

| ay 
If the exponent is n, then the expression on the right is a sum of 
(n + 1) terms of the nth degree. The coefficients of the individual 
summands are given, for different values of n, by Pascal’s Triangle 
in which each number is obtained as the sum of the two numbers 
to the right and left above it. For the nth power the kth binomial 
coefficient (see below) is 


nin — 1)(n ~ 2). . “a? = (ἢ 
ΠΡ ay NR 


Arithmetic mean 


The mean (average = average value = arithmetic mean) x, of 
a set of n numbers is obtained by dividing the sum of the numbers 
by 2. 
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_ The general expression is 
1 ee 
X= txt. Ἔχ) Ξε τ Σ χε; 


Example: The A.M. of the six numbers 8, 9, 13, 8, 12, 10 is: 
8 $94+134+38 412410 60 


In our example: 
X,=8 x,=13 x,=12 n=6 
X%=9 x=8 x,=10 K=1,2,..., 6. 

The APPARENT ERROR of a measurement is the difference 
between this measurement and an estimate of its true value, 
calculated as the A.M. of a number of measurements. 

If x1, Χο, Xg, - + +) X, are m measurements of an unknown 
quantity X made under the same conditions, the most likely 


value of X is conventionally taken to be the A.M. of the measure- 
ments. 


συν τ τὶ 


n 
The apparent errors v, of the individual measurements are then: 
υ, =F — Xy, Ve = ἃ —Xqy ss oy Ὁ, =K— Xp 

The apparent errors have the following properties: 
(1) The sum of the apparent error is zero 
Ὁ Ἐυ, Ἐς. . to,=(*F —x+K—x)+...4+ 4% —-x,) 
= nN. X— (χι + Xt... $%,) 
ΠΗ ta We? επε, Se tes ee 
n 
— (x, + xX, +... + x,) = 0. 


(2) Minimal property of arithmetic mean. The sum of squares 


of apparent errors associated with the arithmetic mean xX as 
estimated value, 


LH ἃ -- αὐ ε α ταῦ +. + (F—x,), 
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is less than the corresponding expression with any other mean 
value x’ taken as estimate. 

We prove this as follows. If vj = x’ ~ x1, 04 = χ' — X,..., 
v, = χ' — x, are the apparent errors formed using the mean 
value x’ ~ xX, then | | 


᾿ | 
Lvisvit+ve+... +02 


i=] 
= (x — x)? +O’ —x)? +...+ (0° —x,) 
= nx’® — 2x'(4 ἜΧ, Ἔχ) Expt xet. . Ὁ χὲ 
= πχ'ἢ — 2x an. X+x¢4+- 22 4...42%, 


XeXy bt. . . Ἔχῃ 
n 


while with the arithmetic mean X = 


Συ τε υῖ τε τε. ..«τυδε (( —x)+. Ὁ Ἐ(Ἐχ,} 
= 1X? — 250, yt... +x) baitadt...+x 


== πὰ — Ink? + xf + xB+.. 4x2. 
if we subtract the first expression from the second we have 
n(x’? — 2χ'Χ + x2) = n(x’ — x)? > 0, 


that is, the first expression is positive if x’ τῇ αὶ and zero if 
x’ = X, as required. 

For a continuous distribution with distribution function F(x) 
(see Statistics) the mean value E(x) is calculated from the integral 


E(x) = is dF (x). 


Arithmetic sequence 

An arithmetic sequence is a sequence of numbers in which two 
consecutive terms always have the same difference. If the differ- 
ence is d, the terms of the sequence are: 


a, = 4, a =a+d, ὥς = a+ 2d, Q=a+3d..., 
Ω͂, ΞΞ α -ἰ (ἡ - 1). | ΕΣ | 
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Example: a,=2, a,=4, @,=6,...; d=2. 


a, =a is called the initial term and a, the general term of the 
sequence. In an arithmetic sequence each term is the arithmetic 
mean of its neighbours: 


a, = ξία,. ἃ + Anis): 
If we form the differences of consecutive terms of the sequence 
we obtain a new sequence, the first difference-sequence, which 
comprises equal terms. We therefore call the original sequence 
an arithmetic sequence of the first order. 
Example: Arithmetic sequence of first order: 3, 9, 15, 21,.... 
Ist difference-sequence: Ὁ; 6,65. «4 


Arithmetic series 


The (unevaluated) sum of terms of an arithmetic sequence is 
called an arithmetic series. If the series has only a finite number 
n of terms its sum S, can be calculated: 


S,=Q+t@ta)+...+@+@-— 1d) 
and, reversing the order of the terms, 
S,=@+a—Dd)+@ta—2)d)+...+4%. 
Adding pairs of corresponding terms, we have 
2S, = (αι + (αι + (n— 1d) + (Qt d+ G+ — 2d) 
+...+¢(@,+@-— 1)4) - αὐ 
= n(2a, + (n = 1)d), 
that is, 
n n 
S, = 5 Qa + (" -- Id) = 5 (σι + 4). 
Example: To calculate the sum of the numbers from 1 to 100. 
We have n = 100, a, = 1, d= 1 and a, = 100. Thus: 
Syo9 = 50(1 + 100) = 5050. 


Interpolation 


If new terms are inserted between the terms of an arithmetic 
sequence in such a way that the extended sequence is also arith- 
metic, an interpolation is said to have been effected. 
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Example: 4 new terms are to be inserted between each pair of 
terms of the sequence 1, 4, 7, .... Let the new terms be 
by, bo, bs, bg; bs, bg, θη» bg; Bg,» + « 


The new sequence is: 

1, by, be, bs, bg, 4, ὃς, Des By, Bg, 7, Bg, . » + 
We must have: 

4=1+ 5d, that is, d = 3. 
Accordingly, the new sequence runs: 


1, 1-6, 2-2, 2°8, 3.4, 4, 46, 5-2, 5.8, 6°4,7,.... 


Arithmetic sequences and linear functions 


The values of the linear function y = a + dx form, for equi- 
distant values of x, an arithmetic sequence of the first order. 
Conversely: the terms of an arithmetic sequence with initial term 
a and difference d are values of the linear function y = a + dx, 
the numbers 0, 1, 2, 3. . . being substituted for x. 


᾿ς Examples y=2+ 3x 


Arithmetic sequences of higher order 


A sequence of numbers whose kth difference is constant is 
called an arithmetic sequence of the Ath order. 


Example: 


(i) The sequence of square-numbers is an arithmetic sequence of 
the second order. 


Primary sequence: 1 4 9 16 25 3649... 
Ist difference-sequence: 3 5 7 9 1113... 
2nd difference-sequence: 22222... 
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(ii) A sequence of the fourth order: 
| —1 —3 9 71 243 609 1277... 


Ist difference-sequence: —2 12 62 172 366 668... 
2nd difference-sequence: 14 30 110 194 302... 
3rd difference-sequence: 36 60 84 108... 
4th difference-sequence: 24 24 24... 


Arithmetic sequences and rational integral functions 
The rational integral function 


y = byx® + byx*® 1 +. . + 5,_1x + 5, 


yields an arithmetic sequence of the kth order if equidistant 
numbers (e.g. the natural numbers m = 1, 2, 3, 4, 5, . . .) are 
substituted for x. Conversely, the general term of an arithmetic 
sequence of the kth order can be represented by a rational integral 
function of the kth degree. 

Example: The sequence 


—1, —3, 9, 71, 243, 609, 1277,... 


is an arithmetic sequence of the 4th order. To determine the 
general term. This must be of the form: 


Ay, = bon* + dyn? + bon + ban + by 
For 2 = 1, a, = ~—1, whence: 
bt 84+ b+ b4+5,= —-1, 
for n = 2, a, = —3, whence: 
l6b5+ 85,+ 4b, + 2b, +b, = ~3, 
for n = 3, a, = 9, whence: 
8180 + 276, + 9b, + 3b, + ὃ, = 9, 
for n = 4, a, = 71, whence: | 
256by + 64b, + 16b, + 4b, + δι = Τί, 
for n = 5, a; = 243, whence: 
6258, + 1256, + 25b, + δὺς + by = 243. 
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We have 5 equations in 5 unknowns (viz. Bo, 5,, be, δᾳ and δι). 
This system of equations has solution 


by = 1, by = —4, b, = 6, b, = ~7 and δ, = 3. 
The general term is therefore 
a, ae Oy Se ee ee 


and the sequence is obtained by substituting the numbers 
1, 2, 3, 4,. . . for m in this expression. 

If an arithmetic sequence of the kth order has a finite number 
of terms, these terms can be added to give their sum, which is 
an expression of the form: 


© Sq = bon! + byn® + ben A Dy? + byt + Dy 
Example: What is the sum of the first n square numbers? 


Sequence of squares: 1 4 9 16 25 36 
Sum-sequence: ~ 1 5 14 30 55 9] 


From this we calculate 


Ist difference-sequence: 4 9 16 25 36 
2nd difference-sequence: > 7 9 11 
3rd difference-sequence: yy a? 


To obtain the sum we put 
5, = bon® + bn? + ban + ὃς 
For n = 1 we have: δ) = 1, so that: 
bt 44+ 65+65=—1, 
for n = 2 we have: s, = 5, so that: 
8b5 + 4b, + 2b, + ὃ, = 5, 
for n = 3 we have: s, = 14, so that: 
270, + 9b, + 3b, + 8 = 
for n = 4 we have: s, = 30, so that: 
| 64, + 16d, + 4b, + ὃς = 30. 
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Solving these equations we obtain 
1 
= δ᾽ bs = 0. 
The sum of the first n square numbers is therefore: 


1 1 1 n 
Segway + en= ent 1)(2n + 1). 


Arithmetic series 


An arithmetic series is the (uncalculated) sum of the terms of 
an arithmetic sequence (see above). 


Associative law 
An associative law asserts the irrelevance of the order in which 
operations are performed: 
at(b+c)=(a+)+c for addition; 


a.(b.c)=(a.b).c=a.b.c for multiplication. 


Asymptote 
A straight line is called an asymptote of a curve, if the curve 
and the line approach indefinitely close together but never meet. 
Examples: The function y = : has the straight lines x = 0 


(the y-axis) and y = 0 (the x-axis) as asymptotes. 
2 2 


b 
The hyperbola 5 - τ Ξε 1 has asymptotes y = + ae and 


b 
y= = a” 
Axial symmetry 


A plane figure is called axially symmetric if a straight line exists, 
the axis of symmetry, such that the figure can be superposed on 
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itself by rotation about or reflection in the line. E.g. an equilateral 
triangle is axially symmetric with respect to each of its altitudes 
(Fig. 41). 


Asia Axis of |symmetry 

Propositions which are laid down with- 
out proof, in order to prove further 
propositions (theorems) from them. 
Euclid’s geometry is the classic example 
of the number and variety of theorems 
that can be proved from a few simple 
axioms. 


Fic. 41 


Binary system 

The binary system is a number system using only two symbols, 
for example 0 and 1. The base of the binary system is 2. Every 
number can be uniquely represented as the sum of powers of 2, 
and so can be uniquely represented in the binary system, e.g. 


38 = 32 - 16+8+2 
=1.2°+1.27+1.2+4+0.22+1.2'4+0.2° 
= 111010 when written in binary notation. 

Conversely the binary number, 
10011 = 1.24*4+0.2°+0.22?+1.2!41.2° 


= 16+0+0-+ 2 + 1 = 19 when written in deci- 
mal notation. 


Decimal Number Binary Number 
0 


1 

10 
11 
100 
101 
110 
111 
1000 
1001 
1010 


ON QO INANRWN — © 


jena 
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Similarly we can transform decimal fractions into binary 
fractions, e.g. 


1 
5 is written in the binary system 1+ 10 = 0-1; 


1 
3 is written in the binary system 1 + 11 =0-0101...; 


1 
2 is written in the binary system 1 -- 100 = 0-01; 


: is written in the binary system 1 --- 101 = 0-001,100,11.... 

Every fraction which is a negative power of 2 is represented by 
a finite fraction in the binary system; all other fractions are 
represented by infinite periodic binary fractions. Calculation 
with binary numbers is widely used in electronic calculating 
machines (see Calculating instruments and machines). 


Binomial coefficients (see Binomial Theorem) 


Binomial coefficients are the coefficients appearing in the 
expansion of powers of binomials, and are written 


(7) read ‘n over k’ (n and k positive integers). 


Forn>k>1, 
Ἵ _ nn -- I -- 2)... .n—k+1) 
k} 1 ὼ τὰν eek 


(see also Theory of combinations), and in particular 


-" 


For consistency we put 


n 0 n ; ᾿ ie 
(3) = ts (3) = 1, and [} = 0 if k is a positive 


integer greater than 7. 
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If for conciseness we put 1.2.3... =n! for positive 
integers n (read n-factorial or factorial n), see Factorial, and 
0! = 1, then 


ι. (A= (,2 ε) " (πὶ “ni forn>k>0. 


ata re igre swig Fe . {ἢ 
= ("E)= (it) +(e) 


4. If m is also a positive integer we have 


ΠΗ C+ Gm dC). 
+ (Tea) + (ole) 


Binomial coefficients can also be formally calculated for negative 
integers and for fractional numbers (see Binomial series). 


Binomial distribution 


If the probability of a given event is p, and the probability of 
the event not occurring is 1 — p = q, then the probability of the 


event occurring m times out of v trials is d(m) = a) p’gr™. 


The function ¢(m) represents the binomial distribution for the 
given number n. In particular, if p = q (as in tossing a coin to 
obtain ‘heads’), the values occurring in the binomial distribution 
are proportional to the binomial coefficients (see art.). 

Example: The probability of drawing a black ball from an urn 


containing b black and w white balls is p = naa and the 


~_ If this experi- 
w 


probability of drawing a white ball is g = 5 
ment is repeated m times, each time the ball being put back in 
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the urn and the balls shuffled afresh, the probability of drawing 
a black ball x times in the m trials is d(x) = (”) pg”. 


The mean value of the binomial distribution is mp = μι — 4). 
The variance is mpg = mp(1 — p). 

When m is large, the binomial distribution approximates to 
the Gaussian normal distribution (see Frequency curve). 


Binomial equations have the form x" — a = 0 (see Equations). 


Binomial expression (see Polynomial) 


An expression with two terms and having the form a + ὁ or 
a — ὃ is called a binomial expression. For the powers (a + δ)" 
and (a — δ)", see Binomial Theorem. 


Binomial formulae 


The powers of the binomial expressions (a + δ) and (a — δ). 
These are 


(a+ δ) =1, 

(a+ δ)ὲ τε α -τ- ὃ, 

(a + b)? = a® + 2ab + 3 

(a + 5} = a + 3a*b + 3ab + 5°, etc. 
(a — 8) =1, 

(a—b}=a—b, 

(a — b)? = a? — 2ab + δ3, 

(a — b = αὐ — 3a*b + 3ab? — 03, etc. 


In general 
(a+b) =a" + (7) ath + (>) aB2 4... 
n n—1 n 
+ (, _ ἢ ab” + + 5", 
n n 
(a— b)" =a" — (7) ab + (3) ahh? — . . . + (—1)"b" 
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(the last term, (—1)"b” is positive if πὶ is even and negative if n 
is odd; see Binomial Theorem). | 
Binomial series 
The binomial series is as follows: 


+x —14(t)x+(j) a4 (j)e+- = (;)* 


The expansion holds for all fixed real « and for all x in the 


interval —1 < x < +1. The coefficients (;) are the Binomial 


coefficients (see above). They are calculated according to the 
formula: 


(jj) oe : -(a@—k+1) 
k} k! 


1. If « is a positive integer the series is identical with the 
Binomial theorem (see above) and holds for all x. 

2. If a is a positive number the series also converges for 
x = --ἰ and we have 


α α x α 
'πατ )- ()τ(Ὁ - ὅ)ν:..-ο 
3. If « is a number greater than —1 the series also converges 
x α 
for x = +1 and we have 1 + « + (5) + (5) toe 2% 
In all other cases the binomial series is divergent. 


Binomial Theorem 
The binomial theorem is as follows: 


(a +b)" =a" + (7) ab + (3) apr. 


n n—1 n 
+(," }) + 5”. 


Here the coefficients (7) (2) es ὦ (, ἡ ι are the Binomial 
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coefficients (see above). These are calculated according to the 
formula: 


n\ na—1)\m—2)..-.@—k+1) 
eo ere 


k 1.2.5... eee eines 
τ (6\ 6.5.4.3.2 6\ 6.5.4 
ἐ:: (5) == (3) - 253 το, 
6\ 6.5.4.3 δ 6.8 
(1) - ἘΞ Ξ 2 -Ξ 5 (2) - ἘΞ τ 5, 


so that 
(a + b)® = a® + 605d + 15.105 + 20a°b? + 15a7b4 + 6ab® + δ, 


The binomial theorem is proved by induction. That is, it is 
shown to hold for m = 1, and further shown that if it holds for 
any given value of ἡ then it also holds for the next higher value 
of 7. 

The binomial coefficients can be arranged in the form of 
Pascal’s triangle (see below), in which each interior number is 
the sum of the nearest two numbers in the previous row. In 
the first row of the triangle are the coefficients of (a + 5)°, in the 
second those of (a + 5)', in the third those of (a + b)*, in the 
fourth of (a + 5)? and so on. | 


Expansion: 
(for further terms, see Pascal’s triangle) 


BISECTION OF A SEGMENT 


In the binomial theorem the exponent ἡ is a positive integer. 
To calculate the powers (a + δ)" when n is a negative integer or 
a fraction see Binomial series. 


Biquadratic equation 
Equation of the fourth degree, containing the unknown raised 
at most to the fourth power. Its normal form is: 


x4 + ae + bx? +x +d=0 


(see Equations). 


Bisection of an angle 

Describe a circle of arbitrary radius r about the vertex O, 
intersecting the arms in A and B, and then describe about A and 
B two equal circles intersecting in C; the line w joining C to O 
bisects the angle. The angle bisector w is the line of symmetry of 
the angle (see Axial symmetry, Fig. 42). 


Fic. 43 


Bisection of a segment 
Describe about the end points A and B of the segment circles 


Ν 48 ; ; ; ee 
of equal radii r (- > =}. The circles intersect in the points C 


and ). The straight line through C and D intersects the segment 
in its mid-point M (Fig. 43). It is the perpendicular bisector (see 


71 


BRACKETS 


below) of the segment AB. It is also the axis of symmetry of the 
points A and B. The points A and B lie symmetrically, as mirror 
images, about the line through C and D (see Axial symmetry). 


Brackets 


The bracket is a mathematical symbol which expresses a calcu- 
lating instruction and means that the calculation symbolised 
within the brackets must be carried out before the others. Thus 
a.(b + c) signifies that ὃ and c should be added and then multi- 
plied by a whereas a. ὃ + c means by convention that a and b 
should be multiplied, and the product added to c. The first 
expression given is therefore essentially a product, the second a 
sum. 


Example: 3.(5 +2) = 3.7 = 21, 
3.54+2=15+2=17. 


The following rules are used in calculation with brackets: 
If a ‘+’-sign stands in front of the bracket the bracket may be 
omitted without affecting the value of the sum: 


(a + 2b — 3c) = a + (2b — 3c) = a + 2b — 36. 


Conversely, if required such brackets may be inserted without 
affecting the value of the sum of a polynomial expression: 


at 3b—c=a+t (3b —c). 


If a ‘—’-sign stands in front of the bracket, in omitting the 
bracket all signs within must be reversed: 


—(3a — b + 2. — 4d) = —3a + b — 2c + 4d. 


Conversely, if brackets are inserted after a ‘—’-sign, all signs 
enclosed must be reversed: 


a+ 2b—c—d-+ 3e = (a + 2b) — (ὁ + ἃ — 3e). 


Association of terms of a sum in groups by means of brackets 
does not alter the value of the expression (associative law): 


Ω -ἰ (ὃ -ἰ οὐ ΞΞ (α - δ) το; 34+44+2=34+6=742. 
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Multiple brackets 


If an expression contains a bracketed expression within which 
a further part stands in brackets, and we wish to eliminate the 
brackets, then the innermost pair of brackets must be dealt with 
first. In such circumstances different types of brackets are com- 
monly used to avoid confusion; round brackets, (), are sometimes 
referred to as parentheses and curled brackets, {}, as braces, the 
term bracket itself then being reserved for the square type, []. 


α -- (ὃ + [2c — (d + 4e)]}} =a — (δ + [2c — d — 467) 
=a— (Ὁ + 2c —d— 46) 
=q—-b—2¢ + d+ 40. 


Brianchon (1785-1871, Paris) 


Brianchon’s Theorem. In every hexagon circumscribing a circle 
or conic, the straight lines g, h and k joining opposite vertices 
meet in a single point Q, the ‘Brianchon Point’. Here one vertex 
is said to be opposite to another if the two are separated by two 
vertices. Thus in Fig. 44 A and D, B and E£, C and F, are pairs 
of opposite vertices. 


Calculating instruments and machines 
There exists a great variety of machines and instruments for 
carrying out numerical calculations. According to the principle 
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on which their operation is based, we distinguish between analogue 
and digital devices. In an analogical procedure a particular 
physical process is taken to represent either another physical 
process or an abstract mathematical model. Numbers are repre- 
sented by continuously varying quantities (e.g. lengths, angles of 
rotation, electrical tensions). A calculation is carried out by 
operating with these physical quantities, using known physical 
laws. 

To the class of analogue devices belong the slide-rule (addition 
of segments) and the planimeter (pointer moving round a geo- 
metrical figure to register the figure’s area). Analogue methods 
are particularly suited to the type of problem in which a rapid 
survey is required of the influence of a parameter or parameters 
in a given physical set-up. 

Digital computers operate with discrete entities, counted, for 
example, by the movement of cog-wheels or by electrical current 
impulses. To this class belong hand-calculating machines, 
business machines, punched-card devices and programme-con- 
trolled digital computers. Using digital machines one can work 
with numbers to an arbitrary number of places, and consequently 
reach any desired degree of accuracy. Equations with infinitesimal 
terms are not directly soluble, but must first be transformed, by 
methods of approximation, into finite equations. The following 
devices, on account of their frequent use, are treated in greater 
detail below: 


1. The slide-rule 

2. Electrical analogue computers 

3. Desk calculating-machines 

4. Programme-controlled digital computers. 


1. The slide-rule 


The slide-rule operates by the addition and subtraction of line- 
segments, using the laws employed in calculating with logarithms. 
The numbers from 1 to 10 are laid out on a logarithmic scale 
of length |, 1.6. 1 is taken as the origin of the scale (since 
log 1 = 0), 2 as 0-3010/ (logy) 2 == 0:3010), 3 as 0-4771/ (logiy 3 
= 0:4771) and 10 as 1] (logy, 10 = 1). Two identical logarithmic 
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scales are constructed, so that they can slide along one another, 
one on the frame and the other on the lower edge of the slide. 

Multiplication and division. Application of the rules that 
multiplication corresponds to the addition of logarithms and 
division to subtraction yields the appropriate procedures. Calcu- 
lation is carried out with mantissae only, i.e. without regard to 
the characteristic. The position of the decimal point has to be 
determined mentally. Since 1 and 10 have equal mantissae, 
identical scales can be thought of as cyclically laid out to the right 
or to the left. Whether the slide is drawn out to the right or left 
depends on which side the result can be read off. 


Example 1: 25 x 1:5 


ὃ 
--- ---τῖ 
1 1.5 Addition of the segments a and ὃ 


1 2; 25 


--.-.-..-.͵ -. 
= Result: 3:75 


Example 2: 3-5 x 5-6 


1 b 5-6 10 
EEE PRES. 
1.96 3.5 δι 10 


Result: 1:96 — 19-6 


Addition of segments a and ὁ using scale-cycle. 
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Example 3: 8~+2:4 Subtraction of the segments a and ὁ. 


ὃ 
ἘΞΞΞΘ ΞΘ ΞΘ ΒΘ. 
1 2:4 
1 fa 8-0 
Result = 3-33 
Example 4: 3 +5 Subtraction of the segments a and ὃ 
using scale-cycle 
1 ὃ 5 10 
] 3 Result: 6 > 06 
-----ὕὔ...... enact 
a 


Reciprocal scale. Most slide-rules have a reciprocal scale in the 
middle of the slide, where the logarithms of the values = are 
laid out. The reciprocal scale is suited to division, in which the 
form a xX μι is used instead of a + δ, the adjustments being 
chosen as for examples 1 and 2, and to multiplication in which 
a. τ is used instead of a + b, adjustments being chosen as for 


examples 3 and 4. 

Upper scales. A slide rule usually possesses two further logarith- 
mic scales which slide along one another, each laid out in half- 
measure compared with the lower scales, one on the frame and 
the other on the upper edge of the slide. The square is the corre- 
sponding magnitude on the lower scales. 


Example 5: #=4x 4 1 Result = 16 


ΝΕ ΞΕ 


1 4 
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The square-root is obtained in a similar way. The given number 
15 expressed in the form x x 10” where x lies between 1 and 10 
and n is an integer. The given number is taken on the left or 
right of the upper scale according as n is even or odd, the result 
being read off on the lower scale. 


Example 6: V400 (400 = 4 x 102, 7 is even) 


upper scale 


left 10 right 
1 4 100 


[| | {| 


1 10 
Result: 2 —> 20. 


Example 7: V0-6 (0-6 = 6 x 107; n is odd) 
1 10 60 100 


Result: 7:76 —> 0.776 


Multiplication and division can be carried out as in examples 
1-4 using the upper pair of scales; however, the lower scales are 
preferable for accuracy, there being twice as much room for 
interpolation and reading off. 

Further scales. Various types of slide-rule have other scales, 
for example e”, trigonometrical functions, log, 1 — x?, x3, etc. 
These in general relate to the lower normal scale, results being 
obtained directly using the cursor (reading window). 

Notes on procedure. We aim at the smallest possible loss of 
accuracy in carrying out a calculation. 

(a) In order to place the decimal point correctly, each calcula- 
tion must be roughly carried out mentally. 

(b) For multiplication and division, employ the lower scales 
and the reciprocal scale only. 
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(c) For expressions of the form 
αι Xe Χ.. Χαμ 
bxbx...Xb, 


alternately divide and multiply, so that the number of settings is 
kept as small as possible. 
(d) For multiple products, use the reciprocal scale. 


Example 8: 3.5 x 68 x 0:26 (one setting) 


1 


Reciprocal scale 


Result: 6°18 — 61-8. 


atb+e 


Special applications. To solve the quadratic equation 
x? + Ax + B=0, 


the form x + A +5 =0is used. 
7 
Example 9: x — 5:58 ἘΞ: 0 
7 


The rule is set to give values a and b= - . We require 
Ω -ἰ ὃ -Ξ 5:58. 


---  . OE 


ὃ 1 


| | Reciprocal scale 


| a 7 | 
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The solution is obtained by systematic testing with this setting. 


7 


a b= μ a+b 
1:75 4 5:75 
20 3:5 5:5 
1:9 3°68 53°58 
--- .--- 

x, Xe 


Some other types of equations with three terms can be solved by 
the same procedure, using square- or cube-scales. 


Example 10: x4*—611x—4=0 
(The equation x* + ax* + c =0 can be put in this form by 
taking x = 5 


« .« 4 
Divide by x to get x? — 6-11 — — κε 0, and set the scale as 
shown. re 


a=x> Cubic scale 


-Ξ- τὸ --- 
b 


| Reciprocal scale 


x a= x5 b= a-b 
x 
2 8 2 6 
2:1 9-26 1:91 7:35 
201 8:1 1:99 6:11 
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2. Electrical analogue computers 


These computers contain a series of calculating elements. For 
each element the terminal voltage bears a specified relation to the 
input-voltages, the magnitudes used in a calculation being repre- 
sented by electrical tensions. Present-day analogue computers 
have calculating-elements for: 


(a) Summation 

(b) Integration 

(c) Multiplication by a constant factor 
(d) Multiplication 

(e) Reversal of sign. 


There are further devices available yielding approximations to 
special functions, as well as devices presenting the results of 
computations in graphical form (as curves). 

The programming of a mathematical problem is effected by 
standardising the variables of the problem to bring them into 
correspondence with the machine-variables and by suitable 
juxtaposition of the machine-elements (either directly or by way 
of a switch-board). Initial conditions can be inserted or altered 
in accordance with the outcome of a particular computation, so 
as to permit of a fresh computation. In general, time is the only 
independent variable entering. The accuracy of a computing- 
element in such an analogue device reaches about 0-1 per cent 
compared with the amplitude of the voltage involved. 

Analogue computers are especially suited to the solution of 
systems of ordinary differential equations with constant or 
variable coefficients and given initial and boundary conditions. 
If the machine-time is chosen to be equal to the time occurring 
in the actual problem to be computed, then the physical system 
at the root of the problem can be simulated by the analogue 
computer. 


3. The desk calculating machine 


The desk calculating machine adds numbers by successive 
partial revolutions of cog-wheels. Multiplication is carried out by 
continued addition, subtraction by reversal of the direction of 
rotation, and division by continued subtraction. These machines 
contain a keyboard or levers for setting up numbers, a revolution 
register (for registering the multiplier in a multiplication), a 
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product register (recording the results of addition, multiplication 
and subtraction) and, in some cases, a storage register for the 
later use of intermediary results. The revolution and product 
registers can be moved sideways on a carriage to facilitate calcu- 
lation with multi-digit multipliers. Further, most machines have 
a transfer-device which, for example in the case of the product 
a.b.c, does away with the need to set up by hand the inter- 
mediary result a. b on the keyboard. The machine is operated 
either electrically or by hand. There are also in use machines 
provided with a tabulator for printing results, e.g. certain 
business-machines. 


Procedures 
for carrying out practical calculations 


Ist Step. Prior mathematical work. 


(a) Determination of method of solution of the problem (the 
formulae involved are either evaluated directly or an appropriate 
method of approximation is employed, e.g. the Runge-Kutta 
procedure for integration). 

(b) Determination of the degree of accuracy required (number 
of decimal places to be employed). 

(c) Systematic control of errors. 

On account of possible mistakes it is necessary to check the 
calculation, e.g. by sample testing. To avoid unnecessary waste 
of time in long calculations it is advisable to build in as many 
tests as possible (e.g. column-sums tests). 


2nd Step. Design of computing-blank. 


During the actual carrying out of a computation, the whole 
attention of the operator must be concentrated on the machine. 
Accordingly the calculating procedure is first divided into unit 
operations, and a computing-blank is prepared, giving, for each 
step, the requisite computing-instructions and the parameters 
involved. Actual intermediary and final results are later entered 
in this blank. 


Example: Evaluation of y = ax* + bx +¢ 
say, y = 2x? + 15x + 3 
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Computing-blank with actual entries: 


(1) (2) (3) (4) (5) 

x |x? = (1)?| 2x? = 2(2) | 15x = 1:5(1) |y = 59 + (4) +3 
O01 | 0-01 0-02 0-15 3:17 

2 4 8 3 140 


3rd Step. Actual computation. 

In electrically-operated machines, keys are provided for 
individual operations. 

In hand-operated machines, all operations are effected by 
turning a crank. Division is carried out by repeated subtraction, 
continued until a negative number appears in the product 
register. The operator proceeds to the next step only after a single 
addition has restored a positive value in the product-register. A 
calculation should be carried out independently by two persons, 
particularly if no built-in checks are possible. 


Special calculations 


1. Square root, a = V A. We commence with an approximate 
value for the root, a); a better approximation is given by the value 


A 
Alto + ao and further improved approximations are given by the 
iterative formula 

a, 


n 
Qntt τ- 2 


(the number of valid places is roughly doubled at each step). 


Example: a =V3 
Ωρ = 2 
3 
"2 
2 
αι τε ὅ-- -- τε 115 
ας = 1-732143 
a, = 1-732051 


a, = 1:732054 ete. 
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2. Cube root, a= */A, Corresponding iterative procedure: 
first approximation, a,; 


Gnu = 3 we 02 1,2... ςςς 


3. Calculation with double accuracy. The usual desk machine 
has a keyboard allowing for 10-digit numbers, a revolution- 
register with 10 places, and a product-register with 20 places, thus 
permitting calculation with 10-figure numbers. However, a higher 
degree of accuracy than this may well be required (e.g. for 
Fourier-analysis in radio-technology). To carry out a computation 
with 20-place accuracy, we proceed as follows. 

We split up the numbers involved into their first and second 
ten places 

A = (104, + A,) 


B= (10°B, + B,) 


We form A + B by separate calculation of A, + B, and A, + B, 
with appropriate carrying-over; for the product we have 


A. B = (0194, + A,)(10B, + 89 
= (4, x B,)10 + (A, x B, + Ay X B10". 


(The term A, X B, yields, after rounding-off, a quantity giving 
at most 1 in the last decimal place of the 20-place result, and 
thus can usually be neglected.) 


Ἤ τη . Ὁ 
Β 10B, \1 + 10R, 


et | ens ὃΣ imatel 
= jo%B, \' — τοῦθ, approximately. 


Care must be taken that the first place of B, + 0, so that quadratic 
and higher terms can be neglected in the development of 


I τς .8 
1 + 8.10108, ΠΣ 1010.) 
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4. Programme-controlled digital computers 


Construction. In the modern electronic computer, the step-by- 
step control of the calculating procedure is taken over by the 
machine’s control unit. The individual instructions of a pro- 
gramme, the data to be manipulated and intermediary results are 
held ready in a storage unit. An arithmetic unit carries out the 
fundamental arithmetic operations as for desk machines, and 
tests for sign or zero-value. Input and output devices regulate the 
reading-in of the programme and the initial data, and the presen- 
tation of results. Schematically the interrelationship of compo- 
nents is as follows (Fig. 45): 


Arithmetic 
unit 


Fic. 45 


The arithmetic unit. The arithmetic unit is essentially a device 
for addition. Subtraction can be carried out with complements, 
multiplication by continued addition, and division by continued 
subtraction. These four basic operations are usually wired into 
the computer, and can be called upon as occasion demands by 
single instructions. In addition, some computers have an instruc- 
tion for extracting the square root. For problems in which the 
range of values occurring in intermediary and final results cannot 
be anticipated, most machines use the ‘floating decimal-point’ 
principle. With base 10, a number is expressed as the product of 
a power of ten and a number lying between 1 and 10. The so- 
called characteristic of the number is obtained by augmenting 
the exponent of the power of 10 by a fixed integer, e.g. 50. The 
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number itself is represented by sign, characteristic and mantissa, 
e.g. the 8 leading places. Thus we have a kind of semi-logarithmic 
representation. 


Examples: 
I. 1-234 = 1-234 x 10° 50 1234000; 
2. —0-001234 = —1-234 x 103 —47 1234000; 
3. 12340 = 1-234 x 10¢ 54 1234000. 


The addition of this number 50 (the base of the characteristic) 
ensures that the characteristic is positive over a very wide range. 
In using a floating-decimal-point in place, e.g. of 10 fixed decimal 
places, a range of values covering 100 decimal places 


(10-° < x < 10%) 
is obtained. 

We speak of the standard form of a number if the first figure 
of the mantissa is non-zero, of unstandardised form otherwise. 
E.g. given 50 1234000 = 51 01234000, the left side is in standard 
form, the right unstandardised. The need for unstandardised 
calculations can arise in considering the accuracy of a result. It 
may well happen that in the subtraction of nearly equal numbers, 
the first places of the mantissa vanish, and subsequent standard- . 
isation may then suggest a spurious accuracy in the result. 

The arithmetic unit can test whether a number in one of its 
registers has a particular sign (sign-testing), or is zero (zero- 
testing), or that a given number is in a given position. The result 
of the test is reported back to the control so that further progress 
of the calculation can be made dependent on this (logical) 
decision. The arithmetic unit provides for the carrying out of its 
operations in the following (or similar) registers: 

(a) Accumulator-register, in which the result of an addition 
or subtraction appears. 

(b) Multiplicand-divisor register—for registering multiplicands 
or divisors. 

(c) Multiplier-quotient register—registering multipliers or quo- 
tients. 

The basic individual element from which an arithmetic unit is 
constructed is a switch, e.g. a mechanical switch, electromagnetic 
relay, valve or transistor. Modern valve or transistor computers 
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achieve 200,000 or more additions of 10-place decimal numbers 
in a second. Since the switches involved are in general capable 
of only two states, the internal use of the binary number-system 
is required (the digits 0 and 1 alone being effectively used). 

The binary system uses the number 2 as base. Any number 
can be represented by the sum of powers of 2. For example: 


3=84+44+1=-1x2+1x2?+1x 2?=1101 
156 = 128+164+8+4=1x2’?+1x 24+1x 2’ 
+. 1x 2? = 100 111 00 


The use of other number codes can offer the advantage of auto- 
matic checks on accuracy, as against the drawback of smaller 
calculating speeds. 

Storage unit. When called on, the store takes up information 
(data; intermediary results; in stored-programme computers, the 
programme as well). It contains a number of storage-locations 
each of which can be ‘called on’ by reference to a unique ‘address’. 

The following devices are used for storage: Small ferromagnetic 
rings (magnetic cores); drums, tapes or discs with magnetic 
coating (magnetic drum, magnetic tape, or magnetic-disc stores) ; 
paper tapes, or cards with fixed storage by means of punched 
holes (punched tape, punched cards); pins with changeable 
positions (mechanical storage); relays (electromagnetic storage). 
There exist two types of store, internal and external. An internal 
store is in loose connection only with the computer, i.e. it can be 
separated without affecting the functioning of the computer. An 
external store sometimes serves for the temporary storage of 
blocks of numbers from the internal store, parts of which can > 
thus be released for information more urgently needed in the 
computation. 

The different methods of storage are distinguished by the 
access-times they allow, i.e. the time taken from a call on the 
store to the transfer of the information required from the store 
to the arithmetic unit. Modern computers with magnetic-core 
storage have access-times as small as (4 — 6) X 10-° secs. and 
storage-capacities of up to 32,000 10-place numbers. In assessing 
the efficiency of a computer, storage-capacity and access-time 
must be taken into account as well as actual calculating-speed. 

Input and output. Input and output comprise the procedures of 
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giving in and taking out data and instructions, and controlling 
exchanges with an internal store. Keyboards, punched tape, 
punched cards and magnetic tape are used as input media. The 
most rapid means of input is afforded by magnetic tape, and, 
using this, at the present time up to 40,000 alphabetical or 
numerical characters can be fed per second into a magnetic-core 
store; punched cards reach input speeds of about 500-600 
characters per second; punched tape for normal rates of Operation 
with photoelectric sensing, between 200 and 1,000 characters per 
sec. Output likewise can be effected by punched tape, punched 
cards and magnetic tape; and frequently also by means of tele- 
printer, tabulating machine, or automatic typewriter. Oscillo- 
graphs are also used for graphical representation of output 
functions (photography being used for permanent records). 
Output speeds are smaller than input speeds, except in the case 
of magnetic tape. In order that calculation should not be inter- 
rupted during input- and output-times, so-called buffer-stores are 
frequently introduced. 

In large modern computers input and output are undertaken 
almost exclusively with magnetic tape. Separate devices are used 
for transferring information to and from the tapes, e.g. from or 
to punched cards. Choice of input and output units depends pre- 
dominantly on the nature of the problems being dealt with. Such 
problems fall into two broad groups. 

(a) Commercial data-processing problems (characteristically 
involving the handling of large quantities of data, frequent input 
and output, little calculation). 

(b) Scientific and technological problems (emphasis on actual 
computation; smaller quantities of data involved). 

Thus for commercial problems, computers with rapid input 
and output units are preferable; on the other hand scientific 
problems usually call for rapid computation. 

The control unit. The control unit controls the actual computa- 
tion. According to the way in which the control unit is given its 
individual instructions, we distinguish between plug-board, 
punched-tape, punched-card and stored-programme computers. 
Special computers with built-in programmes are also in use. In 
plug-board computers the sequence of calculating-steps is deter- 
mined by connecting wires on a plug-board. The small flexibility 
of such apparatus restricts its use to situations in which smail 
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numbers of standard calculations are continually repeated (for 
instance, in pay-roll calculation). The more conventional punched- 
card machines (tabulators, calculating punches) belong in this 
category. 

For punched-tape and punched-card-controlled machines (not 
to be confused with machines in which programmes are inserted 
in an internal store by means of punched-cards or punched-tape) 
successive instructions are delivered directly from punched tape 
or from a sequence of punched-cards. This type of control is 
required if storage-capacity is small. On account of the large 
access-time, these machines are very slow. The control unit itself 
is similar in construction to those of stored-programme machines. 

In stored-programme machines, the control unit contains an 
order-register which takes up orders and interprets them. An 
order contains an operation part, in which the type of operation 
to be performed (arithmetic operation, position-shift, sign-test 
or input or output operation) occurs, numerically coded. It also 
contains at least the store-address of the operand (for example, 
the address of the number to be added to the content of the 
accumulator, the address of the location in which a result from 
the accumulator will be stored, or the address of the storage 
location whose contents are to be abstracted). An instruction- 
counter contains the address of the next order. If the access-time 
to all storage-locations are equal, as with magnetic core stores, 
the computer operates in such a way that instructions are stored 
at successive locations and successively called upon. In this case 
an instruction does not need to contain the address of the sub- 
sequent instruction. On the other hand, in the case of machines 
with magnetic drum storage it may be possible for the programme 
to be so arranged that after carrying out an order, the storage- 
location of the next instruction is immediately accessible. 

We distinguish according to the number of operands which 
are taken up in an order, between single and multiple address 
systems. For example, the Bell-System of the IBM 650 is a 
3-address programme system; the instruction 3 A B C means: 
multiply (operation code = 3) the contents of the storage- 
location A by the contents of storage location B and bring the 
result into the storage location C. According to whether a sub- 
sequent address is or is not given, we further speak of (multiple- 
or single-, - 1) address-systems or (multiple- or single-, + 0) 
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address systems. (The Bell-System is thus a (3 + 0) address- 
system; provision of an operand and a subsequent address 
comprises a (1 + 1) address-system.) 

In the case of stored-programme machines, calculation with 
orders can be carried on exactly as with numbers. This makes 
possible the use of a section of a programme for different storage 
domains, provided the addresses are suitably transformed. This 
address-calculus is an essential part of the programming. 

In practice problems frequently arise where similar operations 
are performed on data placed in consecutive storage-locations, 
e.g. matrix-operations. In such cases, so-called index-registers are 
useful. For ‘indexed operations’, the contents of an index register 
under consideration are taken from or added to the address part 
of the order. The control unit works with this ‘effective address’, 
the order itself being unchanged in its storage-location. Special 
testing and addition orders on the index register make it possible 
to establish how often the particular section of the programme is 
to be run through. 

Example: Suppose we wish to evaluate the sum 


N 
YH RUHHtRH+. .. Ἔ χΧν. 


where N = 30, x, being entered in the storage-location 1000, 
χη 1001, . . ., X59 in 1029. 
The written programme for this runs as follows: 


Order 1: Insert 30 in index register A. 
Order 2: Clear the accumulator. 


Order 3: Add the contents of the storage-location (1030— 
content of A) to the accumulator. 


Order 4: Subtract 1 from the number in the index register and 
test whether result is zero or not. If [4] + 0 proceed 
to order 3, otherwise to 5. By this means order 3 is 
gone through exactly 30 times, corresponding to 
locations 1000 to 1029. 


Order 5: Store accumulator (giving the required value y). 


The functions of the control unit and storage unit (‘memory’) 
have suggested the often-used expression ‘Electronic brain’. 
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Actually, of course, each step the computer takes will have been 
programmed by a human controller. 

Programming. Before actual encoding, a problem must be 
thought through with a view to all possible contingencies. In 
order to formalise the method of solution clearly a flow-diagram 
is constructed (Fig. 46). 

Example: Calculation of 


= el forx <1 
a= x2 4+. 3x forx>1 


(input by means of punched cards, printed output). 
The following signs and symbols are sometimes used in writing 
out flow-diagrams (Fig. 47). 


(a) Decision, switches, branch- 
ings; 

(b) Direction of data flow, next 
step of procedure; 

(c) Arithmetic operations, etc. ; 

(d) Programme-modifications; 

(e) Error-stop; 

(f) Punched-card (input or 


3x in the 
intermediate 
store 


2x+/ in the 
intermediate 
store 


x2+ Contents of ic output) 3 
the intermediate Δ neti c tape in r 
store in result (g) & p ( put Oo 
store for y output) : 


Output (h) Printed output; 
(i) Drum (external store), input 
or output. 


Fic. 46 


In order to translate a flow diagram into the machine code, it 
is first of all necessary to be familiar with the type of machine 
to be employed (type of calculating register, type of orders 
allowable, whether a one- or many-address machine). It is further 
necessary to provide a system of storage-allocation, i.e. it is 
necessary to know which quantity is lodged in which storage 
location. 

In manual programming there exist great possibilities of error 
in both these procedures, but it is possible to let part of the 
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programming work be done by the machine itself. Thus a series 
of aids to programming have come into existence. 

I. Sub-programmes. Every calculating centre possesses a 
library of programmes comprising frequently occurring calcu- 
lating routines. Subject to certain modifications (in the specifica- 
tion of parameters, type of entry, store-locations used) such sub- 
programmes can be incorporated into a programme as required. 
For routine problems (e.g. solution of systems of linear equations) 
the sub-programme becomes the working-programme, the actual 
programming required being confined to preparation of the input 
quantities. 

2. Auxiliary programmes. For input or output, etc., there are 
different procedures dependent on the type of machine used. In 
order not to burden every programmer with these procedures, 
input and output programmes are available in programme- 
libraries for as many special cases as possible. 

3. Superprogrammes (symbolic input programmes, etc.). For 
complete encoding in the machine code, and the allocation of 
Storage there exist programmes which translate a pseudo-code 
(order-code not directly suited to the machine) into the machine 
code. There are two types of such superprogrammes, inter- 
pretative programmes and translation programmes. 

(i) Interpretative programmes. The initial coding uses a pseudo- 
code. An additional input super-programme then translates the 
pseudo-programme order by order into machine steps which the 
machine then carries out. 

Example: Bell-system for the IBM 650. The pseudo-order 
3 AB Cis first interpreted as a multiplication order for data 
occurring in the locations A and B, on the basis of which the 
sub-programme for this multiplication is run off and the result 
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stored in the location C, whereupon the next pseudo-instruction 
is interpreted. In the above case the interpretative programme 
occupies 1,000 of the 2,000 storage locations. The number of 
orders needed is always essentially less for programmes using the 
3-address code than for those using the one-address machine 
code. The possibility of calling on elementary mathematical 
functions by means of a single order is a further advantage of 
this system. 

Disadvantages of interpretative systems are the reduction of 
calculating speeds occasioned by the necessary interpretation of 
each order, and the reduction in storage-locations occasioned by 
the storage of the super-programme. 

Interpretative systems exist for many useful types of calculations 
which cannot be directly programmed (e.g. matrix operations, 
floating point operations for machines without built-in floating 
point). 

(ii) Translation programmes. In translation programmes the 
machine programme is produced from a pseudo-programme by 
the machine itself. In an entirely separate operation, the super- 
programme translates the pseudo-instructions and provides the 
machine programme, ready for use, on punched cards or magnetic 
tape. Compared with the interpretative programme, this has the 
advantage that the translation time occurs once only. But of 
course this time, since the output time for the machine programme 
must be allowed for, is greater than the unit interpretation time, 
and so an interpretive system is preferable for a programme which 
is employed only a small number of times. 


Different degrees of this automatic programme-preparation are 
possible with translation programmes. 


(a) Symbolic Programming. 

Instead of the usual numerical operation code, standard 
abbreviations (e.g. ADD for the addition operation) are intro- 
duced. For data- and instruction-stores no numerical addresses 
are given, symbols being substituted (e.g. X for the store con- 
taining a variable x). The direction of symbols to fixed storage- 
addresses is undertaken by the machine itself, as is the choice of 
subsequent addresses. For the rest, programming takes place 
analogously to the procedure using a machine code with exact 
references to special machine components. The advantage of 
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symbolic programming lies primarily in the avoidance of errors 
in coding and of the duplication of entries in the store, and also 
in the full utilisation of the capacity of the computer, programmes 
being run through in the shortest possible time. ᾿ 


(Ὁ) Formula Programming. 

(1) The programme language should depart as little as possible 
from the customary symbolic language of mathematics, and be 
independent of the machine, i.e. the programme-rules should be 
kept to a minimum. (ALGOL (algorithmic language) groups 
have been set up by several scientific societies for the development 
of such a general pseudo-programme language.) 

(2) It should be possible to feed in a programme in a simple 
way (perhaps by direct input of a formula, or even by the spoken 
word). Such a method of programming requires for each type of 
computer a separately worked-out programme which in a pre- 
liminary run-through translates these formula-instructions into 
a proper machine-programme. The best-known development 
today in this field is the FORTRAN (formula-translator) system 
for the computers IBM 704, 709 and 7090. The programme for 
summing Xj, .. ., X39 appears in the following way in Fortran: 


Y=0 
DO 1 I= 1-30 
1Y=Y¥+ xXx) 


Each row corresponds to an alphanumerically punched punched- 
card. The value Y, which later is going to contain the sum, is 
first put equal to 0. In this example, the abbreviation DO 
corresponds to the mathematical symbol for summation; it means 
that this section of the programme is run through up to the order 
with numerical label 1 (this 1 can only occur once in the pro- 
gramme) from I = 1 to I = 30. The symbols all occur in the 
above form, and in such a way as to be intelligible to the machine. 
In the Fortran system floating-point arithmetic is used. The super- 
programme consists of about 25,000 orders, and the individual 
types of operation are translated by built-in sub-programmes. 
Every programmer is in a position to write such a programme 
after a very short time spent in getting acquainted with the pro- 
cedures used (usually 2-3 days). The time spent in programming 
is as short as could be wished (about one-tenth or one-fifth of 
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that required for a symbolic programme). A disadvantage is that 
the programmer has no direct insight into the machine pro- 
gramme. Improvements in the machine-programme are barely 
possible, and must therefore usually be carried out in the original 
pseudo-programme, involving a further translation-procedure. 


Special procedures for automatic computers 

1. Commercial data-processing problems. Here, collection and 
transfer of data, not calculation, are the primary problems. This 
requires simultaneous access to 2 or more files (a basic card-index 
and one or more moving files). Special large-volume stores (e.g. 
the RAMAC (random-access) store of IBM with storage for 
6 million alphanumerical characters and more) make possible the 
storage of a basic file. 

The simultaneous use of several files is possible if individual 
files are stored according to some common characteristic (e.g. 
personnel number). For punched cards, the sorting is carried out 
by special sorting-machines. In sorting, a batch of cards is divided 
according to one column into 10 compartments (one for each of 
the figures 0-9) and subsequently reunited so that cards in the 
0-category come at the beginning and those in the 9-category at 
the end. If the key to the sorting extends to more than one 
column we repeat for the tens-column the procedure gone through 
already with the units-column using the sorted batch. This yields 
the sequence: 


00, 01, 02,. . ., 09, 10, 11,. . ., 90, 91,. . ., 98, 99. 


Continuing the process for further columns, any required sequence 
can be obtained. 

In using magnetic tape, at least two input and two output tapes 
are required for sorting. Instead of being on punched cards, 
records appear on successive sections of magnetic tape. First of 
all the store is filled from an input tape. The record with the- 
smallest reference-number is then sent out on an output tape 
and the empty location in the store filled from the input tape. 
The record with reference number next lowest (compared with 
that of the one just sent out) is transferred to the output tape and 
the procedure continued until no suitable record is available in 
the store. (This results in a so-called string on the first output 
tape.) 
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By the same means a further string is produced on the second 
output tape. In proceeding from one string to another it is 
important that a different output tape should be chosen: the third 
string, for example, must either be put on a third output tape or 
added to the contents of the first tape. In the second sorting-stage 
(or ‘pass’) the output tapes become input tapes. Before being fed 
into the store the two tapes must be compared to find out which 
contains the record with the lowest reference-number. 

Example: (two locations in store used). Given input tape with 
reference numbers to be sorted: 123, 101, 088, 211, 100. 


First pass 

Store 1 123, 101 

Output tape 1: 101 

Input 088 

Output tape 1: 123 

Input : 211 

Output tape 1: 211 

Input : 100 

No number available in the store is now larger than 211. 

Output tape 2: 088, 100 

Second pass 

Input tape 1 101 

Input tape 2 : 088 

Output : 088 

Input tape 2 : 100(< 123, which would be the next record 
on tape 1); 

Output 

Input tape 1 100 (contents of tape 2 have been exhaust- 
ed); 

Output 101 

Input tape 1 211 

Output 123, 211. Sorting complete. 


On the average strings contain, after each pass with n store and 
locations used, at least n times as many records as before. The 
first input tape can be regarded as comprising strings of one 
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record each, so that for A records the maximum number of passes 
required, r, is such that η΄} <A « π΄. 

For commercial applications are usually needed: straight- 
forward storage organisation; capacity for massive output; and 
choice of input and output media so that output data can readily 
be used again, punched cards or magnetic tape being almost 
always most favourable on account of their suitability for sorting. 
The computer should be rapid, reliable and simple to programme 
and if possible should operate directly with decimal numbers. 

2. Technical and mathematical problems. The algorithmic 
method of writing is especially suited for the programming. 


é 
Example: οἰ = > ss Σ᾿ 
i= i= 


F x 
with to = 1, ty = τ ἔνα 


The formation of a new ¢,, and subsequent summing can take 
place over and over again using the same section of the pro- 
gramme up to the point where the next term (¢,) does not contri- 
bute to the prescribed accuracy. 

In choosing between several procedures, preference will not 
always be given to the shortest; the expense of the programming 
must be taken into account. Iterative procedures are especially 
suitable. To conserve storage-space, functions should be calcu- 
lated wherever possible and not abstracted from tables. (In place 
of series, approximations in which maximum departures from 
actual values are known should be used where available.) Fixed 
decimal point calculation should only be used if the range of all 
intermediary values can be anticipated before the calculation is 
carried out. Desirable qualities in the computer used are: rapid 
calculation-time (parallel-working machines are very suitable), 
large storage-capacity, and if at all possible, built-in floating- 
point, and index register. 

The extent to which the calculation is proof against machine 
errors (failure of valves, etc.) must be determined for all problems. 
Independent calculation checks are in use; such methods use 
so-called twin-control, in which the same calculation is performed 
twice independently, any discrepancy in the result causing the 
computer to stop, so indicating that an error has occurred. In all 
other cases checks must be built into the programme. 
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Programme testing 

After preparation of a computer programme (directly, or by 
translation of a pseudo-programme), it is necessary to test its 
accuracy. This is done by calculations of simple test-examples for 
all sections of the programme. The possibility of errors gives rise 
to a sequence of diagnostic or post-mortem programmes, which 
help in localising programming errors. Tests for errors must be 
effected with as small as possible expenditure of machine-time. 
Three types of diagnostic programme are in use: 

1. Inspection of the whole or part of the contents of store and 
register (to check to what extent the intermediary results are 
correct; this is the least used method). 

2. For a branching programme (in which the machine selects 
one of two or more possible subprogrammes): intercalation of an 
intermediary programme which prints out the conditions which 
lead to branching and the intermediary results. 

3. Recording of each step of the computation with the associ- 
ated register- and store-contents. 


Procedure in working with programme-controlled automatic 
computers 

Ist step: Establishment of numerical procedure (degree of 
accuracy required, fixed or floating point, input and 
output arrangements, built-in checks for non-auto- 
matically checked computers). 

2nd step: Construction of the flow-diagram. 

3rd step: Choice of operations-code (pseudo-code or machine- 
code) and coding. 

4th step: Computing of simple test-example (programme testing). 

Sth step: Carrying out of computation (automatic). 


Calculus of observations 


In the calculus of observations the aim is to obtain the most 
probable value for quantities of which varying observations have 
been taken. In general the adjustment of errors of observation 
follows the Method of Least paver introduced PY ἰὼ 
_and Gauss (see Error). 
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Catenary ) 


The catenary is a transcendental curve which can be represented 
by the equation 


where a is a constant and e = 2718, . . . is ‘Euler’s number’ 
(see e), (Fig. 48). 


Fia. 48 


In a suitably chosen coordinate system, an (ideal) chain 
suspended from two points, not immediately above one another, 
has the above equation. 


Cavalier perspective 

This is a method of mapping used in descriptive geometry. In 
cavalier perspective a three-dimensional rectangular coordinate 
system, together with the object to be mapped, is projected by 
general (oblique) parallel projection onto an image plane; the 
image plane is taken to be vertical and to lie parallel to the y, 
z-plane of the coordinate system which is to be transformed. 
The y-axis lies horizontally, the z-axis vertically. All figures which 
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lie in a plane parallel to the image-plane are transformed con- 
gruently. The image of the positive x-axis is in general inclined 
at an angle of 45° to the negative y-axis. In the direction of the 
x-axis segments are in general shortened in the ratio 1:2. 


Cavalieri (1598-1647) 


Cavalieri’s theorem. If two solid bodies are of equal height and 
have bases of equal area, and if all plane sections parallel to the 


Fic. 49 


bases and at the same distances from. the corresponding bases 
are equal in area, then the two solids are equal in volume. 
Cavalieri’s theorem cannot be proved by the methods of elemen- 
tary mathematics, but the above figures make the proposition 
plausible (Fig. 49). 


Central angle 
An angle between two radii of a circle (see Angle, Circle). 


Central perspective 

Central perspective is used to provide a clear two-dimensional 
representation of a three-dimensional object. In central perspec- 
tive the object to be depicted is projected from a fixed point P, 
the centre of projection (or point of sight), by rays of projection 
onto a projection, image or picture plane. The image is then seen 
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as viewed from the point of sight P. In Fig. 50 a square prism is 
represented in central perspective. The prism stands perpendicular 
on a horizontal plane; it is viewed from the point of sight, P, and 
projected onto the image-plane. The point of sight is distant ἢ 
above the horizontal plane, and d from the image-plane. If the 
perpendicular is dropped from the point of sight P onto the image 


Fic. 50 


plane we obtain the principal point H. ῬΟΗ͂ ΞΞ ἢ and PH = ἡ. 
The line in the image plane through H parallel to the horizontal 
plane is called the horizon. 

The fundamental laws of central perspective are suggested by 
the figure. 

(1) The images of straight lines perpendicular to the horizontal 
plane are straight lines perpendicular to the horizon. 

(2) The images of straight lines parallel to the horizon are 
straight lines parallel to the horizon. 

(3) The image of a straight line / is also a straight line and 
passes through the point S in which / intersects the image plane. 
The projection ray through P parallel to / intersects the image 
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plane in the vanishing point F of ἰ. The image line ἢ of / is deter- 
mined by F and S. The vanishing points of horizontal straight 
lines lie on the horizon. Parallel lines have the same vanishing 
point. The vanishing point is the image of the ‘infinitely distant 
point’ of a line. 


Central projection 

From a point (the centre of the central projection) are con- 
structed rays joining the point to some solid or plane figure (the 
projection rays); these intersect an image plane in the image 
points, or the image figure. The image figure is said to arise from 
central projection onto the image plane. 


Central symmetry 7 Ν 


Central symmetry in a plane is a special 
case of axial symmetry (see Symmetry). A Van 
figure is said to be centrally symmetric with ϑ 
respect to a point, the centre of symmetry, 
if when rotated through 180° about the 
centre of symmetry, the figure comes into 
coincidence with itself. 

Example: A parallelogram is centrally symmetric with respect 
to the point of intersection of its diagonals (Fig. 51). 


ee 
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Central symmetry in space 


A solid figure is said to be centrally symmetric with respect to 
a point, the centre of symmetry, if on reflection in the point the 
figure coincides with itself (see Reflexion in a point). 

Example: A cube is centrally symmetric with respect to the 
point of intersection of its space-diagonals. 


Centre of similarity of two circles 

The intersection of the common outer tangents of two circles 
is called the outer centre of similarity of the two circles; the inter- 
section of the common inner tangents of two circles is called the 
inner centre of similarity of the two circles. The centres of 
similarity of two circles lie on the line of centres of the two circles 
and divide the line of centres harmonically (see Circle). 
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Centroid of a triangle 


- The centroid of a triangle is the point of intersection of the 
lines joining vertices to the mid-points of opposite sides. Each of 
these lines is divided by the centroid in the ratio 1:2 (see Triangle). 


Ceva (1648-1734) 


Ceva’s theorem. Three concurrent lines passing through the 
three vertices of a triangle intersect the sides of the triangle in 
such a way that the product of three non-adjacent intercepts on 
the sides is equal to the product of the other three intercepts 


(Fig. 52): AY. BZ. CX = AZ. BX.CY. 


Chord 


A chord of a circle is a straight line joining two points of the 
circle (see Circle). 


Chord formula of plane trigonometry 


If a, b and ὁ are the sides of a triangle, «, B, y its angles and r 
the radius of its circumcircle, then 


a= 2rsin «, ὦ = 2rsin Bf and c = 2rsin y, 
that is, ae = 4. a 
This formula rests on the fact that a peripheral angle is half as big 
as a central angle on the same chord (Fig. 53). 
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Chord theorem 


If two straight lines intersect in the point P in the interior of a 
circle and cut the circle respectively in points A and B, and C 
and D, then 


PA:PC = PD:PB (Fig. 54). 


Circle 


Definition and terminology (Fig. 55). The circle is the locus of 
points having the same distance from a fixed point OQ, called the 
centre of the circle. A line joining two points on the circle and 
passing through the centre of the circle, is called a diameter (d). 


Secant 


Circumference 


8 
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A line joining the centre to a point on the circle is called a radius 
(r) of the circle. We have d = 2r. The totality of points on the 
circle is called the circumference of the circle. The circumference 
bounds the area of the circle, which lies to the left if the circum- 
ference is described in the anti-clockwise sense. A point belongs 
to the interior of a circle if its distance from the centre of the 
circle is less than the radius r. A point lies outside the circle if its 
distance from the centre of the circle is greater than the radius r. 


Circle and straight line a 

A circle and a straight line can have either two, one, or no 
points in common. 

If the line has two points in common with the circle, it is called 
a secant of the circle. The segment of the line lying between the 
two points is called a chord of the circle (Fig. 55). 
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A secant divides the area of the circle and its circumference, 
each into two parts. The parts of the circumference are called 
arcs. The parts of the area are called segments. 

A diameter of a circle is a line of symmetry of the circle. A 
diameter of a circle divides the circumference into two semi- 
circular arcs, and the area of the circle into two semicircles. 

A straight line which has only one point in common with a 
circle, is called a tangent of the circle. The common point of 
circle and tangent is called the point of contact of the tangent 
(Fig. 56). | 

A tangent to a circle is perpendicular to the radius at the point 
of contact. There is a tangent through every point of the circum- 
ference of a circle. 


m Point of contact 


Central 


Tangent 
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Angles in a circle 


If we draw a chord of a circle, the end-points of the chord cut 
off an arc on the circle. If we construct the radii which pass 
through the end-points, we obtain an angle « which has the centre 
of the circle as vertex; we call this the central angle belonging to 
the chord and to the are (Fig. 57). The part of the area of the 
circle lying within a central angle is called a sector of the circle. 
Equal chords in circles with equal radii have equal arcs corre- 
sponding to them, and subtend equal angles at the centre. If we 
draw through each end-point of a chord a line, such that the two 
lines intersect on the circumference of the circle, an angle is 
formed whose vertex lies on the circumference. This is called a 
peripheral angle. 
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Different peripheral angles can be constructed corresponding 
to the same chord. These may lie on different sides of the chord, 
with their vertices lying on opposite arcs. A peripheral angle is 
half the size of the central angle associated with the same chord. 
Peripheral angles whose vertices lie on opposite arcs, add up to 
180° (Fig. 58; « + β = 180°). All peripheral angles belonging 
to equal chords, and with vertex on one and the same side of the 


Opposite are 
Fic. 58 Fig. 59 


chord, are equal (Fig. 59; «= B=y=...). If we draw a 
tangent to the circle at one end-point of a chord, an angle is 
formed which does not contain the centre of the circle. This angle 
is equal to the peripheral angle associated with the chord. 


Constructions 

1. Circle through three given points. The perpendicular from 
the centre of a circle onto one of its chords bisects the chord, the 
arcs associated with the chord, and the central angle of the 
chord (Fig. 60). 

Conversely the perpendicular bisector of a chord passes through 
the centre of the circle. It follows that, given three points A, B 
and C which are to lie on the circle, the centre of the circle must 
lie on the perpendicular bisectors of the segments AB, BC and 
CA. The centre of the circle is thus the point of intersection of 
any two of the three perpendicular bisectors. The circle is the 
circumcircle of the triangle (Fig. 61). The segments AO, BO 
and CO are all radii of the circle. 

2. Circle of Thales. The locus of right-angle vertices of right- 
angled triangles with the segment AB as hypotenuse is a circle, 
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called the Thales circle on AB. To construct it we take the mid- 
point O of the segment as centre and half the length AB as radius 
(Fig. 62). 

3. To construct the locus of points at which the segment AB 
subtends a given angle ε (Fig. 63). Draw at A the angle ε adjacent 


Fic. 60 
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to the segment; next, erect at this point the perpendicular to the 
free arm of the angle ὃ and draw the perpendicular bisector of 
the given segment. The two lines intersect in a point O. Describe 
about O the circle with radius OA. This circle is the required 
locus, for peripheral angles on it corresponding to the chord AB 
are equal to the ange δ between the tan gent at A and the chord 
itself. 
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4. Tangent to a point of a circle. Draw the radius OB at the 
point B of the circle. Then the perpendicular to OB at B is the 
required tangent t (Fig. 64). 

5. Tangents from a point to a circle (Fig. 65). Join the point P 
to the centre of the circle O, and construct the Thales circle on 
the segment OP (with mid-point H of OP centre of Thales circle, 
and HP = HO = radius of Thales circle). The Thales circle cuts 


it 


| Chord of contact, Polar 


SS 


- 
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P and B, and through P and B, are the required tangents from P 
to the circle. B, and B, are the points of contact of the tangents. 
The segment joining B, and B, is called the chord of contact, 
and the straight line through B, and B, is the polar (or polar line) 
of the point P. The point P itself is called the pole of the line 
through B, and B,. Pole and polar uniquely and reversibly 
determine one another (see Polarity). The correspondence ‘pole- 
polar’ is called a polarity. Finally, the tangent segments PB, and 
PB, are equal in length. 

6. Circle touching three given straight lines. The centre of a 
circle which touches two given straight lines a and b lies on the 
bisector of the angle which the lines make with one another. If 
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a third line c is given, the centre of the circle also lies on the 
bisector of the angle between a and c (and on the bisector of the 
angle between ὁ and c). By Fig. 66 we see that there are four 
centres O, O,, O, and O,. These are the centres of the incircle of 
the triangle ABC and of the three excircles (escribed circles) of 
this triangle. The radii are obtained by dropping perpendiculars 
from the centres onto a side of the triangle ABC. 


δ \ 
ΟΕ Γ7 oo 
ας fe on 
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Congruence and similarity of circles 


All circles of equal radius are congruent. All circles are similar 
to one another. 


Circle and triangle 


For every triangle, a circle can be constructed which passes 
through the three vertices of the triangle; we call it the circum- 
scribed circle of the triangle. For its construction, see the con- 
struction of a circle through three points. The circle which 
touches the three sides of a triangle and lies wholly within the 
triangle is called the incircle (inscribed circle) of the triangle. 
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The circles which lie wholly outside the triangle and which 
touch the three sides of the triangle or their extensions are called 
excircles (escribed circles) of the triangle. For the construction 
of these circles see the construction of circles which touch three 
straight lines (Fig. 66). The segments on the sides of the triangle 
measured up to the points of contact of the incircle and excircles 
can be calculated. They are (Fig. 67): 


— wo b 
CE = CF =“7 Ff Wg, 
C6 = TH = 272 —* = 5, 
AG = AK =-+£—4 = 5a, 
BH = BK =“*°—" _ 5—5, 
AD = 4E =*+5—" _ 5 _y, 
BD = BF =? tS es pc 
7 . athre 
The radius of the incircle can also CE: Ee 2 
be calculated (see Half-angle Fic. 67 


theorems). We have: 


ap _ [6 --δᾶΆα.-ὼ 
ia aa ἃ s(s — a) 
p =(s—a)tanS = jE= Oe — MS 9 


and so 
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Similarly, 


anf = Po (si a epee ane: 
=" Ges" and so p = (s — c) tan 4, 


For the radii of the excircles we have: 


7» - 
tan5 = 


ρ τι σ. ἴδῃ 5 p ene p =s.tan¢; 
@ 2 b 2) Fe > 


or, equivalently, 


_ fs(s — bs — ὁ _ [ss — as — Ο 
Pa = τ ἢ ἢ ee: s—b ᾽ 


[s(s — a)(s — δ) 
Po = τ ee Ὁ 


The following relations hold between 
the radius p of the incircle, the three 
radii p,, Py Pe» and the radius r of the 
circumscribed circle: 

1 1 I 1 
-=—~—~+—-4-— 
ρ βα βυ Pp. 
s(s — a)(s — BY(s — c) =p. pa- Po Pe 

Fic. 68 (see also Triangle). | 


> Pat Pp + pop = 4r; 
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Circle and quadrilateral 


In general the vertices of a quadrilateral do not lie on a circle. 
If they do, opposite angles add up to 180° (Fig. 68). The area of 
such a quadrilateral with sides a, b, c, d and semi-perimeter 

atb+c+d. 
4 ΞΘ’ τ το τ 18 
2 
A = V(s — aX(s — δ) — cls — ἀ). 
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The radius r of the circumscribed circle of this quadrilateral is 


r= τ, . ν (αὖ + cd)(ac + bd)(ad + bc). 


We have for the diagonals e and f: ef = ac + bd (Ptolemy’s 
Theorem, Fig. 69). 


_ [(ad + δολίας + bd) [(ab + cd)(ac + bd) 
am ab + cd » f= ad + be 


In general the sides of a quadrilateral are not tangent to a single 
circle. They are if, and only if, the sums of opposite sides are 
aca (Fig. 70). | 


AB+CD-AD+CB 
Fig. 70 


Circle and polygon 

In general a polygon will possess neither an inscribed nor a 
circumscribed circle. However, the regular polygons (those whose 
sides and angles are equal) possess both (see Regular polygons). 


Relations of proportionality in the circle 


Secant theorem and chord theorem. Suppose two straight lines 
pass through a point P and intersect a circle in A, B and C, ὃ 


respectively. Then the four segments PA, PB, 3, PC and PD satisfy 


the proportionality relation PA:PC = PB:PD. This theorem is 
called the secant theorem (Fig. 71) if the point P lies outside the 
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circle and the chord theorem (Fig. 72) if P lies inside the circle. 
There is no corresponding theorem for when P lies on the 
circumference of the circle. 


Fic. 71 Fic. 72 


Tangent theorem. The tangent theorem is a special case of the 
secant theorem. If a secant and a tangent intersect in a point P 
the segment between P and the point of contact of the tangent is 
the geometric mean of the segments formed by P and the points 
of intersection of the secant with the circle. 


(PB)? = PC. PD; PC:PB = PB:PD (Fig. 73). 


Fic. 73 . 

Special case of chord theorem. If we have two perpendicular 
chords one of which passes through the centre of the circle (i.e. 
is a diameter) then (Fig. 74) PA: PC = PD:PB. Since the seg- 
ments on the chord which do not pass through the centre are 


equal (PC = PD), we have PC? = PA. PB. That is, half the 
length of a chord is the geometric mean of the intercepts on the 
diameter perpendicular to it. 
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Construction of arithmetic, geometric, and harmonic means 

Draw a diameter AB of the circle and perpendicular to it any 
chord CD cutting the diameter in the point P. Draw through P 
another chord EF such that PE is equal to the radius of the circle. 
Then we have for the segments PA = a and PB = b: 
a+b 

2 3 

PC = PD is the geometric mean between a and ὃ, PC = ab : 
since ΡΕ:ΡΟ = PD:PE (Fig. 75), 


PE is the arithmetic mean between a and b, PE = 


an —  2ab 
PF is the harmonic mean between a and b, PF = a τ 


oO 
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Two circles, position relative to one another 


If two circles have the same centre, they are called concentric 
(Fig. 76); if they have different centres they are called eccentric. 
The radii and the distance between the two centres together 
determine the position of the circles relative to one another. 


Distance between Relative position 
centres of circles 


ec=0 concentric position | 
e<rn—ls no intersection, smaller no common tangents 
within larger circle 


contact from within 
two points of intersec- 
tion 

contact from without 
no intersection 


c=P",—ls 


one common tangent 
htm ΟΣ mir, 


two common tangents 
three common tangents 
four common tangents 


C=rntrs 
c>nihtlrs 
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The common chord of two intersecting circles is perpendicular to 
the line of centres and is bisected by it (Fig. 77). 


Fic. 77 Fic. 78 


Common tangents of two circles. From the table on the previous 
page we can determine when two circles have common tangents: 


I. There is one common tangent when c = r, — rg (Fig. 78). 
IJ. There are two common tangents when r, + rp > ΟῚ 1 — Ie 
(Fig. 79). 
ΠῚ. There are three common 
tangents when c = r, + 
r, (Fig. 80). 
IV. There are four common 
tangents when c > ἢ + 
r, (Fig. 81). 


ῳ 


rs Υ 
πως 
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Construction of the common tangents. 

(a) Outer tangents: Describe about the mid-point O, of the 
one circle an auxiliary circle with radius γι — r, (= O,C,), and 
on the segment O,O, construct the Thales circle. These two 
circles intersect in the points C, and D,. Draw those radii of the 
circle with centre Ὁ, and radius r, which pass through C, and 
D,; let the end-points of these radii be A, and B, respectively. 


Then the lines through A, and B, parallel to C,O, and D,O, 
respectively are the required common outer tangents (Fig. 82). 


FIG. 82 


(b) Inner tangents: Describe about O, an auxiliary circle with 


radius σὰ + r, (= O,C,). By means of the Thales circle on the 
line of centres construct the tangents from O, to the auxiliary 


circle, O.C, and O,D,. The required inner tangents pass through 
A, and B, parallel to O,C, and O,D, respectively (Fig. 83). 


Fic. 83 


Centre of similarity of two circles. The intersection of the two 
common inner tangents is called the inner centre of similarity 
of the two circles, and the intersection of the two common outer 
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tangents the outer centre of similarity. In Fig. 81 C is the outer 
and D the inner centre of similarity of the two circles. The centres 
of similarity of two circles lie on the line of centres of the circles, 
and they divide the line of centres harmonically in the ratio of 
the radii. In Fig. 82 £ is the outer centre of similarity and we 
have ΕΟ,: ΕΟ; = r,:r,. In Fig. 83 we have for the inner centre 
of similarity (F) FO,: FO, = re:ry. 


Three circles 


Centre of similarity of three circles. The three outer centres of 
similarity A,, A, and A, of three circles lie on a straight line. 


Any two of the three inner centres of similarity ἢ. J, and J, are 
collinear with one of the outer centres of similarity (Fig. 84; 
Theorem of Monge, 1746-1818, Paris). These straight lines are 
called the axes of similarity. The line through A,, A,, Ag is called 
the outer axis of similarity, the others inner axes of similarity. 
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Construction: Draw the three lines of centres O,0,, O,03 and 


O;0,. In the three circles construct parallel diameters d,, d, and 
ἐς. Join the end-points of the diameter d, and d,, and let the joins 
intersect the line of centres through O, and O, in A, and ἢ. 
Carry out the same construction with the diameters d, and d, 
and with the diameters d, and d,, so obtaining in turn the centres 
of similarity A, and ἢ,, and A, and J,. 

Problem of Apollonius. The problem of constructing a circle to 
touch each of three given circles is called the problem of Apollonius. 

1. If two circles with centres O, and O, and radii r, and r, are 
given together with a third circle, with centre Ος and radius 3» 
which touches the first two circles externally at the points B, 
and B, respectively, then the products of the segments from the 
external centre of similarity A to the points B, and B, is constant. 


That is, AB,. AB, = t,.t,, where ἢ and ὦ. are the distances 
from A to the points of contact of the common tangent of the 
first two circles (Fig. 85). In the same way, given a circle with 
centre O, touching the given circles at the points C, and C, (one 
externally, and enclosing the other), then if J is the inner centre 
of similarity of the given circles the product IC, . IC, is constant 
independent of the size of the third circle. 

2. Construction of the tangent circle of three given circles. 
We construct first the radical centre P of the three circles (radical 
centre = intersection of the three radical axes of the three circles, 
see above), mark off their outer centres of similarity 4,, A,, A, 
and the straight line through A,A,4z (outer axis of similarity), 
and determine the pole of this line with respect to each of the three 
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given circles; in this way we obtain the points Q,, Q,, Q3. [Con- 
struction of the pole of a line with respect to a circle, see above: 
we join any point of the line to the centre of the circle, and draw 
the two tangents from the point of the circle. The chord joining 
the points of contact of the tangents intersects the line through 
the centre of the circle perpendicular to the straight line in the 
pole of the line.] If we join the points Q,, Q,, Q, to the radical 
centre P, the points of intersection of these lines with the given 


δον 
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circles are the six points of contact B,, B, Bz and D,, D2, Ds 
(Fig. 86). 

To construct the remaining tangent circles, we determine the 
pole of each of the three inner centres of similarity with respect 
to the three given circles, and join the poles to the radical axis; 
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the intersections with the given circles are the required points 
of contact (Fig. 87). 


Calculation of the circumference of a circle 

Archimedes of Syracuse (287-212 B.c.) calculated the circle’s 
circumference by comparing the length of the circumference with 
the lengths of the perimeters of inscribed and circumscribed 
regular polygons each of n sides. As 7 increases, the sequence of 
perimeter lengths of inscribed polygons progressively increases 
while that of circumscribed polygons progressively decreases. 
The two sequences have a common limit, the circumference C. 
This is 

C= 2r Χ 3-141... 

The number 3-141... which appears here is denoted by the 
Greek letter 7. 
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Archimedes extended his calculation as far as polygons with 


96 sides and found that oe <am< ea The number = is still 


today often used as an approximation to 7. 


Calculation of the area of a circle 


We can evaluate the area of a circle in a similar way. We 
calculate the areas of inscribed and circumscribed regular n-sided 
polygons and find for the area A of a circle with radius r the value 
A =r", 


Calculation of the area of a sector of a circle 


The area of a sector is to the whole area of a circle as the 
associated central angle is to 360°. Therefore, if « is the number 
of degrees in the central angle, 


are 
A, = 360 (Fig. 88). 


Calculation of the area of a segment of a circle 
The area of a segment is: 
_ ara  s(r — ἢ) 


| 360 = 2 . (Fig. 89). 
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Circle, sector of 
The area of a circle cut out by a central angle is called a sector 
of the circle. Let the circle have radius r and let the central angle 
be « degrees. Then the area A of the sector is 
πα 


360 
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Now the circumference of the circle has length 27r, and so the 


2 
arc associated with the central angle « has length / = <<. We 


therefore have 360 


ro ͵ 
A=>. (Fig. 90) 


4 
Circle, segment of J 
If a circle is divided into two parts 
by a secant the parts are called seg- 
ments (see Circle). | 
Fic. 90 


Circular cone 
A cone whose base is a circle is called a circular cone (see Cone). 


Circular measure 


The size of an angle in circular measure is the arc-length which 
the angle cuts off on a unit circle (R = 1) having the vertex of 
the angle as centre. The size of a right angle in circular measure 
is 5 or 5 radians. The circular measure of an angle is related to 


the measure of the angle in degrees by the equation: 


a : 
α degrees = 27 360 radians. 


Tables relating degrees to radians are useful in calculation (see 
Table IIT; also Angle, Angular measurement). 


Circumcircle 

A circle which passes through all the vertices of a polygon is 
called the circumcircle, or circumscribed circle, of the polygon. 
Not all polygons possess a circumcircle. The following are 
examples of those which do: all triangles, squares, rectangles, 
isosceles trapezia and regular polygons (see att.). 
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Circumference 


The circumference of a circle, i.e. the complete circular arc, is 
of length 2mr, where r is the radius of the circle (see Circle). 


Circumference angle 


The angle between two chords of a circle, whose point of inter- 
section lies on the circumference of the circle (see Angle, Circle). 


Cissoid | 
The Cissoid is the algebraic curve with the equation 
| ya — x) = x, 


or in polar coordinates 


r = asin¢ tan ¢. 7 


Coefficient 
The determinate (constant) numbers which occur as factors of 
literal terms in an algebraic sum are called coefficients, e.g. in 
3 3 : 
Ta + ax = 4, 7 and 5 are coefficients. 
The multiplication sign between coefficient and literal expression 
is commonly omitted. 
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Combinatory analysis 3 ον 

Combinatory analysis is the branch of mathematics concerned 
with the ways in which a given number of objects (elements) can 
be grouped together, or arranged together in groups. Every 
grouping of an arbitrary number zn of objects is called an arrange- 
ment; it is called an arrangement without repetition if each 
element occurs once only. | vy a 

(1) Simple permutations. The simple permutations of n elements 
comprise the possible orderings of the m elements taken all 
together. If the objects are all different, there are n candidates 
for the first position, n — 1 remaining candidates for the second, 
n — 2 for the third, and so on. The number of such permutations 
is therefore n(n ~ 1)(n — 2)...2.1=n! Sk | 

Example: three objects a, b, c can be ordered in 3! = 6 ways. 


abe, ach, bea, bac, cab, cba. 


If of the n objects, p, are alike of one kind, p, alike of a second 
kind, etc., the number of different orderings possible is reduced to 


πὶ 
Ρι!Ρα! . ««Ρκὶ 
Example: three objects, a, a, b(n = 3, py = 2, p, = 1); number 


of distinguishable orderings Ξ πὶ Ξ 3, viz. 


aab, aba, baa. 


(2) General permutations. Here we consider the number of 
arrangements (permutations) of n (different) objects taken r at a 
time with or without repetition. 

(i) Without repetition: There are n candidates for the first 
position, π - 1 remaining candidates for the second, . . ., 
n-—r-+ 1 for the rth. The number of permutations is therefore 


n! 
nn—1)\2—2)...a—rt+ ee eT 
Example: three objects a, b, c; r = 2; G—»D! = 6; the per- 


mutations are: 
ab, ac, bc, ba, ca, cb. . 
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(ti) With repetition: There are n candidates for each of the r 
positions, and so the number of permutations is 7’. 
Example: three objects a, b, c; r= 2; 3? = 9; the permuta- 
tions are: 
aa, ab, ac, bb, bc, ba, cc, cb, ca. 


(3) Combinations. The combinations of n elements taken r at 
a time are the ways in which r elements can be chosen from the 
total number, no regard being paid to the order of elements 
within the new group. 
(i) Without repetition: Each element can occur only once. 
Each combination corresponds to r! permutations, so that the 
Ι 
number of possible combinations is Le A that is, (} 
(n—r)!r! r 
Example: four elements, a, ὃ, c, d. The combinations of pairs, 
elements being taken without repetition, are: ab, ac, ad, be, bd, cd. 
. {ἢ 4 4.3.2.1 
The number ἰ [1] = (3) = 5: 5:5: = 6 | 
(ii) With repetition: Each element can be chosen more than 
once for a particular combination. The number of possible 


ἀπε; . n+r—-l 
combinations is then ( + ᾿ ) 


Example: n=4,r=2 a,b,c,d: aa ab ac ad 


bb be bd 
cc cd 
dd 
4 -2 --ἰ 5 5.4 
[2 )τ) ττττν 


Commensurables 


Two or more quantities are called commensurable if they are 
both measurable or divisible by a third quantity. 

Examples: 20 and 25 are commensurable, since they have the 
same divisor, 5. 

The distances 20 yards and 12 yards are commensurable, since 
they can both be exactly measured by the distance 4 yards. 
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Quantities which cannot be measured or divided by a third 
quantity without remainder are called incommensurable, e.g. 


lines of length 1 and V2 are incommensurable. 


Commutative Law 

For addition: a+ ὁ τῷὸῷ ὃ - α, 
that is, summands are interchangeable. 

For multiplication: a.b = b.a, 


that is, factors are interchangeable. 
In both cases a and ὃ may be either real or complex numbers. 


Compasses 

A pair of compasses serves primarily for the construction of 
circles. It comprises two arms, held together at one end by a 
joint, so that they can be separated and held apart at a constant 
angle. One arm has a pointed end, which can be stuck in the 
surface, the other ends in a pencil or drawing-pen and serves to 
describe the circle. 


Complementary angles 

Two angles which add up to 
90° (one right angle) are said to 
be complementary. F.g. the 
angles adjacent to the hypo- 
tenuse of a right-angled triangle 
are complementary angles (Fig. © Fia. 92 
92), a+ β = 90°. 


Completion of a parallelogram (see also treatment of Surfaces) 
Given a parallelogram ABCD, an arbitrary point P on a 

diagonal and lines EG, FH through this point parallel to the sides 

of the parallelogram, then the two parallelograms EBFP and 
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HPGD (which are not cut by the diagonal) are equal in area 
(Fig. 93). 

Proof: The triangles denoted by Roman numbers are pairwise 
congruent (I to II and III to IV), and so if they are taken away 
from the triangles ABC and ACD, which are likewise congruent, 
then the residual figures are equal in area. 


Complex numbers 

A complex number is the sum of a real number (see below) and 
the square root of a negative number. 

Example: 5 + V —3 

Since the square of a real number is always positive, the square 
roots of the negative real numbers form a new type of number, 
misleadingly referred to as imaginary numbers. Since every 
negative number is the product of (—1) and the alae 
positive number it suffices to introduce a new number for V —1, 
which is referred to as the imaginary unit, and is denoted by ᾿ 
if δ signifies a positive number, then V—b =i. V+, eg. 


—5=i.V45. 


The sum of a real and an imaginary number is referred to as 
a complex number. 


Examples: 1 + i, 5 + 3i, 5+ 783i, V2+ i. V3. 
The real summands are called the real parts of the ἐμ θην 


numbers. 


Example: In 1 + i the real part is 1; 1 is called the real unit. 
The imaginary summands are called the imaginary parts of the 
complex parts. E.g. 1 +7 has imaginary part i; ἱ is called the 
imaginary unit. A complex number whose imaginary part is equal 
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to zero is a real number. If the real part of a complex number is 
equal to zero, we have a (pure) imaginary number. A one-to-one 
correspondence can be established between the complex numbers 
and the points of a plane, the Gaussian number plane. The complex 
number z = a + ib. with real part a and imaginary part ib is 
associated with the point P with abscissa a and ordinate ὁ in the 
Gaussian plane (see number plane and further below). a 

The absolute value |z| of a complex number z = a + ib is 


defined as 
[Σ| = +Vae δ =r. 


In the number plane, |z| is equal to the distance r of the point 
P(a, δ) corresponding to z, from the origin of the number plane. 


Example: z = 1 + i has the absolute value 
fel ἘΝ Ἐ1-Ξ +V2 | 


The angle ¢, which the line 
joining the point P(a, δ) to the 
origin makes with the positive 
real axis, is called the argument 
of the complex number z = a 
+ ib (r and ¢ are the polar co- 
ordinates of the point P(a, δ) in 
the plane). As we see from Fig. 
94, r and ¢ are related to the 
numbers a and b by the follow- 


Imaginary axis 


ing equations: re 
a=rcosd — pe Va - BP 
b=rsindg cos $= 7 = σε 
ΓΕ ΟΕ e 
r hs V αἷ + b2 


From this we get: z = a+ ib = r(cos ¢ + isin ¢). This is Euler’s © 
form of the complex number z. (cos ¢ + isin 4) is a complex 
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number with absolute value 1. Complex numbers with absolute 
value 1 lie on the unit circle in the number plane, with centre at 
the origin. 

Two complex numbers z, = a - ib and z, =a — ib which 
differ only in the sign of their imaginary parts are called conjugate 


with respect to one another. This is often written 2, = 2, or 
Z, = Z, (read: ‘z-one equals z-two bar’), e.g. 


Z=1+77,=1—i. 


Two complex numbers are equal, if they coincide in respect of 
both their real and imaginary parts. 

Addition of complex numbers. Two complex numbers z, = 
a, + ib, and 2, = a, + ib, are added by adding the real and 
imaginary parts of each number; the result is the new complex 
number 


Z== 2, +2, = (αι + ἰδι) + (ας t+ ἴδ.) =a, + ας + iO, + δὼ); 


eg. (5 +1) + 3 — 21) =8 —i. 
Subtraction of complex numbers. The subtraction of two com- 
plex numbers is carried through as in addition: 


2) — 2, = a, + ib, — (ας + iba) = αἱ — a, + ἴ(δι — 5); 


e.g. (7 — 3i) — (2 + 31) =5 — 61. 

Multiplication of complex numbers. Two complex numbers 
2, = a, + iby and Z, = a, + ib, are multiplied by carrying out 
formal multiplication of the binomial expressions and putting 
Z?= —1; | 


21. Z_ = (αι + ib,)(a, + iby) = aya, — bb, + (a,b, + ας.) 
eg, ( +)2—-DN=2+14+i12-—)=3 +i. 


Division of complex numbers. In the division of complex 
numbers, we write the quotient of the complex numbers to be 
divided as a fraction, and multiply numerator and denominator 
by a number (the conjugate of the denominator) which makes 
the denominator real. Thus, if z, = a, + ib,, and 2, = a, + iby 
“0: 
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21 ay + ib, (a, + ib,)(a, — ib.) 


_ 440, + διῦς + i(ayb, — αι.) 

" αἢ + δὲ 

ἽΝ αι. Ἔ bb, 4 ial pare a,b, 
aa + δὲ az + δ 
5S-i (6 --ὴῷ --ἢ 
iti Gd+A)0-d 
5—-1—S5i~—~i 4 6 


Eg. §-)+(U+)= 


Multiplication of complex numbers in the Eulerian representation 


If the numbers z, = r,(cos ¢, -++ isin ¢,) and z, = r,(cos ¢y + 
isin ¢.) are multiplied together we have: 


ZZ. =F, (cos¢, + isin d,) . Γρ (cos φ, + isin 4) 
= rr, (cos ¢, cos d. — sin P, sin dP, + icos ¢, sin dy 
+ icos ¢, sin ¢,). 
By the addition theorems for the cosine and sine functions, we 


have: 
cos ¢, cos dg — sin d, sin J, = cos (f, + $4) 
sin d, cos fd. + sin φ5 cos f, = sin (φ, + φω), 


Ζι . Zg = Nyro [cos (f, + $2) + isin (fd, + ¢,)]. 


In words: in multiplying complex numbers together absolute 
values are multiplied and arguments added. E.g. 


2 (cos 60° + isin 60°) . 3 (cos 45° + isin 45°) 
= 6 [cos (60° - 45°) + isin (60° + 45°)] 
== 6 [cos 105° + isin 105°] = 6. [—cos 75° + isin 75°]. 
In particular, 
25 = [r(cosd + isin φ)]" = r” (cos¢ + isin φ)" 
= r" [cos (nf) + isin (94). 


and so 
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In words: in raising a complex number z to the power n, the 
absolute value, r, of the number is raised to the power n, and the 
argument ¢ of z is multiplied by ἡ. 


Example: z=1+i= V2. (cos 45° + isin 45°) 
z* == 2 (cos 90° + isin 90°) = 2i 
28 = 2V/2 (cos 135° + i. sin 135°) 
= 2V2.(—4V2 + i.4V2) 
= --2 + 2]. 
Division of complex numbers in the Eulerian representation 
Similarly, in dividing a complex number z, by a complex 
number z,, the absolute value r, of z, is divided by the absolute 


value r, of z,, and the argument ¢, of z, is subtracted from the 
argument ¢, of 2. 


Ζ1 + Z =1r,(cos¢, + isin φι) + re (cos fy + isin φ.) 
= ΚΞ [cos (fs — $4) + isin (ᾧ, — #9) 
e.g. 2 (cos 60° + isin 60°) + 3 (cos 45° + isin 45°) 


2 P 

= 3 [cos (60° — 45°) + isin (60° — 45°)] 
2. [2] e ° o 

= 5 (cos 15° + isin 15 ) 


Roots of complex numbers 
De Moivre’s formula 


(cos d + isind)" = cos (nf) + isin (nd) 
(cos d — isin φ)" = cos (nd) — isin (n¢) 


may also be used for the extraction of roots of complex numbers. 
The nth root of a complex number z is obtained by taking the 
nth root of the absolute value r and dividing the argument ¢ by n. 


Wz = Wr (cos¢ + ising) = 7 (cos! + isin). 


n 
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This is the so-called principal value of /z. There are (n — 1) 
further values for 1z, for given any integer k we have 
cos (f + k . 360°) = cos¢ and sin (¢ + k. 360°) = sing. 
We therefore have 
Vz = Wr [cos (ᾧ + 2Κπὴ + isin (ᾧ + 2kz)] 
= yy (ETT ς isin +7), | 


For k = 0 this yields the principal value. 
For k = 1, 2, 3,. . ., — 1 we obtain different secondary values. 


Example: the nth root of unity z = 7/1, We have 
1 =cos0 + i sin 0, 
and so: Z) = cos 0 + isin 0, 


60° τς, 360° 
+ isin ᾿ 


20° τς, 720° 
+ isin τ 


3 
24 = Cos 


Ζ5) = COS 


Zn-1 ΞΞ CO + isi 


2(n — 1)180° 2(n — 1)180° 
5 Ἐπ n car as ) . 


For n = 3, z = cos0 + 18η0 = 1, 


ο 60° 
2, = cos—3— +i sin ἐτο = cos 120° + isin 120° 
~ Dee 

720° 20° 
Z_ = COS —— + isin ἜΣ = cos 240° + isin 240° 
Vs 
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Geometrical interpretation of calculation with complex numbers 

(1) Conjugate complex numbers (see above; Fig. 95). The 
numbers z, = a+ ib and z, =a-— ib are conjugate complex. 
In the number plane, these correspond to mirror-image points in 
the real axis. In the Eulerian representation 


z, = r(cos¢ + ising) 

2, =r (cos ¢ — isin φ). 
The mirror-image relationship is reflected in the difference 
between the arguments of the two conjugates. If the argument of 
z, is φ, that of z, is —¢. (We have cos(—¢) = cos(+¢) and 
sin (—¢) = — sin (+4), see Trigonometry.) 


Imaginary axis 


Ozeatib 


“δ )κα -16 Real axis 
Fic. 95 Fic. 96 


(2) Addition. The sum 15 z = Zz, + Z, = a, + a, + i(b, + B,) 
(see p. 128). The addition of complex numbers corresponds to 
the addition of Vectors (see below). We construct a parallelogram 
corresponding to the two numbers (Fig. 96), and the diagonal 
passing through the origin terminates in the point z, + 2. 

(3) Multiplication. The point of the number plane correspond- 
ing to the product z,z, has argument ¢, + ¢, and absolute value 
Γι . ry (Fig. 97). 

(4) Division. Similarly, the Eulerian representation provides 
the easiest geometric representation of division. age point in the 


number plane ρει at to the quotient = τὶ nee argument 


¢, — ς. and absolute value ~ = ~ (Fig. 98). 
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(5) Raising to a power (Fig. 99). In the Eulerian representation 
the nth power of a complex number z = r(cos¢ + isin ¢) is 
2" = γ" [cos (nd) + isin (nd)], which at once gives the geometric 
representation. 


Imaginary axis 
Imaginary axis 


Fic. 97 Fic. 98 


(6) Extraction of roots. The principal value Wz of the nth root 
of a complex number z has as argument the nth part, τ of the 


argument ¢ of z (Fig. 100) and as absolute value 7r where r is 
the absolute value of z (see above). 


Imaginary axis 
Imaginary axis 


Real axis Real axis 


Concave 
Concave = curved from the inside (see also Convex). 
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Concentric 


Two circles with the same centre are said to be concentric with 
respect to one another. 


Conchoid 
The conchoid is an algebraic curve represented by the equation 
x?y? = (x — a)? (οἷ — x). 
Construction: We draw an arbitrary line through the fixed point 
A(a, 0), intersecting the y-axis: in B. From B outwards are con- 


structed the two segments BP of length c on the straight line 
chosen. The end-points P of these segments are points of the 
conchoid (Fig. 101). 


Fic. 101 


Conditional equations 
Equations involving an unknown are called conditional 
equations (see Equations (2)). 


Cone 


Given a closed curve c lying in a plane, and a point S not in 
the plane, then a cone is formed by joining S by a straight line 
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to each point of the curve. These lines (elements or generators s) 
may be regarded as infinitely extended in both or one direction; 
or they may be thought of as line-segments lying between S and 6. 
In the latter case, the surface of the cone is formed of the gener- 
ators together with the plane area enclosed by c. S is the vertex 
of the cone. 

The length of the perpendicular from the vertex onto the base 
is called the altitude H of the cone. The volume of a cone is 


G.H : 
V = ——, where G is the area of the base. In particular, for a 
3 2 
π ἢ 
3 
A right circular cone is a circular cone whose vertex lies directly 
above the centre of the circle which forms the cone’s base. Other 
circular cones are called oblique. The axis of a cone is the line 
joining the vertex to the centre of the base (Fig. 102). A plane 


circular cone in which c is a circle radius r, V = 


5 


Fig. 102 Fic. 103 


through the axis of a right circular cone intersects the cone in an 
isosceles triangle whose principal altitude is the axis of the cone 
and whose base is a diameter of the circle forming the base of 
the cone. 

A plane through the axis of an oblique circular cone is a non- 
isosceles triangle. 

The angle between the axis and any generator of a right circular 
cone is called the angle, «, of the cone (Figs. 102, 103). 

The lateral area of a right circular cone is (r = radius of base) 
A = mrs (Fig. 104) and the total area of the surface is rr(r + 5). 

By the theorem of Pythagoras, in a right circular cone with 
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altitude H, length of a generator s and radius of the base-circle r, 
we have: s* = r2 - 13, 

If the lateral surface of a right circular cone is slit along a 
generator it can be developed (i.e. ‘rolled out’) onto a plane. 
There results a sector of a circle with radius s and central angle 


b = ~~" degrees (Fig. 105). 


Base-surface 
ὃν r 


Fic. 104 Fic. 105 


Conformal transformation 


A transformation is called conformal (angle-preserving, 
isogonal) if every angle is transformed into another angle of equal 
size. Rigid motions are conformal transformations, as are the 
similarity transformations and the transformations of (complex) 
function theory defined by differentiable functions. 


Congruent 


Congruent figures are identical in shape and size. Two segments 
are called congruent (symbol: <) if one segment is obtained by 
marking off the other. 

Two angles are called congruent, if one can be obtained from 
the other by marking off on an arbitrary line. 

The following axiom links the congruence of segments with the 
congruence of angles. If, for two triangles A ABC and AA,B,C,, 
the congruences AB & A,B,, AC x A,C,and / BAC L.B,A,C, 
hold, then the congruence / ABC = A,B,C, is also satisfied. 
For other plane figures congruence can always be referred back 
to the congruence of segments and angles. 
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The notion of congruence is closely related to that of rigid 
motion (see below). The rigid motions are transformations (see 
below) in which the image of a figure is always a congruent 
figure. Translation, rotation and mirror-reflection are examples 
of rigid motions. 


Conic sections 

A plane figure which can be obtained as the intersection of a 
plane with a right circular cone is called a conic section. The 
following cases arise: 

1. The plane passes through the vertex of the cone and cuts 
the axis at an angle greater than the angle, «, of the cone. This 
yields a single point of intersection. 

2. The plane passes through the vertex of the cone and inter- 
sects the cone in two straight lines which themselves pass through 
the vertex of the cone (i.e. are generators). 

3. The plane does not pass through the vertex of the cone but 
intersects the axis in some other point and at an angle of 90°. 
The plane figure formed by the intersection is a circle (Fig. 106). 

4. The plane intersects the axis of the cone in such a way that 
the angle between the axis and the plane is less than 90° but 
greater than the angle, «, of the cone. The resulting figure is an 


ellipse (Fig. 107). 
A 
eae 


Angle of \, 
cone \ 


CONIC SECTIONS 


5. If the intersecting plane is parallel to a generator, the section 
is a parabola (Fig. 108). But if it touches the cone along a gener- 
ator the generator itself is the figure resulting from the intersection. 

6. If the intersecting plane cuts the axis of the cone at an angle 
which is less than the angle of the cone, the section is a hyperbola. 
In this case the plane also intersects the cone formed by extending 
the generators of the given cone beyond its vertex, and so the 
complete hyperbola has two branches (Fig. 109). 


— 
ae —_ 
= A meee ane nen one 


Fic. 108 Fic. 109 


To derive the characteristic properties of conic sections we 
follow Pierre Dandelin (1794-1847) in constructing spheres which 
touch all the generators and also the plane of intersection E 
(Dandelin’s spheres). 


1. Properties of the ellipse 


There are two Dandelin spheres (Fig. 110), which touch the 
plane of intersection Ε in the two points F, and Fy. F, and Fy 
are called the foci of the ellipse. The spheres touch the cone in 
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circles with diameters B,C, and B,C,. If we construct the generator 
of the cone which passes through an arbitrary. point P of the 


ellipse and join P to F, and F,, then PF, = PD, and PF, = PD, 
(being tangents to the sphere); therefore: 


PF, + PF, = PD, + PD, = DD, = C,Cy = B,By 


ai 
we 


Ν 


ss! 


ὴ 


Fic. 110 Fic. 111 


The distance between the circles of contact of the two Dandelin 
spheres is, for a given plane of intersection, a constant quantity 


C,C,, so the points F, and F, are fixed. Thus we have: 


The ellipse is the locus of points for which the sum of the 
distances from two fixed points F, and F, is constant (= C,C,). 


From Fig. 111 we see that 

AF, + FyAy + AgF, + Ἐμ4, = ByAy + 40, + 4,8. + AC, 
= B,B, + C,C, = 2C,C, 
= 2B, By = 24,4.. 


A,A, is called the major axis of the ellipse. The length of the 
major axis is denoted by 2a. 
The mid-point O of the major axis is called the centre of the 


ellipse. The distance OF, = OF, =e is called the linear eccen- 
tricity of the ellipse. If the perpendicular B,B, to the major axis 
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at O is constructed then F,B, + BF, = 2a, Since BF, = B,F, 
then we must have B,F, = B,F, = a (Fig. 112). From the right- 
angled triangle OB,F, we obtain the relation OB? = a? -- εἷ, 
B,B, is called the minor axis and its length n is denoted by 25. 
We have: a? = b? + e%. The segments F,P and F,P are called 
focal distances of the point P on the ellipse. 


A; 


Bo 
Fic. 112 


Construction of the ellipse. For the point by point construction 
of an ellipse, the two foci F, and F, and the length of the major 


axis, 2a, must be given. 
(1) Construction according to the definition of the ellipse. The 


segment 2a is divided into two arbitrary parts, e.g. A,D and 
ΔΑ. We describe about the foci ἢ and F, circles with radii 


A,D and DA, respectively (Fig. 113). The points of intersection 
of the circles are points P,, P., Ps, P, of the ellipse. 


Py P, 


Fig. 113 Fic. 114 
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(2) The string construction. A loop of string of length 2a + 2e 
is laid round two fixed points whose distance apart is 2e. The loop 
is stretched by a pencil. The pencil is moved in the stretched 
position and then describes an ellipse (Fig. 114). For further 
properties of the ellipse see Curves of the second order. 


2. Properties of the parabola | 

The intersecting plane parallel to a generator will be perpen- 
dicular to the plane containing the generator and the axis of the 
cone. It yields only one Dandelin sphere; this touches the inter- 
secting plane in the focus of the parabola, and the cone in a 


circle (diameter BC) (Fig. 115). 


Fic. 115 


Let the generator SP through the point P of the parabola 
touch the Dandelin sphere in R and let the plane of the circle of 
contact of the Dandelin sphere cut the intersecting plane Εν in 
a straight line 1. Consider the plane through P perpendicular to 
the axis of the cone. This intersects the cone in a circle with the 


. diameter ED. Join P and F. Then we have: 
PR = PF (tangents to the sphere), 
PR=CE (generators between two parallel circles) 
CE = AE + AC. 
The triangles AEO and L,AC are isosceles, since their sides run 
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parallel to the generators of the cone which lie in the plane 
determined by D, S and E£. It follows that 


AE=AO and AC = Aly. 
Thus CE = AO + AL, = OL . 


OL, is perpendicular to the line 1. Draw through P in the plane 
E, LP parallel to Οἱ, so that LP = L,O. Thus 


PF = PR = CE =1,0 = DP, PF -- ἘΓ. 


It follows that the parabola is the locus of points which are 
equidistant from a fixed point P, the focus, and a fixed line, the 
directrix. The line through F perpendicular to the directrix is 


called the axis of the parabola. The line segment FL, is referred 


to as the parameter of the parabola (FL, = P)- 
Construction of the parabola. For point by point construction, 
the focus and directrix must be given. 


(a) Through an arbitrary point D of the axis of the parabola 
(Fig. 116) the line parallel to the directrix is drawn. The circle 
with radius DL, is described about the focus F. The points of 
intersection of the circle with the parallel line are then points of 
the parabola, P, and P,. 

(b) If a point P, of the para- 
bola is joined to F and the 
perpendicular P,Z from P, onto 
the directrix drawn, then the 


triangle FLP, is isosceles. A point 
of the parabola is therefore 
obtained if we take the line parallel 
to the axis of the parabola through 
an arbitrary point L of the 
directrix and let this line intersect 
the perpendicular bisector of the 
segment LF. For further pro- 
perties of the parabola see Curves 
Fic. 116 of the second order. 
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3. Properties of the hyperbola (Fig. 117) 


The plane of intersection cuts both the cone itself and its 
extension on the other side of the vertex. A Dandelin sphere can 
be inscribed in each part of cone. The spheres touch the plane of 
intersection in the points F, and F, and the cone in the circles 


with the radii B,C, and BC,. 
A point P of the hyperbola is joined to F, and F, and the 
generators, D,S and D,P, passing through it are drawn. We have 
PF, = PD,. PF, = PD, (tangents to the sphere). 


Thus: . PF, — PF, = PD, — PD, = D,D, = C,C,. 


For a fixed plane of intersection C,C, is aconstant quantity which 
we denote by 2a. 


-ς τ 
o>. 
ty 
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The hyperbola is thus the locus of points the difference of whose 
distances from two fixed points, the foci, is constant and equal 
to 2a. By Fig. 118 we have 


244, = AyF, — F,Ay + 4. — FiAy 
= A,B, — 4,6, + A,C, — BA, 
= A,B, — A,B, + AC, — 4ης, 
= 8.8, + C,C, = 2B,B, = 2C,C,. 
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A,A, is called the major axis of the hyperbola and is of length 2a. 
If the perpendicular at the mid-point O of the major axis is 
erected and its points of intersection with the circle, radii 
F,O = 6, centres F, and F,, denoted by B, and B,, then B,B, is 
called the minor axis of the hyperbola, and its length is denoted 
by 25. e is called the linear eccentricity of the hyperbola. In the 
right-angled triangle OB,A, we have e* = a® + b?. 

The segments P,F, and P,F, are called focal distances of the 
point P, of the hyperbola (Fig. 119). 

Construction of the hyperbola. For point by point construction 
of hyperbola the fixed points F, and F, and the segment 2a must 
be given. A point D is chosen on the major axis 4.4. (Fig. 119). 
Circles are then described about F, and F, with radii A,D and 
A,D, and these intersect in four points of the hyperbola P,, P,, 
Ps, Py. 
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Conical frustrum 


If a circular cone is cut off by a plane parallel to the base of 
the cone and at a height H above it the result is a conical frustrum 
(Fig. 120). Putting H = height, r, =radius of base-circle, 
Γι = radius of upper-circle, the volume of a frustrum is 


Vans (rh + ro + 73). 
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This holds for both right and oblique conical frustrums. 
The lateral area of the surface of a right conical frustrum is: 


S = 7s(r, + re) 


where s is the length of a generator. 


Constant 


A constant is an invariable quantity, as opposed to variable 
(see below). 


Example: In the functional equation y = ax + b, a and ὃ are 
constant numbers, x and y are variables. 


Construction, geometrical 


In a geometrical construction the required geometrical figure 
is constructed from known elements (points, segments, angles, 
Straight lines, rays, planes, etc.), using only ruler and compass. 

The following types of constructions are of special importance. 


(1) Fundamental geometrical constructions. These are: 


Measuring-off of a segment; 

Construction of an angle on a line; 

Bisection of a segment; 

Erection of a perpendicular on a straight line; 

Dropping of a perpendicular from a point onto a straight 
line; 

Drawing of a parallel to a straight line through a given 
point; 

Drawing of a parallel to a straight line at distance a; 

Bisection of an angle. 


These constructions are described under Fundamental construc- 
tions. 


(2) Triangle constructions (see Triangle). 
(3) Quadrangle constructions (see Quadrangle). 
(4) Conic section constructions (see Conic sections). 
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CONTINUED FRACTIONS ᾿ 
Continued fractions 
a me 
Every rational number 5 (a, b positive integers) can be de- 


veloped as a continued fraction. This development is obtained by 
means of the Euclidean algorithm (see below). If a> ὃ we put 


a=q- b+ 0<r<b 
b=4-4 Ἔ ΤᾺ 0«"» -ἡ 
Γι ΞΞ 2.Γὸ tls 0 «" -γ; 
lo ΞΞ 43-13 +14 0<™m< Pz 


Png = In-1- μα Ἢ Tn 0 «», Ξ“ὕ,.1 
ΓΑ ΞΞ ἤ, ΤᾺ t 0. 


These equations can be transformed as follows, 


a r | r r. 1 
Σ Ξ Mt 7) Ξ 40 Ἔ τ: ae ΞΡ ΕΣ: 
ry rs 
b lo ΙΝ 3 rs 1 
τα, ΠΑ νῷ: ry BT HBT τ 
ἴω V4 
n—-2 ΘΟ ἥν 1.55. Se 
oo qn-1 i Ἵ1πὶ ae 
lr, 
71 — 
r, = 9, +0=4,, 


Substituting these fractions step-wise back into the first formula, 
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Ε : : : a 
we obtain the continued fraction for the rational number - 


b 
a 1 
b = 70 + 1 
71 + 1 
qe + 
ὥς 4: ete ἃ 
τἶ 
cate Ὁ 
.693 . ; 
Example: To develop 14] as a continued fraction. 
We have 693 = 4. 147 + 105 693 4 1 
147=1.1054+ 42 Siq7=*t aol 
105 -- 2. 424 21 ue i 
42=2. 21+ 0 +> 


Irrational numbers can be developed as infinite continued frac- 
tions. Conversely every infinite continued fraction is an irrational 
number; e.g. 


I V5 —~1 
a 1 is the development of a = 5 
oa 1 which is a solution of the equation 
1 + 1 
Ite... ὦκα ; 
1+x 


‘Continuous transformation 


All transformations which can be represented by continuous 
functions are called continuous transformations. 


Convex (= curved from the outside) 
A plane figure or solid is called convex if, given two points in 
its interior, the segment joining these points lies wholly within it. 


147 


COORDINATE SYSTEMS 


Coordinate systems 
Coordinate systems in a plane 


Two straight lines in a plane, which intersect in a point O, the 
origin, can be used to establish the relative positions of points of 
the plane. These lines are then called coordinate axes. The first 
coordinate axis is called the abscissa-axis (x-axis) and the second 
the ordinate-axis (y-axis). The origin divides each coordinate axis 
into two parts. On each coordinate axis a unit-point is fixed, 
denoted by EF and Ε΄. The direction OE fixes the positive direction 
of the x-axis and that of OE’ the positive direction of the y-axis; 
by convention OE’ is to the left as one moves from O to E. If 
the coordinate axes intersect at right angles, the coordinate 
system is called rectangular. If the coordinate axes do not inter- 
sect at right angles the coordinate system is described as oblique 
(Fig. 121). 


Fic. 121 


To establish the position of a point P we draw the lines through 
P parallel to the axes, intersecting the axes in the points P, and P, 


e Φ ᾿ς Φ Φ . 
(Fig. 121). The ratio = is Called the abscissa x of the point P, 


Ψ 
/ 


the ratio the ordinate y of P. The numbers x and y are called 


the coordinates of P and we write P(x, y) or P(x; y). The abscissa 
of P is always written first. 

If OE and OE’ are each of unit distance the coordinates are 
simply the distances of the points P,, and P, from the origin. 

OE and OE’ can however be different. 

If the coordinate system is rectangular and OE = OE’ = 1, 
we can also say that the distance of P from the y-axis is the 
abscissa x of P and the distance of P from the x-axis is the 
ordinate y of P. 


148 


COORDINATE SYSTEMS 


Polar coordinates in a plane (Fig. 122). If in a plane we fix a 
point O (the origin, or pole), a line-segment OE with unit point 
E proceeding from O, and a positive direction of rotation, then 
the position of any point P in the plane can be identified by two 
numbers. The first number is the distance p of P from O, measured 
by means of the unit length ΟΕ. The second number is the angle 
¢ between the directions ΟἿ and OP. This establishes a so-called 
system of polar coordinates. The segment OE is called the axis 
of the system, p the radius vector and ¢ the amplitude (or polar 
angle) of the point P. 

Relationship between rectangular and polar coordinates of a 
point (Fig. 123). From the figure we obtain for the coordinates of 
a point P: 


x =pcos¢ 
y=psng 


p=Vxi+ yp? == tan φ. 


= 
y 
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Coordinate systems in space (Fig. 124) 

Rectangular coordinate system in space. We can use three 
straight lines in space which intersect in a point O and are 
mutually perpendicular to establish the relative positions of points 
in space. If the perpendiculars are dropped from P onto the three 
coordinate axes, we obtain the points P,, P, and P,. The distances 
of these three points from the origin, measured according to the 
unit lengths taken, are called the coordinates of the point P and 
are denoted by x, y and z. We write P = P(x, y, z). The order of 
the three numbers is to be taken as fixed. To each point of space 
there corresponds a set of three numbers in a definite order, and 
with every set of three points in a fixed order is associated a 
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ΒΕ ΕΝ Ἢ P(x,y,2 
yA 1,2) 


—_— = = = a 


wo αὦ ow oe (em ὧν = ow we oe 


reg Fic. 125 


Fic. 124 


point of space. This arrangement establishes a coordinate system. 
The three intersecting lines are called coordinate axes, and the 
intersection of the coordinate axes is called the origin. The three 
planes determined by pairs of coordinate axes are called co- 
ordinate planes. The three ordered numbers corresponding to a 
point are called coordinates of the point. 

Cylindrical coordinates (Fig. 125). Suppose we have in space a 
plane Ε, and in the plane a system of polar coordinates; and 
suppose further that we assign which part of space is to be 
regarded as positive with respect to the plane. A point of space 
can then be fixed by the polar coordinates p and ¢ of the point 
P, (the perpendicular projection of P onto the plane ΕἾ and the 
distance z of P from the plane £, taken to be positive if P lies 
on the positive side of E and negative if P lies on the negative 
side of E. 

Spherical polar coordinates (Fig. 126). It is often useful to 
assign the position of a point in space in polar coordinates. For 
this purpose we use the radius vector, i.e. the distance r of 
the point from the origin, the ‘longitude’ A, i.e. the angle which the 
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projection of the radius vector onto the xy-plane makes with the 
x-axis and the ‘latitude’ ¢, i.e. the angle which the radius vector 
makes with the xy-plane. We have then: 


x =rcos¢cos A, 
y=rcos¢sin A, 


z=rsin¢. 
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Coordinate transformations 


If two coordinate systems are given in a plane or in space, then 
a fixed point P has coordinates in respect of both systems. The 
transition from the coordinates of the point in the first system 
to the coordinates of the same point in the second system is 
called a coordinate transformation. A coordinate transformation 
can be represented by a system of equations between the co- 
ordinates of the point in the first and second systems. 

Coordinate transformations representing the transition from 
one rectangular coordinate system to another rectangular system 
are of especial importance. These are referred to as orthogonal 
transformations (orthogonal = rectangular). 
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I. Orthogonal transformations in a plane 


(1) Translation of the coordinate axes. Let the point P have 
coordinates x and y in the first coordinate system and x’ and y’ 
after the translation, and denote the origin of the first system by 
O and that of the second by O’. Let O’ have coordinates c and d 
in the first coordinate system (Fig. 127). Then the transformation 
equations between the coordinates x and y of the point P and 
the coordinates x’ and y’ of the same point are: 


x =x—6, 
y=y—d, 


and x’ and y’ can be calculated from x and y by means of these 
equations. x and y can be calculated from x’ and y by means of 
the inverse equations: 


x=x +6, 
ia Mae 


(2) Rotation of the coordinate axes (Fig. 128). Suppose the 
origins of both coordinate systems are the same and that the 
x-axis and the x’-axis make an angle ὃ with one another, ὃ being 
measured in the anti-clockwise direction from the x-axis to the 
x’-axis. Then the transformation between the coordinates x, y 
and x’, y’ of the same point is given by: 


x’ = xcos ὃ + ysind x =x’ cosd — y sind 
an 
y = —xsin ὃ + γ οοϑ ὃ y= sind + y cos δ. 


(3) The transformation 
x =x 
yey 
changes the direction of the y-axis (in three dimensions this trans- 


formation would signify a rotation of 180° about the x-axis); it 
also is an orthogonal transformation. 


2. Orthogonal transformations in space 


(1) Translation of the coordinate axes. Suppose the origin O’ 
of the new system has coordinates (a, ὃ, 6) in the old system and 
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‘(Poa : 
μ--- τς 


Fic. 127 


Fic. 129 


BP ne te ee me “-- 


0 x 
let the point P have coordinates (x, y, 2) in the old system and 
(x’, γ΄, 2’) in the new. Then: 

x =x~-—a and x=x'+a 

Y=y—b y=yrtsb 

Z2=z—C z=2z+c (Fig. 129). 
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(2) Rotation of the coordinate axes. A transition from one 
rectangular coordinate system to another rectangular system 
with the same origin, but different orientation of the axes, is 
given by equations of the form: 


x=ax + by +27 and x =ayxt bly + cz 


y = ax’ + dey’ + C7’ Y =ayx + boy + οὐΖ 
Z = A,X + δβγ' + €52 Ζ' = a3x + by + cz. 
Here the coefficients satisfy the conditions: 
a b αι a δι οἱ 
a be ὦ, , ΞΞ- ΕΙ and | a b cg} =I. 
a, bs Cs a3 δὲ Cs 


Cosecant (cosec) 
Cosec « is the ratio of the hypotenuse to the side opposite the 


angle « in a right-angled triangle, and equals —~—— (see Trigono- 
metry). sar 


Cosine (cos) 

The cosine function cos « is the ratio of the side adjacent to 
the angle « to the hypotenuse in a right-angled triangle (see Trigo- 
nometry). 


Cosine theorem 
There are three such theorems: 
1. A theorem of plane trigonometry; 
2. The angle cosine theorem of spherical trigonometry; 
3. The cosine theorem for sides, also a theorem of spherical 
trigonometry. 


1. The cosine theorem of plane trigonometry states that if a, 

b and ὁ are the sides and a, β and γ the angles of a triangle then: 
I @= 6? +c? — 2bce.cos« 
Π δὲ = οἷ + αΚ — 2ca.cos β 
Il c? =a? + δ5 -- 2ab.cosy. 
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The cosine theorem of plane trigonometry can be used to solve a 
triangle if the three sides of the triangle are given or if two sides 
and the included angle are given. 

2. The angle cosine theorem of spherical trigonometry states 
that if a, b and ¢ are the sides and «, f and y the angles of a 
spherical triangle then: 


I cos % = —cos B cos y + sin β sin y cos a 
Ii cos f = —cos y cos « + sin y sin « cos b 
ΠῚ cosy = —cos «cos β + sin « sin β cos c. 


3. The cosine theorem for the sides of the same triangle runs: 


I cosa =cosbcose + sinbsinccos « 
IT cos b = cose cosa + sinc sin acos β 
ΠῚ cose = cosacos b + sinasin bcos γ. 


The angle cosine theorem can be used if three angles of a spherical 
triangle are given, or if one side and the two adjacent angles are 
given. The cosine theorem for the sides of a spherical triangle can 
be used if three sides or two sides and the included angle are 
given (see Spherical trigonometry). 


Cotangent (cot) 


Cot « is the ratio of the side adjacent to the angle « of a right- 
angled triangle to the side opposite (see Τὶ rigonometry),. 


Cube 


The cube is a solid bounded by six 
congruent squares (Fig. 130). The six 
Squares meet one another in twelve 
edges of equal length. Each face is 
perpendicular to its neighbouring faces. 
The twelve edges meet in eight vertices 
(corners), each vertex comprising the | 
intersection of three mutually perpen- merle 
dicular edges. A cube with edges of 
length a has volume V = a’, surface area S = 6a?; the length 


of the diagonal of a face is d= avV2 and the space-diagonal 
δ = av3. 
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Cubic equation | 
Equations which contain the unknown raised to the third 
power. Normal form: x* + ax? + bx + ὁ = 0 (see Equations). 


Cubic numbers 


The third powers of the natural numbers, i.e. 1, 8, 27,64... 
(see Number, types of). 


Curvature 


Deviation of a curve (surface) from a straight line (plane). The 
curvature of a curve at a point is more marked the more rapidly 
it departs from its tangent in the neighbourhood of the point. 
In a plane only a circle has equal curvature at all points of its 
length; the curvature of a circle increases as the radius decreases, 


, ie : 
and the magnitude = ἰδ taken as the curvature of the circle. To 


determine the curvature of a general curve at one of its points, we 
take the curvature of the circle which fits most closely to the 
curve at this point. This circle is called the circle of curvature 
(or osculating circle) at the point concerned; the radius of this 
circle is called the radius of curvature and its centre the centre of 
curvature; the latter lies on the normal to the curve at the point 
concerned. The Differential calculus (see Infinitesimal calculus) is 
used to determine the curvature of a mathematically defined curve. 


Curves 


Curves are geometrical structures in space which for many 
purposes can be regarded as derivable from a straight line by a 
reversible transformation. 

A curve segment arises from a reversible transformation of a 
straight line segment. 

A curve, or curve segment, is called continuous, if the trans- 
formation through which it arises is continuous. 

A curve is called closed, if a reversible transformation of the 
curve into a straight line segment can be found such that a single 
point on the curve corresponds to both end points of the line. 
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Plane curves 


A curve which lies wholly in a plane is called a plane curve, 
e.g. straight line, parabola, circle, ellipse, hyperbola. 


Skew curves 


Curves which do not wholly lie in a plane are called skew 
curves, e.g. helix. 


Parametric representation of a curve 

If the variable ¢ ranges over all numbers corresponding to 
points in a closed interval on a straight line, and if three functions 
u(t), v(t), w(t) are given, then the point P with coordinates 


Fic. 131 


x = u(t), y = v(t), z = w(t) can be put into correspondence with 
the point ¢ of the straight line. The equations x = u(2), y = v(2), 
Ζ = w(t) are called the parametric equations of the curve, ¢ being 
the parameter. Since the numbered straight line is an orientated 
line (see Orientation) the curve with parametric equations 
x = u(t), y = v(t), z = w(t) is also an orientated curve. Of two 
points on the curve one is behind, or earlier than the other, if it 
corresponds to the smaller value of the parameter. The other 
point is the later of the two. If the curve is described continuously 
from earlier to later points, the curve is said to be described in 
the positive sense. 
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CURVES OF THE SECOND ORDER 


Examples: 1. The circle. If ¢ ranges over the interval 
—7<t<-+7, a circle in the xy-plane is represented by the 
equations 


X=X_,+rcost, y=\mtrsint. 
The centre O of the circle has coordinates O(x,,, y,,); the radius 
᾿ 2 The helix. If 1 ranges over all numbers in the interval 
-ο <t<+0, the functions x=rcost, y=rsint, z= 
ze represent the helix of Fig. 131. The radius of the helix is r, 


the pitch is h. 


Curves of the second order 


The totality of points in a plane whose coordinates satisfy a 
functional equation of the form 


F(X, y) = yx" + Asay" + 2ayaxy + 2a43x + 2aogy + dg = 0, 


where the coefficients 411. Gog, Ay, - ...» Agg are any real numbers, 
is called a curve of the second order. 

It is always possible by rotation of the coordinate system and 
subsequent parallel translation to refer the curve to a coordinate 
system in which the functional equation has the simplest possible 
form. In particular, a coordinate system can always be found 
such that the functional equation possesses no term in xy. The 
curve is then referred to its principal axes, and in this form the 
following cases arise: 


1. The parabola 
75 — 2px = 0, where p is a positive number. 
2. The ellipse 


x2 2 τς 
2 + a = 1, where a and ὃ are two positive numbers. 


In particular if @ = ὃ = r we have the circle x* + γῆ = r?, 
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CURVES OF THE SECOND ORDER 
3. The hyperbola 


2 42 
= — 73 = 1, where a and ὃ are two positive real numbers. 
a“ ὁ 
4. Degenerate curves of the second order 

(a) x? + y= 0. The curve comprises one point only, the 
origin. 

(b) x* + y? = —1. No point with real coordinates is associ- 
ated with this equation. 

(c) (ax + by + οὐδ = 0. The curve comprises the straight line 
ax - by+c=0. 

(ὦ (ax + by + c)\(dx + ey +f) =0. The curve comprises 
Straight lines ax + by + c= 0 and dx +ey+f=0. 

In other words, the curves of the second order are identical 
with the conic sections. 

For special properties of the conic sections see Circle, Ellipse, 
Parabola, Hyperbola. 


5. General properties of curves of the second order (conic sections) 
1. Vertex equations. The equation of any non-degenerate conic 
section can be brought to the form γῆ = 2px — (1 — ¢%)x2 
(where p is positive). This is called the vertex equation of the 
conic section. The x-axis is then the major axis of the conic 
section and the y-axis a tangent. We have: 
a circle, if p=rand ε = 0 (r is the radius of the circle), 
an ellipse, if ¢e<1, 
a parabola, if « = 1, 
a hyperbola, if «> 1. 
p is termed the parameter of the conic section, 8 the numerical 


eccentricity. The origin is a (or in the case of the parabola, the) 
vertex of the curve (Fig. 132). In the figure: 


y=2x—x*: Circle εἢ = 0, 
1 1 

2 _ ᾿ς ees . : eee 
) Ξε 2x aw: Ellipse εἰ τὸς 
γ3 =: 2x: Parabola et = I, 
3 

γε: 2χ 5 χϑ: Hyperbola 2? = 5; 
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2. The directrix of a conic section (curve of second order). A 
curve of the second order (ellipse, hyperbola, parabola) is deter- 
mined by a straight line (directrix /), a fixed point (focus, F) and 
the constant ratio ε of the distances of its points from the focus 
to their distances from the directrix. If e < 1 we have an ellipse, 
if ¢ = 1 we have a parabola and if e > 1, a hyperbola. The ratio 
δ is equal to the numerical eccentricity (Fig. 133). 

3. Equation of a conic section in polar coordinates (p, ¢). The 
general equation of a conic section in polar coordinates is: 


Se ene 
Pp T= ecos¢ 


Here p is the parameter and ε is the numerical eccentricity. The 
focus ἢ is the origin of the coordinate system. The direction 
from F, to the more distant vertex is the zero-direction for ¢, 
and ¢ is measured in the anti-clockwise sense. 


€ 24 (Hyperbola} 


€« | (Parabola) 
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Cycloid (Fig. 134) 

If a circle is rolled along a straight line, the curve traced out 
by a point on its circumference is called a cycloid. With the angle 
t as parameter it is represented by 


x = p(t — sind) 
y =p(1 — cos ἢ, ¢ in angular measure. 
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If y is expressed in terms of x, y is a periodic function whose 
period is equal to the radius 2zp of the rolling circle. 

An epicycloid is the curve obtained by rolling one circle on the 
exterior of another circle instead of on a straight line. A Aypo- 
cycloid is obtained by rolling the first circle on the inner side of 
the circumference of the other circle. All these curves are tran- 
scendental. 


Cylinder 
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Cylinder 

If the end-points of parallel radii of two circles of equal radius 
lying in parallel planes are joined we obtain a circular cylinder 
(Fig. 135). The line-segments joining the two circles are called 
generators of the cylinder. If they are perpendicular to the parallel 
planes we speak of a right cylinder, otherwise of an oblique 
cylinder. The distance apart of the two parallel planes is called 
the altitude H of the cylinder. 

Cylinders are obtained by joining the points of any two con- 
gruent figures in parallel planes by parallel segments, e.g. elliptical 
cylinder; two congruent ellipses lying in parallel planes form the 
base and upper surface. 

The volume of the cylinder is 


V=A.H (A =area of base). 
For the circular cylinder 
V=ar*H (r = radius of circle). 
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For the elliptical cylinder 
V=aabH (a, ὃ = semi-axes of the ellipse). 
Area of lateral surface of circular cylinder 
L = 2arH. 
Area of complete surface 
S = 2ar(r + H). 


Sections of cylinder (right cylinder only). If a cylinder is inter- 
sected by a plane, the following figures can arise: 

1. If the plane is perpendicular to the base and contains the 
axis of the cylinder the section is a rectangle with sides 2r and H. 

2. If the plane is perpendicular to the base and does not 
- contain the axis the section is a rectangle, one side of which is H. 

3. If the plane is neither perpendicular to nor parallel to the 
bases the section is either a complete ellipse or an ellipse with 
one or two segments cut off. 

4. If the plane is parallel to the base the section is a circle, 
congruent to the base circle. 


Decimal fractions 
Fractions with denominator 10, 100, 1000, ... are called 
decimal fractions, e.g. 
573 3518 
1000 1000 


These fractions can be briefly written as decimal numbers: we 
divide the decimal fraction into a whole number and a ‘proper’ 
decimal fraction; we write the whole number first, put a “decimal 
point’ after it and set down to the right the tenths, hundredths, 
thousandths, etc.; e.g. 


573 3,578 

1,000 = 0.573: 1,000 = 3 578. 
When we have a proper decimal fraction for clarity we set a 0 
to the left of the point. 0-573 is read: ‘nought (or zero)-point-five- 
seven-three’. ει ἢ | | | 
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Decimal system 
The decimal system originated in India and reached Europe 
through the Arabs. In the decimal system the numbers are 
written using 10 signs: ᾿ | 
QO, 1, 2, 3, 4, 5, 6, 7, 8, and 9. 


These numbers have different values according to the position 
they occupy in the written number. On the furthest right they 
have unit value, immediately to the left tenfold value, to the left 
of that one hundredfold, and so on, e.g. 


20,349 = 9 units ae 4 tens + 3 hundreds + 0 thousands 
+ 2 tenthousands. 


The decimal method of writing numbers is possible because every 
number can be written as a sum of the form 


x =a X 10° +a, x 10%! + a, x 10°77 +...+ 4, Χ 10% 
where 0 < a; < 10, all i. 
Ἐκ. 3059=3 x 10° +0 x 10?+5 x 10!'+9 x 10° 
= 3,000 + 50 + 9. 


The exponent n, and the coefficients which appear, are uniquely 
determined. 

The decimal method of writing numbers can be extended to 
all the real numbers, e.g. 


3-01 = 3 units + 0 tenths + 1 hundredth. 


Degenerate transformation 


A projective transformation of the points of a plane or of 
space is called degenerate, if different points give rise to the same 
image point. 

Example: Suppose in a rectangular coordinate system in a 
plane a point P with coordinates (x, y) has image point P’(x, 0). 
In this transformation a single image point corresponds to all 
points with the same x-coordinate (the transformation being in 
fact perpendicular projection of the plane onto the x-axis). An | 
equivalent definition is as follows: A projective transformation — 
is degenerate if it is not one-to-one (= reversibly single-valued) 
(see Single-valued transformation). 
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In the representation of the transformation by a system of 
equations the determinant of a degenerate transformation has 
value zero. 


Degree (see also Angle, Angular measurement) 
1° = 1 degree = ninetieth part of a right angle; 
1° is divided into 60’ (60 minutes); 
1’ is divided into 60” (60 seconds). 


Deltoid 


A deltoid (kite-shaped figure) is a quadrilateral in which two 
pairs of neighbouring sides are equal (see Quadrilateral). 


De Moivre’s formula 


The powers and roots of complex numbers are obtained by 
means of de Moivre’s formula: 


if z= r(cos¢ + isin 9), 


then 25 =r" (cos nd + isin nd) 


and 77 = ὅτ (cost + isin 5) 
(see Complex numbers). 


Descriptive geometry 

Descriptive geometry is the branch of mathematics concerned 
with the representation of three-dimensional objects as plane 
figures. For this purpose central projections, general parallel 
projections and orthogonal parallel projections are used. Central 
projection can be regarded as corresponding to the act of seeing. 
The three-dimensional object is projected onto a projection plane 
from a centre of projection lying at a finite distance. This sort of 
projection gives a very good qualitative picture, but is less suitable 
for the assessment of quantitative relations, so that if an actual 
measurement has to be derived from measurement of the pro- 
jected image a roundabout procedure must be employed. 
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A general parallel projection is a projection in which all lines 
of projection are parallel and intersect the projection plane at the 
same angle. It is the general parallel projection which is used for 
representation of objects in so-called oblique perspective (see 
below). (The illustrations in this book are mostly done in this 
fashion.) 

Orthogonal parallel projection is usually used for the repre- 
sentation of technical objects. This projection yields very un- 
realistic-looking images, but the true measurements of the objects 
represented can easily be taken from the mapping. 

The representation of three-dimensional objects can be effected 
by means of one, two or more projection planes. 

In oblique and horizontal projections a single plane is used, 
and in such cases we speak of one-plane projection. 

In mapping by means of orthogonal parallel projection or by 
means of central projection, two or more planes of projection 
are often used; the planes are called the plan (top view) and the 
elevation (vertical projection), and we talk of two-plane projection. 


Determinants 


An n-rowed determinant is a quantity depending upon n? 
numbers arranged in the form of a square. The numbers them- 
selves are called the elements of the determinant. 


Two-rowed determinants 
A two-rowed determinant is defined by: 


1 Qype a;, is used to indicate the 
σι og | Ἢ 922 ~ “12 21" element in the ith row and 
the kth column. 
(a,,, read: a one one.) 
Example: 
2 3 5 6 
0! =2.1—3.0=2, 2 {| =5.1-6.2=-7, 


Two-row determinants can be used for the solution of a system 
of equations with two unknowns. The system of equations 


I, ay, xX + Qa. y = δὶ 
TI. Qo Χ + Aon y = ὃς 
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has the solution 


δι aye a, δι | 
by ae Ay by 
x= 9 = ° 
ay, Ap ἄμ Ap 
Qo, ὥς, Gq, Qa 
Example: 
I x+7y=21 
It. 4x —3 y = 22 
21 1 1 2) 
22 —3 ὦ} 4 22 --62 
eee gi ee τὰ oe χὦ 
4 —3 | 4 —3 


Two-rowed determinants are also used for the calculation of the 
“outer-product’ (vector product) of two vectors (see Vector 
product). 


Three-rowed determinants 
A three-rowed determinant is defined by: 


M1 2 Ns 
Gey ὧρες og | = Ay, ag Gag fF Ayn (25 Ag 
Gz, 32 G33 | + a3 Ae, 432 — Ag ag Og 
— G2 Ga, (835 — ὧῃμῃ (28 (85. 
A simple method of evaluating three-rowed determinants is as 
follows: Extend the determinant, by repeating the first two 
columns, and form the products of terms in the direction of the 
principal diagonals and the secondary diagonals. Then subtract 
the sum of the products in the direction of the secondary diagonals 
from the sum of the products in the direction of the principal 
diagonals. 
Qi ὧι} 3 | 211 Ne 
Qz1 ; 23°) a1 Fee 
431 G32 (35'} 81 (32. 
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Principal diagonal: Secondary diagonal: 


ay Φ Φ Φ Φ Arg 
e 9. Φ e Ago e 
e e Az9 Qs) 8 e 


Minors (subdeterminants) 


If one row and one column of a three-rowed determinant are 
struck out, there remain four elements only, in the form of a 
square. These remaining numbers, in the arrangement in which 
they occur, form a minor. Since there are nine possibilities 
corresponding to the number of ways in which one row and one 
column can be eliminated, we obtain nine minors from a three- 
rowed determinant. To every element there corresponds in a 
natural way one minor: to the element in the ith row and the 
kth column there corresponds the minor A,, arising from the 
elimination of the ith row and the kth column. 


Example: | a4, a. ag Strike out the first row and the 
Qe, Gog og |- Second column, giving 
G31 3g (58 Aja = | Gz} yy |. 
431 G33 


Expansion of a determinant about one row or column. 
A determinant can be expanded as follows about one row: 
(example, Ist row) 


ἄτι Ayo Ag 

ite et ΒΘ Ax (28 51 (53 G21 Ago 
21 “22 “o3 | = ay, 13 ᾽ 
a ἃ. ἃ Azo Ags Az, (54 Q31 239 
31 439 (253 

Qy, Ag (13 

Qs, Axe Asg | = Ay Ay — 1.41. + A43Aj3. 

31 230 (53 


n-rowed determinants 
The value of an n-rowed determinant is likewise defined so that 
it can be calculated by developing about one row or column and 


then evaluating the (ἢ — 1)-rowed minors. We have (developing 
about the first row): 
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ὧι Ag (13. . - Ay 


Qo, Gag Ang. . - Aon 
= Aq, = QA + 43443 πον ὁ 


+ (1a Ain 


Ὧι Ang Ang. + - Ann 
Here a;, is the element in the ith row and the kth column, and 
A,,, is the (n — 1)-rowed minor obtained by eliminating the ith 
row and the kth column. 
Development about the ith row: 
1 Ap Ag. + + Qin 
Az, Ag, (53... + Aan | = (—1)agAg + (—1)?a,24 i 
: ἘΠ... (1); Ain 
αι Ang Ange + + Ann 
Example: Calculation of a five-rowed determinant (developing 
about the second row): 
> 4 3 2 1 


0 0 0 1 2 5 4 3 1 
1 1 1 1 O} =(—1)*#4.1;1 1 #1 0 
1 —2 —3 —4 —2 1 —2 —3 —2 
1 0 1 1 1 1 0 1 1 

13 4 3 2 

+(—1)**.2}1 1 11 

1 —2 —3 —4 

1 0 1 1 


= 10 —2.(—2) = 14. 


In this the minors have been calculated as follows: 
5 4 3 1 
1 1 1 0 4 3 1 
1 —2 —3 —2 | = (—1)*?|} —2 —3 —2 
1 0 1 1 0 1 1 
5 3 1 5 4 1 
+ (—1)??| 1 —3 —2 | + (—1)#*) 1 -—2 --2 
1 1 1 1 0 1 


(develop about the second row) 
=0— 10+ 20 = +10; 
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5 4 3 2 3 
1 1 1 11Ξ{Π 111 
1 —2 —3 —4 —2 —3 — 
1 0 1 1 
> 4 2 5 4 3 
Ἐ(ΞΙΥ͂ΒΙΙ 1 L)+(-p4)1 1 1 
1 —2 —4 1 —2 —3 
(develop about the last row) 
=0—4+4+2= -2. 


(Short cut: use for development a row or column with as many 
zeros as possible.) 


Theorems on n-rowed determinants 


I. The value of a determinant is unaltered if the rows are 
written as columns and the columns as rows (reflection in the 
principal diagonal); for the expansion of the original determinant 
by its first row is identical with expansion of the reflected deter- 
minant by its first column. 


2. If two rows of a determinant are interchanged, the sign of 
the determinant is altered; for expansions of the determinants by 
one of the rows in its original and transposed position gives 
corresponding terms equal but of opposite sign. 


3. Similarly, if two columns of a determinant are interchanged, 
the sign of the determinant is altered. 


4. If corresponding elements of two rows (columns) of a 
determinant are equal or proportional, the determinant is equal 
to zero; for by (2) (or by (3)) the determinant is equal or pro- 
portional to its negative. 


5. The value of a determinant is unaltered if to the elements of 
one row (or column) are added a fixed multiple of the corre- 
sponding elements of another row (or column); for the modified 
determinant is equal to the original determinant plus a determi- 
nant which (by (4)) is zero. 
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Applications of determinants 
Cramer’s Rule. The system of equations 


Q4, Χὶ + A19Xo + eee + QinXn — δι 


ὥριχι  agXq τ... Ὁ AanXn = Og 


Qny%1 + AnoXs t+. 2 eT AgnX, = by 


with unknowns x, Xe, «+ +» Xn» possesses exactly one set of 
solutions x;, Xg,. . ., X, provided 


ἄι Aq ἀμ. + + Ain 


Gny Gon Gags « «Gan 
pal “5 “Ἑ aed Ps 


e Φ . Φ . e e 6 . Φ 


Qn Qng ang a aan 


If D = 0, then the left-hand members of the equations are not 
independent of each other. 

The values of x1, Xo, X3) + + +) Xq» are quotients of n-rowed 
determinants D,, D.,.. ., Δ, and the coefficient-determinant D, 
where 


b, ars Arg ee e@ Ain ay δ. ays eee Qin 
bs Ago Ω54 oe 6 aon Qo} ὃ. Qog es 28 ¢@ Aon 

D, — 9 D, a . 5 49. ὁ 9699 
by Ani Ang+ + «Ann An On AIng> + + Ann 


ay Aye Ω13 eee δ, 
51 Age Uggs + οὖ, 
D, = 


Qn ano ang ey Ss δ, 


In these determinants the coefficients of the unknown in question 
are replaced in the coefficient-determinant by the constant terms 
of the equations. The solution of the system of equations is then: 
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Example: 
Xyt ΧΙ, Ἔχε +X, = 4 
2x1 + Xe = 3 
2χ, + Xz =4 
X3 + X= 2 
The determinant D is: 

1111] 111 111 
Ῥ-:[2100|-Ξῴ(-2}}]2 1 0[-:ἰ 1[010[-ὸὲ-τἴ. 
0210 011 011 

0011 
The determinants D,, D,, D, and D, are: 
4111 111 411 
D,=|}3 100} =(~—3)/2 10)/+1/4 10] =(—3)+2 
4210 011 211\|=-1, 
2011 
1411 230 141 
D,=|2300)/=(—1)}/041)/+1/2 30] =(—4 +3 
0410 021 041|/=-1, 
0211 
1141 213 114 
D3=1}2130)=(~1I)}024/+1/213/=—-84+6 
0240 002 024) = -2, 
0021 
1114 103 114 
D=|2103(/=4+1/214/—-21/214/—=4-—4 
0214 012 012/=0. 
0012 
The solution is therefore 
xy = Ga Ξ -- 2, m= z= =0 
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Diameter 


A diameter of a circle is a chord which passes through the centre 
of the circle. In length the diameter of a circle is double the radius 
(see Circle). 


Dilatation 


If a segment undergoes a change of length the ratio of the 
increase of length to the original length is called the dilatation. 


Dimension 


Dimension is a property of the basic geometrical elements (see 
below) and the derived geometrical structures. Points have 
dimension zero. The straight line has dimension 1. The plane has 
dimension 2. Space has dimension 3. Derived geometrical struc- 
tures have their dimension defined so as to conform to these 
values. Thus a curve lying in a plane and defined by a single 
algebraic equation has the same dimension as a straight line; a 
surface in space defined by a single equation has the same dimen- 
sion as a plane; a curve in space defined as the intersection of 
two surfaces has the same dimension as a straight line. In physics 
dimension often has a quite different meaning, being used to 
denote physical measures. E.g. cm/sec is the dimension of a 
velocity. 


Diophantine equations 

Equations of the form ax + by =c are called diophantine. 
Here a, b and ς are given integers, and integral number-pairs x 
and y are required which satisfy the equation. We find solutions 
by first solving the equation ax + by = 1. Thus if U, V is a pair 
of values which satisfies the equation ax+by=1, 1.6. 
aU + bV = 1, then x = εὖ + bp and y = cV — ap with p an 
arbitrary integer is the general solution of the equation ax + by 
= c (verify by substitution). In the same way we obtain from a 
pair of values U, V satisfying aU — bV = 1 the general solution 
of the equation ax—by=C by putting x =cU + bp, 
y = cV + ap, where p is an arbitrary integer. The solutions of the 
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equation ax + by = 1 are obtained by developing ; as a con- 


tinued fraction. The penultimate convergent gives (apart from 
sign) U as denominator and V as numerator. 


Example: 31x — 164y = 7. 


31 
The development of 164 83 ἃ continued fraction is, by the 


Euclidean algorithm (see Continued fractions): 
164 + 31 = 5 Remainder 9 

31+ 9=3 - 4 

9+ 4=2 55 1 
4+ 1=4 - 0. 


This gives the continued fraction development 


311 and the convergents are 
14. 5+1 #* 4 4 3 1 7, 
3 5 5:11 16 541 “37 
ore 3 3+1 
4 2 


31 
and 164° The penultimate convergent has numerator 7 = --V 


and denominator 37 = +U. If we choose U = —37 and 
V = —7 then we have 


31x — 164y = 31(—37) ~— 164(—7) = —1147 + 1148 = +1. 
From this we get the general solution: | 
x = οὔ + bp = 71(—37) + 164.p 


and y=cV + ap = 1(—7) + 31. p, 


that is 
x = —259 + 164p and y = —49 + 31. 
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Distributive law 


In its usual form, this establishes a relation between addition 
and multiplication: a(b + 6) = ab + ae. 


Division 
Division is the fourth fundamental operation of calculation. 
‘Dividend divided by Divisor gives Quotient 


12 > 4 = 3 
πως pitti 
Quotient 


It is the inverse of multiplication (as the inverse of the multipli- 
cation 3 Χ 4=12 we have the division 12 + 4 = 3). The 
division of integers does not always lead to integral results, i.e. 
in the domain of integers, division (without remainder) cannot 
always be carried out. On the other hand, in the domain of 
rational numbers all four basic operations are unrestrictedly 
possible (with the exception of division by zero, see below); i.e. 
if one of the basic operations is performed on any two rational 
numbers, the result is another rational number. A domain of 
numbers with this property is called a (number) field, e.g. the 
field of rational numbers, the field of complex numbers. A 
quotient can also be written as a fraction, e.g. 


a : 12 
Ω -- =? 12--. 4- τ' 


If we interchange the dividend and the divisor, we obtain the 
reciprocal of the quotient, e.g. 


4. : 12 
4 .-:-- 12 ΞΖ ΤΩ is the reciprocal of ri 


Division of directed numbers 


Directed numbers are divided according to the following rules 
of signs: 
1. If dividend and divisor have the same sign, the quotient is 
positive: 
—6 8a 
=g= ts 5-4 
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2. If dividend and divisor have different signs, the quotient is 
negative: 


—6 6a 
+2 = —3, a, ae - 3. 


Rules for fractional calculations with literal numbers 


The rules for fractional calculations with literal numbers are 
the same as for fractions composed of ordinary numbers: 
1, Fractions can be reduced (see Reduction of fractions), e.g. 
d 
ae = ac (reduced by 3b). And, conversely, if ὦ 4 0, : = ot 
2. Fractions can only be added directly if they have the same 
numerator: 


ΙΧ] 


Other fractions must first be reduced to a common denominator: 
a cad ο ad+cb 
bta=batba~ bd 


3. In multiplying fractions, numerators and denominators are 
multiplied together: 


4. To divide two fractions the first fraction is multiplied by the 
reciprocal of the second: 


an ees “» eg eee 


Division of an algebraic sum by a number 


An algebraic sum (polynomial) is divided by a number when 
each of the terms are divided by the number and the resulting 
quotients added. 

Example: (54xz — 72yz — 25) + 92 = 6x — 8y — = 
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Division of algebraic sum by algebraic sums 


We use the following procedure: First we order the terms of the 
dividend and of the divisor in the same way, the literal numbers 
in alphabetical order and arranged according to decreasing or 
increasing powers. 


Example: (12ac — 7b? — 23ab + 386 + 20a”) + (4a + 6) 
will be ordered as 
(20a? — 23ab + 12ac — 7b? + 3bc) + (4a + b). 


Then, as in the division of one multi-digit number by another, 
we divide the first term of the dividend by the first term of the 
divisor, multiply the complete divisor by the partial quotient we 
have obtained, and subtract the resulting product from the 
dividend. If necessary we reorder the remainder of the dividend 
and divide its first term by the first term of the divisor, multiply 
the complete divisor by the second partial quotient, subtract the 
product from the remainder, and continue until either no remain- 
der is left or until the remainder is no longer divisible by the first 
term of the divisor; in the first case the division is exact, in the 
second case, not. 


Example 1: 
(20a? — 23ab + 12ac — 7b? + 3bc) + (4a + 6) = 5a — 7b + 36 
— (20a? +- Sab) 
—28ab + 12ac — 7b? + 36 
—(—28ab — 7b?) 
+ 12ac + 3be 
—(+ 12ac + 3bc) 


0 
Example 2: 
2 
(x? + Tay + 4") + (e+ 3) = 2x ty πὶ τς 
— (2x? + 6xy) 4 
xy + 4y° 
—(+ xy + 37’) 


γ 
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Division of powers 
(a) Equal bases. Here we subtract the exponent of the divisor 
Ῥ 


eta a 
from the exponent of the dividend: he qr-a 
2 @ ose 2 
e.g. τ ΞΞ = =a", 


(b) Equal exponents. Here we retain the common exponent 


nn n 
and divide the bases: ote (5) 


δ" b 
108 10\3 
é.g. “53 = (=) = 23 = 8. 


Division of roots 
(a) Equal indexes. Here we retain the index and divide the 
radicand; e.g. 
n/p nil» S/ZA 3 4 
Va? eae = τι = 64 -- */38 = 2. 
Wb b 8 8 
(b) Equal radicands. We must first make the orders of the 


roots equal and then use rule (a) above: τς = ya = 


4 1 12 

e LL ae 
i ve V8 ὃ 

(c) Roots can be written as powers with fractional exponents, 


and so can be divided by using the corresponding rules for powers; 
e.g. 


oe a ae ee 

Va a” a\” 4/8 δ΄ (ὃ 

" ven 47 (i) v5~ οἶ (3) 
Yo ὦ Yd we sf ..-} s 1 
aw _ nm πὶ Ve gee -- 8 = ——. 
OM A 9 Ws WB 


DIVISION RATIO 
Division of complex numbers 


To divide two complex numbers a + ib and c + id we write 
the division as a fraction and by multiplication rearrange this 
fraction so that the denominator becomes real. Then we gather 
together real parts and imaginary parts in the numerator: 


ati (at tXe— id 
(a+ b) + (c + id) = τ Ξ © 4 eid) 


_ ac + bd + i(be — ad) 
a c? + d? 


" , iti (τ ὴ6- δὴ 
Ἐξ. ((Ὃ ἢ τὸ 6 Ὁ δὴ τὸ σιν τ (GIG = δὴ 


Division ratio 
__If A, B and C are three points on a straight line, the quotient 


CA ° e ο. «4 ᾿ e 
ai is referred to as a division ratio. 
B 


If C lies between A and B, C 
is said to divide the segment 
AB internally. If C lies outside 
the segment AB, C 15 said to 
divide 4.8 externally. For 
interior points C the segments 
CA and CB have opposite 
directions and the division ratio 
is given a negative value (see 
Vector calculus). For exterior 
points C the segments CA and 
CB have the same direction 
Fic. 136 and thedivision ratio is positive. 
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If C coincides with A the division ratio is 0. As C approaches 
B, the division ratio tends to +0 or —o according as G 
approaches from the exterior or the interior of the segment 
AB. In Fig. 136 the division ratio of a segment is taken as 
ordinate and the distance of C from A as abscissa. The division 
ratio remains unaltered under affine transformations (see Jrans- 
formation, affine). 


Dodecahedron 

Dodecahedra are solids bounded by twelve surfaces. In the 
case of rhombic dodecahedra, these are twelve rhombuses, and 
in the case of pentagon dodecahedra (pentadodecahedra) twelve 
regular pentagons. The pentadodecahedron is one of the so-called 
Platonic solids (see below). 


Duplication of the cube 

The duplication of the cube, or Delic problem, is the problem 
of constructing with ruler and compass alone the edge of a cube 
having twice the volume of a cube with given edge. It has been 
studied since the fifth century B.c. In spite of its apparent sim- 
plicity it cannot be solved by these elementary methods, but 
attempts to solve it have led to important advances in mathe- 
matics. 


6 = 2-718,281,828.... 
The number 6 is the limit of the sequence with general term 


1 n 
b, = (1 + Η ° 
The term e for this limiting value derives from Leonhard Euler 
(1731). 


Properties of the number e 
1. The number ¢ is also the limiting value of the sequence 


1\"*+1 
a, = (1 +5) . 
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2. For all natural numbers n we have: 
1 n 1 n+1 
ἌΓΟΝ 


1 
ιν pomeliatidat edad) 
e can be quickly calculated to any desired degree of accuracy by 
using this last series, the terms of which diminish rapidly; e.g. 
for n = 12 we already have an approximation accurate to 9 
places of decimals: 
6 = 2°718,281,828. 


4. e is a transcendental number (proved by Charles Hermite, 
1873). 
5. 6.15 the base of the exponential function y = οὗ (see below). 


Ellipse 

An ellipse may be defined as the locus of points, the sum of 
whose distances from two fixed points F, and F, (the foci) is 
constant and equal to 2a. The mid-point of the line segment 


FF, is the centre O of the ellipse (see Conic sections). If we 
construct on the straight line through F, and F, segments of 
length a on either side of O, we obtain the end points A, and A, 
of the major axis of the ellipse. The perpendicular to the major 
axis through O cuts the ellipse in points B, and B,, the end points 
of the minor axis of the ellipse. The points B, and B, are distant 
ὃ from the centre of the ellipse and each is distant a from each 
of the foci. If e? = a? — b*, e is called the eccentricity of the 
ellipse (also, focal distance), and is equal to the distance from a 
focus to the centre of the ellipse. The ellipse is symmetric with 
respect to both its axes. It is a closed curve. For the construction 
of the ellipse see below and Conic sections. 


Particular equations of the ellipse 

1. Central equation. If the coordinate system is chosen so that 
the origin of the system is the centre of the ellipse and the co- 
ordinate axes coincide with the axes of the ellipse (the abscissa 
axis being the major axis), we can derive the central equation 
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from the definition of the ellipse (see above; expressed as a 
formula, it is py + ρα = 2a): 

2 42 

ΣΤ τε Ὶ. 


at δ΄ 


2. Equation of the ellipse with arbitrary centre. If the centre of 
the ellipse does not lie at the origin of the coordinate system but 
has coordinates O(Xn> Ym), and if the axes are parallel to the 
coordinate axes, the equation is: 


(x “χα ἜΣ 


(y — Ym)? 
oe 


3. Vertex equation of the ellipse. Τῇ a vertex of the ellipse lies 
at the origin of the coordinate system and the centre of the 
ellipse lies on the abscissa axis then the ellipse has the equation: 


(x — a)? 2 
<a teh 


This equation can be expanded to read: 


b2 

If we put 7 ΞΡ. : = δ, p being termed the parameter and ε the 

numerical eccentricity of the ellipse, the vertex equation reads: 
y? = 2px — (1 — εχ. 


(Cf. the general apse equation of a conic section in the article 
Curves of second order.) p and ε are positive numbers, and since 
we are dealing with an ellipse ε is less than I. 
Length of the focal distances (Fig. 137): If the point P(x, y1) 
2 2 


lies on the ellipse with equation a + _ = 1, the focal distances 

PF, and PF, are PF, = ρι =a—<x, = a— 6% and PF, = 
e 

Po = Atom Hare. my 
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2 
Affine relation between circle and ellipse: The ellipse τ + ᾿Ξ Ξ 1 


can be obtained as an affine transformation of the circle 
x* + y>=a@" (or as an affine transformation of the circle 
x2 + γῆ — b?), 

The circle x? + γῆ = a? is the circle on the major axis of the 
ellipse; it passes through the two vertices of the ellipse. The circle 
x? + y®? = δὲ is the circle on the minor axis. Let a radius OP; 
of the circle on the major axis cut the circle on the minor axis 


Β; 


Fic. 137 


in the point R. Draw through R the line parallel to the x-axis 
and through Px the line parallel to the y-axis. Let the two lines 
intersect in the point Py, and let the foot of the perpendicular 
from Px on the x-axis be Q. 

By the first theorem on rays PgO:RO = P;QO:P,0. Let the 
coordinates of Px be (x, yx) and of Pz be (x, γε). Then Q has 
coordinates (x, 0). We have yx:yy = P,O:RO = a:b, that is, 


b 
Yan Ξ 2.7 κ' Since Px lies on the circle x? + γῆ = a, we have 


b δὲ 
γκ τε αδ --χϑ and so y= ave = ;Ξ(αὃ -- x), that is, 


χϑ 5 
ati ei. 


We have therefore proved: If Pg(x, yx) is a point on the 
circle x? + y* = @ and if we shorten the ordinate of this point 
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in the ratio b:a (ὃ < a), the resulting point Pz, with coordinates 
(x : yx } lies on the ellipse with axes a and ὁ (Fig. 138). 


We say that the ellipse is the affine image of the circle on its 
major axis. Constructions for tangents to an ellipse and for 
conjugate diameters of an ellipse can be derived from the pro- 
perties of the affine transformation. 

1. Point by point construction of the ellipse. We draw the 
circles on the major and minor axes and construct points on the 
ellipse (Fig. 138) as already described above. 


Fic. 138 Fic. 139 


2. To construct the tangent at a point P, of an ellipse (Fig. 
139). Draw through Px, the line parallel to the y-axis. This cuts 
the circle on the major axis in the point Pz. Draw the tangent 
to the circle at P,; and let it intersect the x-axis in the point T. 
Then the line TP, is the required tangent. 

3. Conjugate diameters. A chord of an ellipse is called a 
diameter if it passes through the centre of the ellipse. 

Given the circles on the two axes 
of an ellipse and two diameters 


PxQx and δ. Κκ of the circle on 
the major axis perpendicular to 
one another. Construct the points 
on the ellipse δὲ and Sz corre- 
sponding to the points Pz and Sx 
(Fig. 140), and draw the straight 
lines through these points and 
the centre of the ellipse. These 
are conjugate diameters of the 
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ellipse, and they arise, by affine transformation, from two per- 
pendicular diameters of the circle on the major axis. 


Ellipse and straight line 


1. Discriminant of the ellipse. The coordinates of the points of 
intersection of a straight line y= mx-+n and the ellipse 


x 2 ; : 
z + a = 1 are obtained as solutions of the system of equations: 


I. y=mx +n, 
x γϑ 
IT. 2 + BB 1. 
The solutions are: 


2 
a“mn ab 
ΧΙ = το σὰ σα + V a*m* = n + ὁ, 


~ aint Ἔ BE ant 
b?n abm : 
Ya By int = BE ain VOM — + δὶ. 


By means of the discriminant D = am? + b? — n? we can 
now decide whether the line y = mx + n cuts the ellipse in two, 
one, or no points. We have: 


for D = @m* +. b* — n? > 0 two points of intersection; 


for D = a’m? + b? — n? = 0 one point of intersection, that is, 
the line is a tangent; 


for D = a’? + δὲ — n? <0 no point of intersection. 

2. Tangents to an ellipse with given gradients. A line y = mx + n 
with given gradient m is tangent to the ellipse " +5 = 1 if the 
discriminant is zero, i.e. if n? = a%m? + b?, that is, if 

n= +Vam + Bb 


A tangent to the ellipse with given gradient m must therefore 


have equation 
y=mxtVam + Bb. 


3. Tangents to an ellipse at a given point P,(x,, y,). The gradient 
of the tangent at the point P, is given, by differentiation, as 
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b*x ᾿ ; ; : 
- By, From this gradient together with the coordinates of P, 
1 
we obtain the equation of the tangent as: 


XX, Vi 
“Qe 7 be = 

Where the centre is not at the origin but at the point (x,,, y,,), 

the equation is: 


(X41 -- χα το Xn), ΟἹ Ὁ — Vm) _ 
a + b2 = 1. 


4. Polar of a point Po(Xo, yo) with respect to an ellipse. The 
polar of Py with respect to an ellipse is the straight line which 
passes through both points of contact of the tangents from P) 
to the ellipse. The equation of the polar has the same form as 
the tangent equation given under 3, that is: 


or more generally, 


(Xp - Xm)(X ae Xm) 4 (Yo - γὼ Ὁ — Ym) ἐς ἢ 
a b? — 
5. Conjugate diameters of the ellipse. A straight line through 


the centre of an ellipse is called a diameter of the ellipse. The 
mid-points of all chords of the ellipse with given slope m lie on 


—b? 
the straight line y = Ξξ which passes through the centre 


and so is a diameter of the ellipse. The lines y= mx and 


Y= Fn * are conjugate diameters. The tangents at the end- 


eee of a diameter of an ellipse are parallel to the conjugate 
diameter. 


General theorems on the ellipse 
1. The tangent and normal at a point P of the ellipse bisect 
the angle which the focal lines through P make with one another. 
2. The feet of the perpendiculars from a focus onto the tangents 
of the ellipse lie on the circle on the major axis. The mirror image 
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of a focus with respect to a tangent lies on the circle with radius 
2a described about the other focus. 

3. The product of the distances of the foci from a tangent is 
constant, and equal to ?. 

4. The ellipse is the locus of points whose distance from a 
fixed point (a focus) bears a constant ratio « to its distance from 


a 


: ‘ ; : ; : a 
a fixed line (the directrix). The directrix has equation x = ῬῊ δ 


5. An ellipse and the hyperbola confocal with it intersect at 
right angles (an ellipse and a hyperbola are confocal if they have 
the same foci). 


Construction of tangents to an ellipse 


(a) At a point of the ellipse. We draw the two focal lines of the 
point and bisect the angle between one of them and the extension 
of the other. 

(b) From a point outside the ellipse. Draw from the given point 
P the straight line through one of the foci F, of the ellipse, and 


describe the Thales circle on the segment PF,. This cuts the circle 
on the major axis of the ellipse in the points H which lie on the 
required tangents (by theorem 3 
above). The straight lines 
through P and H,, and P and 
H, are the required tangents. 

If we construct the perpen- 
dicular to a tangent through H, 
and extend it to meet the 
circle with radius 2a and centre 
F, in G, then the straight line 
through G and F, cuts the 
tangent in its point of contact 
Fic. 141 B (Fig. 141). 


Equality sign 

If the equality sign ‘=’ occurs between two mathematical 
expressions it means that the expressions on the right and left 
hand sides of the equality sign are equal. The following laws hold 
for the relation of equality: 
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1. Every quantity is equal to itself: 
a = a (Reflexivity). 


2. Right and left hand sides in an equality may be inter- 
changed: 


a = ὃ implies ὃ = a (Symmetry). 


3. If two quantities are equal to a third, they are equal to one 
another: 


a = band ὃ = ¢ implies a = c (Transistivity). 


Two quantities which are not equal to one another are called 
unequal (sign: τέ). 
The equality sign does not signify that two quantities which 


2 
are equal are necessarily identical in form, e.g. 7 ame 


Equations 

An equation implies the judgement, or the establishing of the 
fact that, two mathematical quantities are equal to one another. 
We distinguish between identical equations (see below), con- 
ditional equations (see below) and functional equations (see 
functions). 


1. Identical equations 


An identical equation (identity) asserts that two given constant 
mathematical expressions are equal, e.g. 


24+2=4, atb=b+a. 


2. Conditional equations 

If any number in an equation is unknown we call such an 
equation a conditional equation. The unknown is usually denoted 
by one of the last letters of the alphabet, x, y or z. If such an 
equation is given, the problem arises of determining the unknown 
x so that the meaning of the equation is fulfilled, e.g. 


x—5=4. 
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x is to be determined so that 4 is the difference x — 5. We must 
take for x the number 9 in order that the equation be satisfied. 
x = 9 is called a solution or root of the equation. More than one 
unknown can arise in an equation. We speak then of equations 
with several unknowns (see Equations, linear systems of; Dio- 
phantine equations). 

Types of conditional equation. We distinguish between algebraic 
equations (see below) and equations which are not algebraic (see 
Transcendental equations). In an algebraic equation the known 
and unknown quantities are associated together by means of 
algebraic operations (addition, subtraction, multiplication, divi- 
sion and raising to a power, the last being merely a shortened 
way of writing a multiplication) alone. 


Example: + 43+ 4x+1=0. 


For the classification of algebraic equations, see below. 
Transcendental (non-algebraic) equations contain transcen- 
dental functions of the unknowns, thus, e.g. 


1. Exponential equations, e.g. 105 + x = 25 
2. Logarithmic equations, e.g. log x + 5 = logx + x* 
3. Trigonometric equations, e.g. sin x = cos x — 0:5 


See Transcendental equations, Exponential equations, Logarithmic 
equations and Trigonometric equations. 

Differential equations (see above) (ordinary and partial) are 
conditional equations for unknown functions. 


Algebraic equations 
A. With one unknown. The standard form of these equations is 


Ayx” ax" + ax"? +... tax +a, = 0. 
Here x is the unknown, ἢ a given fixed positive integer and 
Ω1: Qo, Φ @ 649 Ω͂,.--1" a, 


are given fixed numbers. n is called the degree of the equation 
and we speak of equations of the 


Ist degree (Jinear equations) 3x ~5=0 
2nd degree (quadratic equations) 2x* —3x+5=0 
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3rd degree (cubic equations) 3x3 — 2x7 + 2x —1=0 
4th degree (biquadratic equations) 5x* — x8 + 2x*-—-x+1=0 


and in general of equations of the nth degree. 
B. With several unknowns. In the general case such an equation 
contains terms of the form 


a, xy ο @ @ z?, 


Here a, is a fixed number, xX, y, Z,. . . are unknowns. The sum 
of the exponents of aterm,n-+m-+...-+piscalled the degree 
of the term, e.g. 


x?y2z2 4 x3 + pxt + 2®4+5=0. 


The first term is of degree 6, the second of degree 3, etc. The 
equation itself is of degree 6. 

Equations in which all terms are of the same degree are said 
to be homogeneous, e.g. 


xt + xy + yt = 0 


is homogeneous, of degree 4. 
Of particular importance are equations of the first degree in 
several variables, e.g. 


5x + ὃν — 72 + 3u = 0. 


There are called linear equations. They arise in number theory 
as diophantine equations (see above) and above all in analytical 
geometry (see above). 

C. Systems of algebraic equations. If more than one equation 
is given for the determination of the unknowns, we speak of a 
system of equations. 

The unknowns can be uniquely determined only if the number 
of unknowns is equal to the number of equations. With more 
equations than unknowns, we become involved in problems of 
the Calculus of Observations (see above). 


General theorems on algebraical equations of the nth degree 
1. The general equation of the nth degree 
Agx” + Ayx™ 1 4+ Agx®? +... +A, =0 
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is reduced by division throughout by A, to the normal form 
K(x) = x" + ax" + ax"? +...+a,=0, 


.Φ . A; 
where a; is written for Κα 
0 


2. If the given equation f(x) = Ὁ has the root x,, f(x) can be 
divided through by the linear factor (x — x,), 


fix) = (& — xpg(), 


say, where the degree of g(x) is 1 less than that of f(x). 
3. Every algebraic equation with rational coefficients 


χ ax" +...+4a,=0 


has at least one (real or complex) root x, (Fundamental theorem 
of algebra). 

4. If f(x) is divisible by (x — x,)" but not by (* — x,)"*1, x is 
called an r-fold root. 

5. As a consequence of 2, 3 and 4 we have: Every equation of 
the nth degree has exactly n roots, each root being counted 
according to its multiplicity. 

6. If x, Xe, Xs). « +» X, are the roots of the equation f(x) = 0 


then 
(x) = (& — x)(% — χορ) — χα). . .(ἡ — X,) 


(decomposition into linear factors). 
7. The following relations hold between the coefficients and 
the roots of the equation f(x) = 0: 


ὦ. Ξξ —(% +x + ΧΑ Ἐ. . . + x,) 
+(X4X_ + XyX_ τ... ΧΟοχα. © Ht Xn_1%,,) 


+ Xn oXn1X relations. 


a, 


Ay = (—1)"X1XQXy. ss Xn 
In words: The coefficient of 


x"! is equal to the negative sum of the roots. 
χ is equal to the positive sum of products of roots taken two 
at a time. 
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x" is equal to the negative sum of products of roots taken 
three at a time. 

x" is equal to the positive sum of products of roots taken four 
at a time. 

In general, x"—* is equal to (—1)* times the sum of products of 
roots taken Κα at a time. 


The constant term is the product of all the roots, with sign 
(—1)". 

8. If an equation f(x) = 0 with real coefficients has the complex 
root x, = a+ ib, it also has the conjugate complex number 
Χο = a — ib as a solution. 

9. The general equation of the nth degree, n > 4, is not soluble 
by means of radicals, i.e. for such equations there is no solution- 
formula by which the solutions can be calculated from the 
coefficients by rational operations and the extraction of roots. 
For equations of the Ist, 2nd, 3rd and 4th degrees, such general 
methods of solution do exist. 

However, special forms of the equation of the nth degree can 
be solved by radicals, e.g. binomial equations (see below) and 
symmetrical equations of the 5th and 7th degrees. 


Solution of equations with one unknown 


An equation is said to be solved when all numbers have been 
determined which, when substituted for x in the equation, satisfy 
it. These numbers are called solutions, or roots, of the equation. 
For special equations (algebraic equations of the Ist, 2nd, 3rd 
and 4th degrees, symmetrical equations, binomial equations) there 
are procedures for solution. All such methods of solution start 
from the normal form of the equations, and so in such cases the 
equation must first be brought into suitable normal form. For 
this purpose the following rules are useful. Note that all equations 
remain true if their left- and right-hand sides are subjected to 
the same procedures of calculation. These general rules also 
illustrate the rules for solution of particularly simple conditional 


equations. 
Addition of the same number to left and right: 
x—-2= 4 
ia τ|ς 
x = 6. 
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Subtraction of the same number: 


x+5= 10 
2. 
x = 9. 


Multiplication by the same number: 
; == 3, 80, multiplying by 4, we have 
x = 12. 
Division by the same number (other than 0): 
7x = 63, so, dividing by 7, we have 
x= 9. 
Raising to equal powers or taking roots of equal orders: 
4x2 = 36, Vx = 2, 
so 2x = 6. so x= 8. 
Taking the logarithm of both sides: 
ὦ == 37. 
so x log 2 = log 37. 
Interchange of the two sides: 
a+x=2b—c and 
2b—c= a+x are equivalent. 


The following examples illustrate the application of these rules 
in bringing an equation to normal form: 

1. Equations in which the unknown occurs in the denominator 
of a fraction: 


9x +1 x+5 9x— 


8x — 24 +2+ Ὑπ} 7.- δ᾽ Least common denominator: 


8(x — 3). 
We multiply numerator and denominator of all fractions so that 
each possesses the denominator 8(x — 3): 
9x - 1 2. 8(x — 3) 8 +5) 40χ -- 7) 
8x—24° 8x—24 8χ--24 8x—24 
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_ Now we multiply the whole equation by the common denomina- 
tor, obtaining an equation of the first degree: ' 


Ox + 1 + 16(x — 3) + 8( + 5) = 40x — 7). 
We multiply out and add corresponding numbers: 

Ox + 1+ 16x — 48 + 8x + 40 = 36x — 28, 

that is, 33x — 7 = 36x — 28. 


- We add 7 to both sides of the equation and subtract from both 
sides 36x: 
—3x = --21. 
Finally, we divide through by —3: 
x= 7. 

2. Equations in which the unknown enters under a root sign: 
Only in special cases do these equations lead to equations of the 
first degree. Here is an example in which we arrive at a quadratic 
equation: 

V5+x—V5—x ΞΞ 2. 
We square the equation: 


S+x4t+5—x—2V(5 + χ)ό — x) = 4. 


We then rearrange the equation so that the root is isolated on 
one side of it: 
2V(5 + x5 — x) = 6 


and square once more: 
4(5 + x)(5 — x) = 36. 
We calculate the product and divide through by 4: 


25 — x* = 9. 
In this way we reach a quadratic equation 
x— 16=0 
with solutions 
xy = +4 
and Xo = --4. 
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In such ‘root-equations’ it is essential to test possible solutions 
in the original equation. We substitute the calculated value 
x, = 4 for x in the original equation; if an identical equation 
arises, x, is a solution of the root-equation. 


V5q4~V5—4=2 


is evidently true, so x, = 4 is a solution. 
But if we substitute x, = —4 for x we have, 


V5—4—-V5+4=1-—3=-2, 


80 Χο = —4 is not a solution. 


Methods of solution for algebraic equations 


(1) Equations with one unknown 

(a) Equations of the first degree (linear equations with one 
unknown): Equations of the first degree contain the quantity to 
be determined raised at most to the first power. The normal form 
of these equations is: 

ax +b=0. 

We refer to ax as the linear term and to ὦ as the constant term. 

Example: 4x —8=0. 


To solve this type of equation we subtract b from both sides, 
obtaining ax = —b. Finally we divide each side by a, which 


gives x = —_- 

Example: If 4x —8 =0, 
then 4x = ὃ, 
that is, x= 2. 


(b) Equations of the second degree (quadratic equations with 
one unknown): Equations of the second degree contain the 
unknown raised at most to the second power. The normal form 
of these equations is 

x2 + px+q=0. 
Here x? is the square term, px the linear term and q the constant 
term. If p = 0, no linear term is present, and we have a pure 
quadratic equation; if p 4 0, we have a mixed quadratic equation. 
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Example: x* — 9 = 0 is a pure quadratic equation; 


x? + 5x — 10 = 0 is a mixed quadratic equation. 


Solution of the pure quadratic equation. 


In the equation x? + gq = 0 we can subtract q from both sides 
to obtain: x? = —g. On extracting the root we have: 


x= +V—q or Χο = —V --η. 


Examples: 
x—9= 0, x*+4= 0, 
orx*= 9, or x? = —4, 
that is, x, = 3 that is, x, = +2i 
and x, = —3. and xX, = —2i. 


A pure quadratic equation has two solutions, x, and x,. These 
differ only in sign. If the constant term of the pure quadratic 
equation is positive the equation has two so-called imaginary 
solutions which also differ only in sign. 

Solution of the mixed quadratic equation 

x27 + px+q=0. 

In this equation we first subtract g from both sides, giving 

x2 + px = --ῇ. 


2 
Now we ‘complete the square’, i.e. we add the number (2) to 
each side of the equation P 


2 2 
seme (Qf) 
The left hand side of this equation is identical with 


2 
(+4), 


and so the equation now reads 


69--- 
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By taking the square root of both sides of the equation we get 


ΠῚ / (2) 
X+5=t (5) η. 


Finally we now subtract 5 from both sides of the equation. The 


solutions of the mixed quadratic equation are therefore: 


Yoyo. eT a 
na —$+ {τὸ a= τς {-ὸ 


The following solution formula is widely used: The quadratic 
equation 
ax®* + bx ++c=0 
has solutions: 
_ b+ VB — 4ac _—b-— VBP — 4ac 
ΕἾΝ 2a . a> 2a 


Example 1: x* — x — 30 = 0. Here p = —1, g = —30, 
1 ] 1 1 
50 ἘΞ ee Ἐπ — fi 4%, 


᾿ 121 1 121 
that is, eee ee X2=5— An 


Example 2: 5x* — 10x — 120 =0. Here a=5, b= —10, 
c = —120, so 


_ 10+ V100 — 4.5(—120) 10 + V/100 + 2400 


λι 10 10 
_10+50_, 
Se Qe ee 
10 — V100 — 4. 5(—120) 10 — W100 + 2400 
eS τς- 
10 — 50 
= 4g, 
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Every quadratic equation has two solutions which can be either 
different real numbers, the same real number, or conjugate 
complex numbers, depending on the value of the discriminant 


D = b? — 4ac. 


If b? — 4ac is positive we have two different real solutions; if 
b2 — 4ac = 0 we have a real double-solution; if δὲ — 4ac is 
negative the equation has two conjugate complex solutions. 


Example 1: 4x? — 12x + 5 = 0. In this case 
δὴ — 4dac = 125 — 4.4.5 = 144 — 80 = 64, 


that is, δὴ — 4ac is positive, so there are 2 different real solutions, 
viz. 


Example 2: 
4x2 — 12x - 9 -- Ο; δ — Δας = 127—4.4.9 =), 


thus we have a real double-root, viz. 


Wo 


Χὶ ΞΞ Χῷ ΞΞ τ' 


No 


Example 3: 
Ax? — 12x + 13 = 0; δ — 4ac = 122 -- 4.4.13 = 144 — 208 
is negative, so we have 2 conjugate complex roots, viz. 
3, 
3 ee a Xp = 5 τ - 
Note that if x, and x, are solutions of the quadratic equation | 
x* + px+q=0, 
we have Xy + Χορ = --ορὶ XyXq = F. 


(c) Equations of the third degree (cubic equations with one 
unknown): Equations of the third degree contain the unknown 
raised at most to the third power. The normal form of these 
equations is 

x8 + ax*+ bx +ce= 0. 
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By the substitution x = y — : we obtain from the normal form 
the reduced form 


y+ 3py + 2g = 0, 


263 α«αΡ 
3ρ τ- --Ξ +5, δηά 24 -- 35 --ἰς 


where 


+c. 


Solution of the reduced cubic equation 


1. Cardan’s formula (published 1545). If q? + p® > 0, we first 
calculate the (real) quantities: 


u=Vig+Vetp, v= Vig— Ves Pp 


The solutions of the reduced equation are then: 


γιξατυ 
μεν ἢ o- 
πος": Ἐπ ν3.( --ὦ 
utov ft = 
Ys = — τ - --τον3. (ὦ — 2). 
2. Trigonometrical solutions φ #0,q #0): 


(1) φῇ -- »» 3.0. 
(a) p > 0. From the equations 
8 
tang = ie and tany= tan § 


we evaluate the angles ¢ and yp which lie in the intervals 


“ΠΤ ΠΤ d Ἵ Tv 
—7<¢<35 and --ἰ ἐψ «τΤ' 
The solutions of the reduced equation can then be expressed as: 


y= 2 Vp cot 2y 


iV3 
= Vp VP (cot 2y + τα =) 
Σ iV3 
= vp (cot2y -- 5): 
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(b) p < 0. From the equations 


oe a fg 
sing = , tany= ,/tan> 
a φ 5 
we evaluate ¢ and y, where 
π Τὶ. ἢ ἢ 
The solutions of the reduced equation are then 
— 1 
a VP sin 2p 
I ι 
γεξΞν-ρ (- 2p + iv3 cot 2) 
bof ἢ 
V3 = γ (=. 2p iV’3 cot 2v), 


(2) ᾳῇ + p*? < 0 (irreducible case). 
We evaluate the angle ¢ from the equation 


cos Φ = oe taking ¢ in the II quadrant, if 4 is positive, 
+V—Pp" and ¢ in the I quadrant, if 4 is negative. 


The solutions of the equation can then be expressed as: 


-----' 4 
yi=2V—p cos; 
Ves ce |" >) 
y= —2V -- cos (5 + 60 


7 = =2y —p COS (5 — 60°), 


The cubic equation therefore possesses 


1. Three real and different solutions if φῇ + p® < 0, 


2. Three real solutions, of which at least two are equal, if 
4 os τοῦς . 
3. One real and two conjugate complex solutions 145 + p* > 0. 
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Example 1: x3 + 6x? — 60x — 416 = 0. We have a = 6 and 
to obtain the reduced equation we put x = y — 2. 


Then (y— 2% = yP— 6y?+ 12y— 8 
6 -- 22:- +62%—2%My+ 24 

—60(y -- 2) = — 60y + 120 

—416 = — 416 


The reduced equation therefore reads 

y® — 72y — 280 = 0 
with p = — 24, p? = —13,824, Therefore: 3p = — 72, 
and g = -- 140, g? = —19,600. 2 = —280, 


and 45 + p® = 5776. 
We take 


u= V'140 + V5776 = 7/140 + 76 = 7216 = 6 

and vp = V140 — 5776 = 0/140 — 16 = W64 = 4, 

and the solutions of the reduced equations are therefore: 
y=utv=64+4= 10, 


y= — “F245 νΆα -- ὃ = 5 Ὁ ἵν, 
y= — ἘΞ-Ξ --Ξ VIM -- ὃ = 5 -- ἵν, 


Putting x = y — 2 we have as solutions of the original equation: 
x)= 8; x, =—7+iV3; x3 + —7 -- iV3. 
Example 2: χϑ + 3x? — 36x + 36 =0. We have a = 3 and 
SO we put x = y — 1. Then 
(y—1P=y—-—3"+ 3y—- 1 
—36(y — 1) — 36y + 36 
+36 + 36 
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and the reduced equation therefore reads 


yp — 39y + 744=0 Therefore: 3p = —39, 
with p = —13, p> = —2197, 24 -- 74, 
and g=37, 45:τ- 1369. and g? + p> = —828. 
(This is the irreducible case.) 
37 


We therefore put cos¢ = — aor 


log 37 = 1:5682 
log 2197 = 3-3418 
0:5 log 2197 = 1-6709 
so that log (— cos ¢) = 9°8973 — 10 
and therefore φ = 142° 8’ 
(in the II quadrant, since q is positive). 


The solutions of the 


reduced equation original equation 
are therefore: are therefore: 
yy = 2V13 cos 47° 23’ = 4-881 x, = 3-881 
Yq = —2V13 cos 107° 23’ = 2-154 χα = 1-154 


75 ΞΞ —2V 13 cos (--12 377 = —7:035 x3 = -- 8035 


(d) Equations of the fourth degree (biquadratic equations): 
Equations of the fourth degree contain the unknown raised at 
most to the fourth power. The normal form of these equations is 


M+taet t+ bet +tecx+d=0.. 


eer a ς 
By the substitution y = x — 4 we obtain from the normal form 


the reduced equation of the fourth degree, containing no cubic 
term: 


Yr+tpP+rytr=0. 


We isolate y*: 
Y=-p’-W—t 
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We add now to both sides of the equation the expression 
2y"z + z*, where z is an unknown. We get 


YA + 2» + 2? = --ρν" — qy — νυ + 2y'z + 23, 
and so (y? + 2) = y(2z — pp) -- φν - 2—r. 


We now choose z so that the expression on the right hand side 
of this equation becomes a perfect square. For this we must have 


1 1 to twice the product of y and 7——-, and so th 
2 =p equal to twice the product of y and ———— Ῥ᾽ and so the 
equation for z is 


" = 4(23 — r)(2z — p), the cubic resolvent. 


This cubic resolvent is an equation of the third degree in z, and 
can therefore be solved. If z,, z, and z, are the solutions, then the 
solutions of the reduced equation of the fourth degree are 


yo tz, + Vt V2; 


where the signs are so chosen that 
νζ,. ΝΖ. νῇς τε -- 2 


Binomial equations. An equation of the form x" — α = 0 is 
called a binomial equation. The equation 
x" = 1 =cos2ka + isin2kma (k any integer) 


has n roots 


2:9: πὸ isin SOLE 


xX, = cos 


cilia 2π 
Χο = cos --- + isin — 
5 n n 


2.2.7 ., 2.2.7 
X3 = Cos ᾿ + isin nef 
3 —2 , An—2 
Xn1= cog “τ Oe -+- isin a oe τε i 


2(n = 1)πτ + pais 2(n - 1)π 
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The equation 


x" = —1 = cos (2k + 1)7 + isin (2k + 1)7 (Kk any integer) 
has n roots: 


3π 3π 
x, = cos~ + isin τ, Χῳ = cos — Ἢ isin =» 


.Φ 9φ 


oT isi Sir 
X_ = COS —— isin -—-—,. 
3 n n°? 


2n — 1 , Qn—1 


Example 1: x* = +1; the roots are 
x, =cosO+isnO=-+1, x,=cos7+isinz = —1. 


Example 2: x* = —1; the roots are 


3π 3π 
1 = COs= 5 + isin 5 = +i, X_ = COS > + isin = = i, 


Example 3: x* = +-1; the roots are x, = 1, 


χη = 008 55 + isi 2m = cos 120° + isin 120° = — 444 V/3, 


ΓΞ : 
xy = 008 ἘΠ Ὁ isin ἘΠ τα cos 240° + i sin 240° = -- 5 -- ὅν. 
Example 4: x? = —1; the roots are 
xX, = COS = 5 + isin τ = cos 60° + isin 60° = Σ Ὁ 5-V3, 
x, = —I, 
Sr  .. Sa ἀν te ΒΡ 1 i 
X= cos > + isin = = cos 300° + i sin 300 =+5-5V3. 


2 


Example 5: The equation x" — a = 0, a positive, can now be 
solved in the following way. We put 


x" = a@=a.(cos 2kr + isin 2Κπ). 
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By Wa we denote the real positive nth root of a. It follows by 
de Moivre’s theorem that 


x, = Wa(cos 0 + isin 0) 
w/~ 2r  ., 2π 
Xx, = Va (cos + isin =| 


4π 4 
xX, τε Va (cos + isin =) 


x, = Va (cos = + isin oe). 


The solutions of the equation x" - a= 0, ἃ positive, corre- 
spondingly read 


7 _ π 
x,= Va (cos + isin =| 


- 3 
xX, = Va (cos = + isin *) 


n 


— 2n — 1 2n— 1 
XxX, = γα (cos τ πα isin a). 


Integral solutions of algebraic equations of the nth degree with 
integral coefficients 


We note first that the solutions of an algebraic equation of the 
nth degree with integral coefficients, the coefficient of x” being 
unity, e.g. 

x® — 6x? + llx —6=0, 


are either integral numbers, irrational numbers or complex 
numbers, but never rational non-integral numbers. Now the 
constant term in such an equation is, by Viéte’s relations, the 
product of all the roots, and so if an integral equation possesses 
an integral root, this root must be a factor of the constant term 
in the equation. In such an equation, therefore, we can take all 
the factors of the constant term and determine one by one 
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whether they are solutions of the equation. If in doing this we 
find no solutions of the equation, then there are no rational 
solutions of the equation. We must then use methods of approxi- 
mation to find the real irrational solutions of the equation. 


Example: χ — 38 —21°4+x+20=0. 
The factors of the constant term are: 
+1, -Ι, +2, —2, +4, —4, +5, —5, +10, — 10, +20, —20. 


We insert these values in turn in the equation: 
x=4+1;1—1-—214+1+4+20=0. 


For x = +1 an identity arises. x,=1 is a root 
of the equation. 


x=—lj14+1—21-—1+20=0. 


For x = —1 the equation is satisfied. x, = —1 is the 
second root. 


x= +2;16—-8 — 84424 20 = --54. 
x = +2 is not a root of the equation. 
x= —2;16+8 —-84—2+ 20 = —42. 
x = —2 is not a root of the equation. 
x = +4; 256 — 64 — 336 + 4 + 20 = —120. 
x = 4 is not a root of the equation. 
x = —4; 256 + 64 — 336 -- 4 - 20 = 0. 


For x = —4 the equation is satisfied. x, = —4 is the 
third root of the equation. 


x = +5; 625 — 125 — 525+5+20=0. 
x = 5 is the fourth root of the equation. 


Hence the four roots of the equation have been found. 
If the equation is not given in normal form, then we must first 
express it in this form. If 


Ax" + ax" +a x"? +...+a,=0 
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is the given equation, we must first multiply through by af-1 
and then write z in place of a,x. We then have the following 
equation: 


2" baz") + (να, 25 5 + azagz" 3 +... . + a,an-1 = 0. 
If we know a solution, z,, of this equation, we can obtain a 
solution of the original equation by putting x, = zt 
Example: 10x? + 7x? — 4x —1=0. 
Multiply through by 100: 
(10x)? + 7. (10x)? — 40. 10x — 100 = 0. 
We write 10x = z and obtain: 
2 + 723 — 402 — 100 = 0. 
The factors of 100 are: 
+1, —1, +2, —2, +4, —4, +5, —5, +10, ~10, +20, —20, 
+25, —25, +50, —50, +100, —100. 
We insert these values in the equation: 
z=+1; 1+ 7-- 40 -- 100 40 (no solution), 
z=—1;—1+ 7+ 40 -- 100 40 (no solution), 
z=+42; 8 +28 — 80 — 100 40 (no solution), 
z= —2; —8 + 28 + 80 — 100 = 0; 
Z, = —2 is a root of the equation. 


Instead of continuing this procedure, we can divide the left 
hand side of the equation by the linear factor z + 2: 


(z® - 723 — 40z — 100) + (z + 2) = 23 - 52 — 50, 
—(z° + 22?) 

522 — 40z 

—(5z7 + 102) 
—50z — 100 
—(—50z — 100) 

0 
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and find the remaining two solutions from the equation: 


223 - 5z—50=0. 
This has solutions 
25 = -+-5, Z3 = — 10. 


Lastly, we obtain from z,, ΖΩ and Zs: 


Symmetrical equations 


An equation is called reciprocal or symmetrical if the reciprocal 
value of every root is also a root. 


Example: x* — > x + 1=0 is a reciprocal equation since it 
has solutions x, = 2 and x, = 4. 


Every reciprocal equation of odd degree has as one root either 
xX, = +lorx, = —1. 


aS : ᾿ ; 
If we write zn place of x everywhere in a reciprocal equation, 


the equation transforms into itself, and every reciprocal equation 
is therefore symmetrical in its coefficients. Every reciprocal 
equation of odd degree is divisible by x — 1 or x + 1; it then 
becomes a reciprocal equation of even degree. If we divide a 
reciprocal equation of degree 2n (2n is always even if n is a natural 
number) through by x” then the equation 


AgnX?” + AggX™ Ἐ  FAX" +A, TI +. 


-- A\x + Ao — 0 
becomes: 


I 
A,X" +- Aga + eee -- A, + An-1 “χ᾽ ee 


1\""1 1λ5 
+ A,. ἢ + Ay. es = (). 


On account of the symmetry of the coefficients, we can associate 
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the first with the last term, the second with the next to the last, 
and so on, and write ; 


1 Ι 
χα Hee ta=e— 2, P+ Gu — 3... ° 89 


or 


x-la42+ 45> u 42, oe uw -- 3u,. 


We obtain then an equation of degree n with unknown u. If we 
can find the solutions u,, uw, .. ., u, of this equation, we can 
calculate the roots of the original equation. 


Example: 6x° + 11x* — 33x? — 33x? + llx +6=0. 


By substitution we establish that x, = —1 is a solution. We 
divide through by x + 1 to obtain: 


6x4 + 5x? — 38x? + 5x + 6=0. 
Dividing through by x? we get: 
5 6 
2 — et ΞΞΙΞ — 
6x* + 5x 38 Ἐπ ἘΠ 0. 
We next collect together symmetrical terms: 
1 1 
6 (28+ 5) +5 (x +=) — 38 = 0. 
1 
Putting x + x Ξ 4 we have 


1 
+ a= ὦ — 2, 
so that 
6(u? — 2) + 5u — 38 = 0. 


The solutions of this equation are: 


5 10 
u; = 2» Uo =— 3" 
Then 
-- 1 — 5 1 1 2 —— 1 
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and 


Be Ἴ' tes a τ "ἢ 
as giving %= —3,%,=—3 


Equations, linear systems of 
If we have to determine the values of unknowns occurring in a 
number of equations which are simultaneously true, we speak of 
a system of equations, e.g. a system comprising two equations 
with two unknowns: 
I. x+ty=5, 
Il x~—-y=3. 
Where more than two or three unknowns occur, it is usual to 
denote the unknowns by x,, Χρ» Xs, . . . (read: ‘x-one, x-two, 
x-three’); e.g. 
II. xX cas X3 = 0, 
Iil. Xo + X3 — --ΙἸ᾿ 


Two linear equations with two unknowns 
The following methods of solution are available: 
A. Substitution method 
B. Equating method 


C. Addition method 
D. Determinant method (see Determinants). 


A. The Substitution method. Here we use one of the equations 
to obtain the value of one of the unknowns in terms of the other, 
and then substitute this value in the other equation. This provides 
an equation in one unknown; e.g. 


I x+7y =21, 
Il. 4x — 3y = 22. 


From the first equation we obtain x = 21 — 7y. We substitute 
this value of y in the second equation, getting 


421—7y)— 3y= 22, 
that is, — 3ly = —62, 
or y= 2. 
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If we substitute back in the equation x = 21 — 7y, we have 
x=21—14=7, 


and so the system of equations has the solution x = 7, y = 2. 

B. The Equating method. Here we calculate the same unknown 
from each equation, e.g. x, and equate the results. In this way 
we obtain an equation in one unknown, which we solve and then 
obtain the value of the other unknown by substitution. 


Example: 1. x—y=3 giving: x=3+y 
Il. 2x+2y=14 giving: x=7—y 
Equating the results we have: 
3+ y=7-— y with the solution y = 2. 

Substitute y = 2 in equation I: x — 2 = 3, or x = 5. Solution 
of the system is then: x = 5, y = 2. 

C. Addition or Subtraction method. Here we obtain an equation 
in only one of the unknowns by adding suitable multiples of the 
_ original equations. The remaining unknown is calculated from 


this equation and the result substituted in one of the original 
equations so that the other unknown may be calculated. 


Example: 1. x— y= 31} (—2) (numbers in brackets 
II. 2x + 2y = 14] (+1) are the multiples taken) 


—2x + 2y = —6 
2x + 2y = 14 
Adding, we have ἦγ = 8, 
or y = 2. 


We put y = 2 in equation I, and obtain x — 2 = 3, that is, 
Χ Ξε 5. 


Three (or more) equations with three (or more) unknowns 


The procedures used in systems of equations with two unknowns 
can also be used for systems with more than two unknowns. 


Example 1: I. 2x + 3y = 12, 
II. 3x + 2z = 11, 
ΠΙ. 3y + 42 = 10. 
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Using the substitution method we proceed as follows: 
From equation I we obtain 3y = 12 — 2x. This is substituted 
in equations II and III: 


Il. 3x + 22 = Il, 
TT. 12 — 2x + 42 = 10. 


These are two equations in two unknowns. 
From equation II we obtain 2z = 11 — 3x. If we substitute 
this in equation III: 


12 — 2x + 22 — 6x = 10, 
we get 24 = 8x, or x = 3. 
From this we can calculate z and y. 
2z=11-—9 3y = 12 —6 


z=1 y=2 

Example 2: I x+ty+z= 7, 
Π. 2x+y—z= 14, 

11. χ-- Ἐπ ΩΣ 


Using the equating method we proceed as follows: 
I γ-Ξ7 -ὰχὥ -- 2, 
Il. y= 14 -- 2χ - 2, 
ΠῚ. y=x— 2. 
Equating the expressions on the right in pairs we obtain two 
equations in two unknowns: 
(A) 7—x—-z=x—2; thatis, 2x+z=9 
(B) 14m δὰ 4 rey = 2: that is, 3x — z= 16. 
Equation (A) gives z= 9 — 2x, 
equation (B) gives z= 3x — 16; 
equating, we have 3x — 16 = 9 — 2x, giving 
3x = 25 )7Ξχ - 2 z=9— 10 
x=5 yroi-2 z= - 
y=3 
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Example3: 1. 3x+2y+ z= 8] (—2) 1 
Il. 2x + 3y+2z= 11 3 
WI. x— y+2z= 6 (—3) 
Using the addition method we add (—2) times equation I to 
3 times equation II, to give equation (A) below. We add equation 
I to (—3) times equation III to give equation (B). 
(A) 5y + 4z = 17, 
(B) ὅν — 5z = —10. 


Subtracting equation (B) from equation (A) we have 


92 --Ξ- 27, 
that is, 
Ζ τΞῷ 3. 
Substituting z = 3 in equation (A) we get 
Sy + 12 = 17, 
that is, Sy = 5, 
y= I. 
Lastly, substituting z = 3 and y = 1 in equation III we get 
x—1+6=6, 
x=1. 
Equilateral triangle 


If all three sides of a triangle are equal it is called equilateral. 
The three internal angles of an equilateral ae are equal to 
60°. For further theorems, see Triangle. 


Error 


If a measurement is taken twice and the results differ, as 
is likely if the measurements are read to many significant figures, 
this difference is called the observation-difference d. 

The so-called mean error (m*) of the observation-difference is 


m* = —= = 0-707 ὦ. 
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The error of one of a sequence of measurements can be defined 
as the deviation of the single reading a, from the actual unique 
true value a of the entity concerned. In the theory of error the 
apparent error is the deviation from an estimate (usually the 
arithmetic mean; see above) based on the totality of different 
readings. An error is called systematic if it is constant and arises 
from a cause which is usually recognisable (e.g. temperature 
changes in the surroundings). Such an error is not considered in 
the theory of error. 

An accidental error is an error e, whose cause is frequently 
unknown, such as to be legitimately regarded as outside our 
control and unavoidable. This type of error alone is a subject 
for the theory of error. Where many readings are available, its 
character can be established by means of the frequency-diagram, 
or histogram (see Error, theory of). 

A true error is the deviation ¢, of a measurement a, from the 
(usually unknown) true value, a, of the object measured: 
E, = a— ὦ, 

v, (the apparent error) is the deviation of a, from the mean 
value, μᾳ, Of the differing readings: v, = py — 

Suppose in the measurement of a ἈΠῈ τὴ a the values 
1; Az,. » ., a, are observed. If ay is the true value of the quantity 
to be measured Ay — Ay = £4, Ay — Ay = Eg, . « 45 Ay — An = Eq 
are called the true errors of the individual observations. But 
usually the true value and the true error are unknown. However, 
the occurrence of a large sequence of values for one and the same 
measurement can serve to yield, not indeed the true value, but 
the most probable estimate of it. If the frequency curve has been 
demonstrated to be symmetric Gauss’s method of least squares 
can be used (see Method of least squares). 

The probable error w is 0-674 times the standard error of the 
mean (see below) 


| dv? [vv] 


There is the same probability that the true value lies inside or 
outside the range a,, ΞῈ w. 
The mean error 6 is the arithmetic mean of the individual 
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errors in a sequence of measurements taken without regard to 
sign. 


Xv 
ὃ Ξε x 0-7979m. 


The standard error of the single observation a,, of a sequence of 
measurements is for N observations 


The standard error m of the arithmetic mean is, for N observa- 
tions, 
uv [v v] 
m= JINN-1)~ NNWV—1D) 


Error, theory of 

The theory of error enables one, given a large number of 
observations (a,,) on one and the same quantity, to calculate that 
value which probably lies closest to the true and unknown value 
(a). In addition it enables us to provide a measure of the accuracy 
of a sequence of measurements. If the end result is given in the 
form a + Aa, or in numbers, e.g. as 345 + 3, it is important 
to make clear whether (taking +3 as an example) we mean 


(a) an absolute bound (tolerance); i.e. the true value certainly 
lies in the range 345 + 3; 


(Ὁ) a mean error (u) of the individual measurement; 
a mean error (m) of the arithmetic mean; 
a probable error (w) of the arithmetic mean, 


where in the last case (w) the probabilities that the true value 
lies within and outside the range 345 + 3, are both equal to 4, 
while the probability of the true value lying in double the range, 
(345 + 6), is 95 per cent. The difference between the true value 
and the observation is called the error. Since the true value is 
usually unknown, the difference v between observation and arith- 
metic mean is also called the error. 

The theory of error deals only with accidental errors (see above). 
Their nature can be investigated by means of the frequency curve. 
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An example of a method in the theory of error is the Method of 
least squares. For further information, see Error, Frequency 
curves, Mean value, Distribution, Method of least squares. 


Escribed circle 
A circle which touches one side of a triangle externally and 
touches the extensions of the other two sides is called an escribed 


circle of the triangle. A triangle has three escribed circles (see 
Triangle). | 


Euclidean algorithm 


The euclidean algorithm is a procedure for determining the 
highest common factor of two numbers. If a and b are two positive 
integers and a > ὃ, then in carrying out the euclidean algorithm 
we perform the following divisions: 


περ. ὃ Ἐν: (0 « »; - δ) 

ὃ τῷ 71. Γῷ + Fs (0 < 73 < re) 

lo = 55. FN (0 <r, < rg) 
ΓΞ Ino Tn tly O<r, <r) 


Pat = In-1+'n + 0 


This procedure must eventually end since the remainders pro- 
gressively decrease and are positive integers. The last remainder 
r, is the highest common factor of the two numbers a and b. 


Example: To determine the highest common factor of 693 and 
147. Dividing, we have 


693 = 4. 147 + 105 
147=1.105+ 42 
105 =2. 42+ 21 
42=2. 21+ 0 
The highest common factor of 693 and 147 is therefore 21. 
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Euclid’s theorem 


In every right-angled triangle the square on one of the shorter 
sides (legs) is equal in area to the rectangle formed by the 
hypotenuse and the projection of this leg on the hypotenuse; 
b? = cq or a® = cp (Fig. 142). 

By means of this theorem a rectangle can be transformed into 
a square of equal area. If c and gq are the sides of the given rect- 
angle we mark off the shorter side from one end point of the 
longer (in Fig. 143 4 < c). From the point thus obtained we erect 
the perpendicular to the longer side AB and determine the point 
of intersection, C, of this perpendicular with the Thales circle 
on AB. The segment AC is the side of the required square. 

In the same way Euclid’s theorem can be used to transform a 
Square into a rectangle of equal area with one side given. © 


Fic. 142 Fic. 143 


Euler’s line 


In a triangle the centre of the circumscribed circle, the ortho- 
centre and the centroid (intersection of side-bisectors) all lie on a 
straight line, known as Euler’s line. The centroid divides the 
segment between the other two points in the ratio 1:2. 
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Euler’s theorem on polyhedra 


Euler’s theorem on polyhedra is as follows: If a convex poly- 
hedron has s surfaces, e edges and v vertices, then v + s =e + 2 
(see Polyhedron). 


Exponential equations 


Exponential equations are equations in which the unknown 
appears in the exponent of a power, e.g. 


35 = 6561; 75}1 = 322-1 4 32041, 


Simple exponential equations can be solved by taking the log- 
arithm of both sides (possibly reforming the equation before 
doing so, see example (ii)); e.g. 

(i) 35 = 6561; take logarithms: 


x .log 3 = log 6561 
0°47712 . x = 3-81697 


__ 3-81697 
~ 0-47712 


x = 8-00002; that is, x ~ 8. 


(ii) 77+? = 327+1 + 32"-1; take out the factor 325 on the right 
hand side. 


Then 7*+1 = 3 (: + 3); taking logarithms of both 
sides we have 
(x + 1) log 7 = 2x log 3 + log (: Ἔ 3); 

that is 

x (log 7 — 2 log 3) = log (3 +35 5] — log 7, 
or 

x log τα = log τ — log 7, 

that ᾿ 


Ιορ ἐξ = —0-32222 
x io 9 pp x orx = jogs —0-10914 > 0:29524. 
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There is no general method for the solution of exponential 
equations. In difficult cases numerical or graphical methods must 
be used (see False position, rule of, Newton’s method of 
approximation). 


Exponential function 

A function of the form y = αὖ, where a is an arbitrary constant 
greater than zero and x is variable between —oo and +0, is 
termed exponential. 

An exponential function has the property: 


a, a = att, 


If a =e we have the important exponential function y = οἷ. 
The inverse of this function y = e” is y = In x (see Fig. 144). It 
was proved by Leibniz that exponential functions are transcen- 
dental (see also Infinitesimal calculus and Inverse functions). 


y yze* 


Fic. 144 


Exponential series 
The exponential series 


te, RRM, 
Vf=ltatatyit:-- 
converges for all x. In particular we have 
1 
πὶ 


I 1 1 
e — 1... —vZ- — — 
2°7182818... = €é = J Ι 1! t 21 ἱ 3! ; eee ἱ f e©eee 
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With base ἃ the exponential series reads (@ a fixed positive 
number) 


2 
at τι eit a 1 Oy ON ως OO sy 


(in a)” 
n! 


“Ἔ 


Χο ὡς 


This series also converges for all values of x. 


Exterior angles 


The exterior angles of a polygon 
lie outside the polygon and 
between its sides or the extensions 
of its sides; they are adjacent to 
(and supplementary to) interior 
angles. Since the extension can be 
of either side there corresponds to 
every interior angle two equal 
exterior angles. The sum of either 
set of exterior angles of a polygon 
(α; + βι + γι + δὲ + & in Fig. at 
145) is always 360°. 


Factorial, n! (read: ‘n-factorial’) 
For positive integers n the product of the first m natural numbers 


is called ‘n-factorial’ and is written n! Ξ 1.2.3... .(Ἱ -- 1). ἡ. 
For 2 = 0, 0! is defined as 1. 


Examples: 11τ 1 3!=1x2x3=6 
2S 1K 2S 2 aha ee 


For large numbers the approximation n! = πῆ. εν 2πη can 
be used (Stirling’s Formula). 


Factorisation 
The formation of a product from a sum is called factorisation ; 
6.5. 
a? + 2ab + b? = (a+ δ)(α - δ). 
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The following simple procedures can be used for finding factors; 
1. Factors common to several terms of a sum can be taken out. 


35a2x + 15bx? — 28a? — 12abx 
= 5(7a* + 3bx) — 4a(7a*® + 3bx) 
= (7α" + 3bx)(5x — 4a). 
2. Given the square of a binomial expression, the formula 
a® - 2ab + 6b? = (a + δ) 
can be compared with the given expression: 
Ox4 + 6x2 + 1 = (3x? + 1)(3x? + 1). 


3. With the difference of two squares the following important 


relation holds: 
— δὲ = (a + χα — ὁ). 


Similarly we ae 
a — b? = (α + ab + b*\(a — δ) 
a — bt = (a?)? — (67)? = (@ + b*)\(a? — 63) 
= (a? + b*)(a + b)(a — δ) 
== (a + ib)(a — ib)\(a + δ)ία — ὃ). 
If the difference of two squares is multiplied by a factor this must 
first be taken out: 
108x?y2c — 75a%c = 3c(36x*y? — 25a?) 
= 3c(6xy + 5a)(6xy — 5a). 


4. If we suspect we have the product of two linear factors, the 
following formula can be tried: 


x2 + (a + b)x + ab = (x + a\(x + 6), 
e.g. x? + 3x — 10 = (x + 5)(x — 2). 
5. In expressions of the form 
x” bax”) + ax? +...+4a, = f(x) 


a linear factor of the type x — 5.can often be found by taking 
as b the factors of a,, and so testing each factor of a, in turn. 
This should only be done when all the coefficients a,, dj, . . ., Qn 
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are integers, e.g. 
(x) = x4 — 63 4+ 3x? + IIx — 5 
= (x — 5)0 9" — x? — 2x + 1). 


False position, rule of 

The rule of false position is an iterative method for the solution 
of equations. 

If the solutions of the conditional equation f(x) = 0 are re- 
quired, we consider the functional equation y = f(x). The zeros 
of this functional equation (that is, those values of the abscissa x 
in which the curve represented by the functional equation inter- 
sects the x-axis) are then the solutions of the conditional equation. 
If f(x) is continuous in the interval x, < x < x, and y, = f(x) 
and y, = f(x.) have opposite signs, then f(x) has at least one 
zero, Xq in the interval x; < x < x,. The rule of false positions 
yields an approximate value for this zero. But the function 
y = f(x) should not have a point of inflexion in the neighbour- 
hood of the point under investigation. 

According to the rule, the curve 
associated with the function is 
replaced between the points P,(x,, y,) 
and P,(Xs, y2) by the straight line 
segment joining these points. Instead 
of the point of intersection of the 
function with the x-axis, the point 
of intersection x, of the straight line 
with the x-axis is taken as approxi- 
mate value (see Fig. 146). 

The equation of the chord through 
the points P,(x,, y,) and P,(X9, ye) is 


-- Xo x 
y= De τ a | ΒΞ 1} a1 
Χο τ X4 Χο τ χὶ 
The point of intersection with the x-axis (y = 0) therefore has 
the abscissa 
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Xo a= X 
4-3 
— XYa Xe _ }2 τ SJ 
} J1 Xo rae Ξ 
27 J1 
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The representation of x, is used for which the number subtracted 
(the correction) is smaller. 


Example: (Calculation of the y-value can be carried out 
according to the Horner array method.) To solve the equation 
x38 — 2x +5 =0. We put y = χ — 2x - 5, and note that for 
x, = —2, y = 1; for x, = —2:1, y, = —0-061. A solution of the 


equation must therefore lie between x, = —2 and x, = —2:1. 
Using the formula 
Xq 7% 
X3 =X ’ 
8 ee γς -- γ, 
we have 
—2:1+4+2 
x3 >= —2—1: a = —2:094, 


to which the corresponding value of γε is 00061. The solution 
must therefore lie between x, = —2-094 and x, = 2:1. We put 
again 
—2:094 + 2:1 
X, = —2:094 — 00061 - Tou = —2-0945, 

from which y, = +0-0006. 

The solution therefore lies between x, = --2ὦ 1 and x, = 
—2:0945. We put 

—2:0945 + 2:094 


X5 = —2:0945 — 0:0006 - —0-0006 — 00061 = —2-09455, 


from which γε = +0-00002. We put 


—2:09455 + 2:0945 
ΧΕ = —2:09455 — 0-00002 —0-00002 4+ 0-0006 = —2:094552. 
χε and x, do not differ in the fifth decimal place, and so to five 
places the solution is xy = —2:09455. 


Extension of the rule of false position 

The method of the rule of false position can be improved so 
that with the same number of steps a better approximation is 
obtained. Instead of as above setting up a straight line segment 
with two points P,(x,, yy) and P,(x2, ye) we now use three points. 
The third point P;(xg, yg), is so chosen that x3 — x2 = X2, — %1 
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= h (where it is assumed that x, < x, < x3). Corresponding to 
X3 we must of course calculate y, = f(x3) (as above). With a new 
variable ¢ we then form the function x(1) = x, + ht. This 
function takes 


fort=0O the value x = x, 
fort=1 the value x = x, +h = χα + (%3 — Χρ) = χα, and 
for 1 = —1 the value x = x, + A(—1) = x2 — @ — x) = %}. 


We further form the function 


1 1 
y(t) = Yo Ἔ 505 — Ye + Ye — Yot + 5 Ds — Ye — G2 — "ΠΡ, 


The functions x(t) and y(¢) represent a parabola which passes 
through the three points P,(x,, y), Po(X2, Ve) and P3(x3, yg). The 
zero of the quadratic equation y(t) = 0 which belongs to the 
above parabola yields an approximation x(2) to the zero of the 
function y = f(x). 


Example: To solve the equation x8 — 2x + 5 = 0. We choose 
the values x, = —2, x, = —2:05 and x, = ~—2:1 giving 


x(t) = χο + ht = —2-05 ~— 0-052. 
For x, = —2 we have γι = x} ~ 2x, + 5, ie. γι = +1, 
X_ = —2:05 we have y, = +0-4849, 
X3 == —2:1 we have y, = —0-061. 
The following lay-out is convenient to use: 
_ 1 peru = 05151; 
1 75 — γε -- Va — »ὺ = - 0308, 
) ΞΞ 0:4849 
= —(-061 ps — Yo = 05459; 
J3 Vs — Yo + O2 -- YO = —1]-0610. 
Therefore 
y(t) = 04849 + 5 (—1-0610)¢ + 5 (—0-0308)2, 
that is, | 
y(t) = 0-4849 — 0-5305¢ — 0-015472. 
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We now require those values of ¢ for which y(t) = 0. It is sufficient 
to determine an approximate value, e.g. the value of t for which 
0-4849 = 0-5305t. This equation gives t = 09140. With this 
value of ¢ we get: 


x = —2:05 — 0-054 = —2:0957, 
the required approximation. Corresponding to this we have 
y = —0-01542 = —0-013. 


Feuerbach’s Circle (1800-1834, Erlangen) 

The circle of Feuerbach (the nine-point circle of a triangle) is 
determined by the three mid-points of the sides of a triangle. In 
addition, it passes through the feet of the three altitudes, and 
through the three points midway between the orthocentre (the 
intersection of altitudes) and the vertices. The Feuerbach circle 
touches the three escribed circles and the incircle of the triangle. 
The radius of the Feuerbach circle is equal to half the radius of 
the circumscribed circle, its centre lies on Euler’s line and forms, 
together with the centre of the circumscribed circle, the ortho- 
centre and the centroid, a harmonic range of points. 


Folium of Descartes 
The folium of Descartes belongs to the class of algebraic 

curves. It can be represented by the equation 

x3 + γῆ = 3axy. 
In polar coordinates the equation of this curve is 

_ 3asin Φ cos¢ 

r= sin? 6 + cos* 

(see Fig. 147). 


Formula 

A formula is a frequently-used calculating rule expressed 
succinctly by means of literal numbers and mathematical signs, 
e.g. : 
(a + b)® = a? + 2ab + δ, 
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Frequency curve (Fig. 148) 

This is a graphical presentation of the distribution of accidental 
errors about an estimate (usually the arithmetic mean, see above) 
of the unknown true value. The number of measurements within 
a range (a, - Aa) is taken as ordinate, and the range of measure- 
ments itself as abscissa. Clearly this sort of presentation is only 
meaningful if a large number of measurements (at least 100) is 
being dealt with. 

Gauss discussed the frequently-occurring and so-called normal 
distribution for accidental errors, and developed an analytical 
expression for this bell-shaped curve. If the intervals taken for 
ranges of measurements is made smaller and smaller (which is 
possible only when there is an infinite number of observations) 
we finally obtain a continuous function F(x) whose integral 


[ “ἘΟ) die 


represents the number of outcomes for which the observed value 
lies between and m. 
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FREQUENCY, RELATIVE 


If the ordinates are divided by a value chosen so that the area 
beneath the frequency curve = 1 we speak of the normalised 
curve. The normalised curves of different sequences of measure- 
ments can be compared. This allows us to discuss questions such 
as the equality of distribution of either side of the mean value, 


Number of observations 


Value of observed quantities an 
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and thereby to decide whether, and in what measure, the error 
calculus is applicable, i.e. whether the distribution which occurs 
actually is a chance distribution. Gauss’s distribution is repre- 
sented by 


J= ᾿ ΩΝ 


7 . 
where ἡ is a parameter which gives the form (peaked or flat) of 
the curve. 

The proportion of errors, according to a Gaussian distribution, 
which lie between —v, and +7, is 


2h 4 ΝΜ d 
τε 6 v. 
Other expressions, given other assumptions, have been given 
for frequency curves, notably by Poisson. 


Frequency, relative 
If an experiment is performed N times and a particular outcome 


occurs g times the quotient is called the relative frequency of 
this outcome. 
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FUNCTION 


If a sufficient number of trials is made, the relative frequency 
of an outcome approaches the probability of occurrence of the 
event. 


Examples: 1. If a die is thrown N times and a six occurs g 


times, the relative frequency of occurrence of 6 is ξ. 
2. If in an experiment which is repeated N times, one of several 
outcomes can occur at each repetition, then a relative frequency 
can be determined for each possible outcome. The sum of the 
relative frequencies must then equal 1. 
Of 30 children 5 have fair hair, 5 red, 10 brown and 10 black. 


The relative frequencies are then: 


: brown-haired: τ . and 


ΤΣ ὡς ete ἢ 5 ; 
fair-haired: 30° red-haired: 30° 30° 


; 10 
black-haired: 30° 


Function 


Numerical dependence of a quantity on one or more other 
variable quantities. The area of a square is, e.g., a function of the 
length of side, the frequency of a piano string a function of its 
length, cross-section and tension, the weight of a litre of dry air 
a function of pressure and of temperature. In the strict mathe- 
matical interpretation y is called a function of x if, corresponding 
to each permissible value of x, a value of y can be calculated or 
observed. We write: y = f(x) and say: y is equal to f of x (or 
simply fx); other letters and symbols can be used in place of f 
(6.5. F, 4, 1... 77, etc.). x is called the argument; it is the independent 
variable. y is the dependent variable, since its value depends on x. 
If x can take all values in an interval, e.g. every value between 
—1and +1, x is said to vary continuously. Further the function 
y = f(x) is said to be continuous at a point xy in the given 
interval if as x» x, y tends to a finite value which is equal to 
Ἀχῷ. It is often helpful to represent a continuous function of a 
single independent variable by the coordinates of a curve (graphi- 
cal representation, graph of a function); for at each point P of 
the curve (Fig. 149) a value x on the horizontal axis is related to — 
a definite value y on the perpendicular axis. 
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An equation involving x and y can give y as an ‘implicit’ 
function of x: e.g. 4χ3 + 9y? = 36. Solution of this particular 
equation gives two ‘explicit’ functions | 


i.e. in this example y is many-valued. If y is a function of x, x is 
usually also a function of y, called the inverse function. If we 

have an equation linking three variables 
y=f(x) X, y and z then z (say) is determined as 
p, ἃ function of x and y: z = f(x, y). Such 
a function is represented graphically by a 
surface. 

Graphical representation becomes im- 
possible when we allow x to take complex 
values. The theory of functions, which 
was founded by Riemann, Cauchy and 
Weierstrass, deals with the general 
properties of functions. 

A function f(x) can also be determined by a series, a differential 
or integral equation, or by functional equations. Some common 
functions have special labels: examples are the exponential 
function οἷ, the trigonometrical functions sin x, cos x, tan x, cot x, 
the hyperbolic functions sinh x, cosh x, tanh x, coth x, and the 
inverse trigonometric functions sin-, etc. (= arc sin x; i.e. the 
angle, in radian measure, whose sine has the value x). The inverse 
of the function y = a? yields the function x = log, y (logarithm). 
The gamma-function, I(x), first discussed by Euler, is an exten- 
sion of the factorial function x!, for factorials are defined only 
for positive integral x (y= x!=1.2.3.. .x) (see p. 219). 

For much-used functions there are available function-tables 
in which function-values y are calculated for sufficient numbers 
of values of x for practical purposes: Tables of Logarithms, 
Tables of Exponential Functions, etc. (see Mathematical Tables: 
Table 4). 


- ὦ ἂν αὧὦ oa ὦ» ww 
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Fundamental constructions 


The following geometrical constructions are in frequent use 
and are referred to as fundamental constructions (see Construc- 
tion, geometrical). 
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. Measuring off a segment. 

. Construction of an angle on a line. 

. Bisection of a segment. 

. Erection of a perpendicular on a straight line. 

. Dropping of a perpendicular from a point onto a straight 
line. 

. Construction of a parallel to a straight line, through a 
given point. 

. Construction of a parallel to a straight line at distance a. 

. Bisection of an angle. 


A Bh WN καὶ 


on~r] ON 


1. Measuring off a segment. If a given segment a is to be 
measured off from a point P on a straight line / we describe a 
circle about P with radius a. The circle intersects / in two points 


A and B, giving PA or PB as the required segment. In other 
words, we can measure off a segment from P on two different 
sides, and so the side required must be specified. 

2. Construction of an angle on a line (Fig. 150). If the angle « 
has vertex S and arms h and k we describe about S a circle with 
arbitrary radius r. This circle cuts the arms of « in the points H 
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and K. Suppose now the angle « is to be constructed at the point 
A on the straight line u. About the point A describe a circle of 
radius r, and about the point U describe another circle with 
radius HK. This intersects the former circle in two points V and 
Vv’. Either the line AV or the line AV’ is the required second arm 
of the angle; as in the marking off of a segment, the side of the 
line on which the angle is to lie must be specified. 

3. Bisection of a segment. We describe about the end-points A 
and B two circles of equal size whose points of intersection C 
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and D we join. The join bisects the segment in M and is perpen- 
dicular to it, and so is called the perpendicular bisector of AB 
(Fig. 151). 

4. Erection ofa perpendicular on the point P. We describe about 
P a circle which intersects / in A and B, and about these points 
we describe two circles of equal size whose intersections are C 


and D, say. The line CD is the required perpendicular (Fig. 152). 
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5. Dropping of a perpendicular from P onto a straight line 1. 
We describe about P a circle which is chosen so as to intersect / 
in A and B, and about these points we describe two circles of 
equal size whose intersections C and D we join. The join passes 
through P and is the perpendicular from P onto the straight line 
(Fig. 153). 

6. To draw through P a parallel to a straight line I. Draw 
through P a straight line ἢ which intersects / in A, and construct 
at P on ἢ the angle « which / makes with /,; the free arm m of 
this angle is the required parallel (Fig. 154). 

7. To draw a parallel to a straight line at distance a. Erect at 
any point A of the straight line / the perpendicular h, mark off 
on this the segment of length a and through the end pom? B 
draw the perpendicular ἢ to h (Fig. 155). 
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Fic. 153 Fic. 154 


8. Bisection of an angle. Describe a circle of arbitrary radius r 
about the vertex S, intersecting the arms in A and B, and then 
describe about A and B two equal circles intersecting in C; the 
line joining C to S bisects the angle (Fig. 156). 


Fundamental theorem of algebra 


The fundamental theorem of algebra is as follows: Every 
algebraic equation of the nth degree 


Ax" + ax nt +... +4, 4X +a, Ξ 0 


whose coefficients are real numbers possesses at least one (real 
or complex) root. An algebraic equation of the mth degree with 
one unknown, and real coefficients, possesses exactly n roots, 
provided every solution (real and complex) i is counted according 
to its ee ae 
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GALTON’S BOARD 


Galton’s board (1822-1911) 


Nails are driven into a board in several rows, as shown in 
Fig. 157. Balls are now allowed to fall through the rows of nails 
by way of a funnel. If a ball strikes a nail it can continue on, 
either to the right or to the left. All the balls which fall through 
are collected in compartments at 
the lower end of the apparatus. 
The probability that a ball arrives 
below in compartment x is then: 


τ) 


As there aren rows of nails, (n + 1) 
compartments are required. Given 
five rows of nails we would expect 
to find the following proportions 
of balls in the six compartments, 
reading from left to right: 

1 35 1010 5 1 


32’ 32° 3232 32’ 32 
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Geometric mean 
The geometric mean of two numbers, a, b is x = Vab. 


Example: The geometric mean of the numbers 4 and 9 is: 
x= V4.9 = V36= +6 


(see also Geometric sequence). 


Geometric sequence 

A sequence of numbers @,, a, a3, . . . is called a geometric 
sequence if division of a term by its immediate predecessor 
always results in the same quotient. If the first term of the sequence 
is a, and the common quotient is 4 we have as the general 
geometric sequence: 


A, = A, Ay = AQ, a, = ag", ας = ag?,. . a, = ag", 
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Thus a geometric sequence is uniquely determined by its initial 
term and the quotient g. In a geometric sequence every term 15 
the geometric mean of its neighbouring terms: 


Oy = να, 1. ἄγε 
The following cases of geometric sequences can be distinguished: 
l.g>1 
The sequence increases, e.g. 1, 2, 4, 8, 16,.... 
2.qg=1 
All terms of the sequence are equal, e.g. 2,2, 2,.... 


3.0<q<l 
The sequence is decreasing, e.g. a, = 2, q = }: 2, 1, 4, 4, 4, 


9 59° «© @ 


4.0» 4» --ἰ 
The terms of the sequence are alternately positive and 
1 
negative, e.g.a@=1,q= - τ’ 1, τ τὸ i00’ "τοῦδ᾽" ᾿ 


5. -“ΙΙ»4 


The terms of the sequence have alternately positive and 
negative signs and their absolute values increase, e.g. 


a=1,q= —2: 
1, —2, +4, —8, -+-16, eeee 


Sequences with g > 1 and with —1 > q are divergent sequences 
(see below). Sequences with g = —1 are oscillatory. Sequences 
with ~1 <q< +1 are convergent. 


Geometric series 


The sum of an (unevaluated) geometric sequence is called a 
geometric series: 


S,=atagtag+...tagri+.... 
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Sum of a finite geometric series. The sum of a geometric series 
with a finite number of terms can be evaluated. It is 


| 1 — gq” 
σι τ α Ὁ ag + ag + ap tap +... bag t= aS ΤῸ. 
Example: a= 3,q =2,n = 10. | 
Sp =34+64124244+...43.29=3. 
= 3. 1023 = 3,069. 


Infinite geometric series. An infinite geometric series is one 
formed from an infinite geometric sequence. | 


(1 — 1024) 
1—2 


The sum of an infinite geometric series 
The sum | 
5, =ataqtagt+agt...+aqr | 
is a partial sum of an infinite geometric sequence. The partial 
sums for n = 1, 2, 3, 4,. . . can be determined, and so we have 
a sequence of partial sums. This sequence has the terms 


_ «(1 --4) 
᾿ πῶ 

᾿- εὐ ΞΕ 6) 
δὲ ΞΞΩ -᾿ αἢ Ξξ ΓΞ 
S3=a+aq+age= κι Ξ- 4) 

| 
: ie 
mat aq αὐ + ag = =D, 
| — n 

,=atagtagtagt+...+agr* εἰ Ξ 


@envnaovneeveseeeoneeneae eee eee 


If we consider the general term of the sequence of partial sums 


_al—q)_  @ α' 


ποτ ΤΙ 1-ᾷ 
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we find as its limit the value s = ——, provided |g] <1. 


1—q 
δ: Ὁ = 7 is defined to be the sum of the infinite geometric series. 
1 
Example: a= 2,9 = ri 
tee Tt 2 8 
Sao ὦ τῶ ea 


Geometric series 


The unevaluated sums of the terms of a geometric sequence (see 
above) is referred to as a geometric series. 


Geometrical elements 


The fundamental element of linear geometry is the point. 

The fundamental elements of plane geometry are the point and 
the straight line. | | 

The fundamental elements of solid geometry are the point, the 
straight line and the plane. 

These geometrical elements are regarded as directly given. 
Their properties are determined by the axioms of the geometry. 


Golden section 


A segment is said to be divided in golden section if the larger 
segment is the mean proportional between the complete segment 
and the smaller segment. This is equivalent to saying that the ratio 
of the complete segment to the larger segment is equal to the 
ratio of the larger segment to the smaller. 

_ Construction: Draw a circle, with centre O, whose radius is 
half the length of the complete segment a = AB which is to be 
divided in golden section (Fig. 158). Let AC be a diameter of the 
circle. Draw the tangent to the circle at A and mark off on it 
from A a segment of length a, with end-point B. Draw the secant 
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of the circle from B through O, cutting the circle in points D 
and Ε. BD is the larger of the two segments required. This follows 
from the Tangent theorem (see below) which tells us that 


BD. BE = 485 
that is, | 
a? = x(a + x), or aa — x) = x’, 
that is, 
: a:x=x:(a— xX). 


Fic. 158 


The actual ratios of the section can be calculated from the 
relation a:x = x:(a — x), ie. 


x =5(V5— 1), a—x=5(3— V5). 


If the original segment is of length 1 the lengths of the two 
sections are 0-618 and 0-382 approximately. 

The ratio of the two sections is irrational, since V5 is, of 
course, irrational. This ratio can be approximated to by rational 
numbers. For example, we can take as approximations: 


5.8 13 21 
8’ 13° 21 34" 
Properties of the golden section: If the smaller segment is 
marked off on the corresponding larger segment then the larger 


segment is itself divided in golden section. 
If the original segment is extended by the length of its larger 


236 


GRAPHICAL SOLUTION OF EQUATIONS 


sub-segment then the original segment divides the extended 
segment in golden section. With the help of these two theorems, 
given a single golden section an arbitrary number of further 
golden sections can be constructed. 


Gradient of a straight line 

The gradient of a straight line is tan «, where « is the angle 
which the straight line makes in a rectangular coordinate system 
with the positive x-axis (see Fig. 159). 
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Graphical solution of equations 


If an equation is to be solved graphically it must be put in the 
form f(x) =0. The conditional equation f(x) =0 yields the 
functional equation y = f(x). This equation can be represented 
in a coordinate system (see above) by a curve (see Function). The 
points of intersection of this curve with the x-axis give the 
required solutions. 

Equations of the first degree.The functional equations associated 
with equations of the first degree yield straight lines. 


Example: 3x --- 4 = 0. 


The associated functional equation is: y = 3x — 4 (Fig. 160). 
Equations of the second degree. Here the type of curve we get 

is a parabola. 
x2 


Example: 7 — 5 = 0. The functional equation is: y= 7 — 3" 


The solutions are: x, = 3°8 and x, = —3°8 (Fig. 161). 
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Algebraic equations of higher degree, transcendental equations. 
Equations of the first and second degree are easily solved directly; 
the application of the graphical method of solution is tedious 
and inexact. Equations of the third and fourth degree with one 
unknown can also be solved formally, but the calculations 
required may be extensive. Algebraic equations of higher degree, 
and transcendental equations, in general cannot be formally 
solved, but their graphical representation provides the possibility 
of discovering approximate solutions which can then be used, 
following various known methods, to give solutions as accurately 
as desired (see False position, rule of). 

With transcendental equations a knowledge of the relations 
between functions can facilitate graphical representation. 

Equations of third and higher degrees. For ease of graphical 
representation it is often convenient to split a function into two 
functions and obtain the required solutions from their inter- 
sections, 6.9. 


1 1 
— 2 — ss >= 7 2 ay = a a 
f(x) = x? + 2=0, ie. x? —2 


1 
may be handled by means of y = x* —2 and y= -- = (Fig. 


162), i.e. two functions whose difference is f(x). The abscissae of 
238 


GRAPHICAL SOLUTION OF EQUATIONS 


their points of intersection are solutions of the equation f(x) = 
We conclude that the equation of the third degree 


xw—2x+1=0 
has three roots whose approximate values are: —1-6, +0-6, and 
+1-0. 
Graphical solution of equations with first degree with two unknowns 
Example: x ++2y=4 2x—y=1 (Fig. 163) 


Ist equation: y = 2 — Σ, 2nd equation: y = 2x — I 


xe + tt 
yout te. 
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Each equation can be represented by a straight line. These lines 
intersect in a point, whose coordinates are the only values which 
satisfy both equations. They represent, therefore, the solution of 
the equations: 


1 2 
x= tls y= +15 
Graphical solution is particularly useful and instructive in the 
case of so-called equations of motion. 


Example: A passenger train leaves a station at 7.38 at a speed 
of 40 m.p.h.; at 7.55 an express follows at 85 m.p.h. When will 
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this overtake the passenger train? According to the graphical 
representation derived from the following table this happens 
(after 21-2 miles) at 8.10 (Fig. 164). 


Passenger train Express 

7.38 0 miles 7.55 0 miles 
7.53 10 miles 8.10 21-25 miles 
8.08 20 miles 8.25 42-50 miles 


Suppose, for example, after 19 miles the slow train must wait 
on a siding at a station to let the express go by and can only 
proceed when the express has passed through the station. A visual 


miles 
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representation of this is easily adapted from the graph (Fig. 164). 

If two non-linear equations of condition occur for two un- 
knowns, we can easily see from a graphical representation how 
many solutions there are and whereabouts they lie. 


Example (Fig. 165): The pair of equations 
2 
γε} --3 and γ-- νὉ - α) -- χ) 
has three solutions: 
X, = 2/2 Xo = —2/2 xX, = 0 
λιξ -τᾷ|ὶ] )ε5Ξ -)Ἴῇ 75 = —3. 


The detailed treatment of this type of question is a matter for 
Analytical geometry (see above). 
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Half angle theorems 

The half angle theorems are theorems of plane trigonometry. 
If a, b and ¢ are the sides, «, β, y the angles, p the radius of the 
inscribed circle of a triangle and s half the length of the perimeter 


(s = “Ὁ 59), then 
ΡΨ (s — als -- - OMS 550). 

oO (s — δ) 5 — c) 
188 2~ ace s(s — a) 

B p (s — es — a) 
8: 2 5ς-ὖὦοὃὖ s(s — δ) 

γ 6 — a(s -- δ) 
188 τ). Ὁ 2. = ΕΞ 53 δ(5 — Ο) 


Harmonic division 


A segment is said to be harmonically divided in a given ratio 
m:n if it is divided both internally and externally in the same 
ratio m:n (see Straight line segments, ratios of). 


Harmonic mean 


The expression is called the harmonic mean of the 


2ab 
a+b 
numbers a and ὃ. 


Example: The harmonic mean of the numbers 4 and 6 is: 


(see also Harmonic series). 


Harmonic series 


The harmonic series 1 + ; + ; + ; + - +... is divergent. 
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The following series are also called harmonic: 
co 


1 | acre (eee ςς Ἢ 
fmt ltt et Et Rte. 
These series converge for all exponents « which are greater 
than 1 (in symbols, « > 1). 


1 1 
In the harmonic series 1 + : Ἕ 3 + 4 + : +... each term 


is the Harmonic mean (see above) of its 2 neighbouring terms. 


. 3211 1 1 1 Ι. 1 1. | 


1 1 1 | Ne ae ae | 
>1454 (74g) +(g+gtgtq)t 
1 1 
+ ay 25 
1 1 1 ae | 
silts taztgt.. Ἐπ 


=1+ a —> 0c as N-> οὐ, the series diverges. 


Heron’s formula (Heron of Alexandria, first century A.D.) 


b 
If we denote by s = “τ Ἐς the semi-perimeter of a tri- 


angle, then the area of a triangle with sides a, b and ¢ is 


A = Vs(s — a)(s — δ) — c). 


Highest common factor (greatest common divisor) 


The highest common factor of two integers is the largest 
integer which is a factor of both numbers. E.g. the highest 
common factor of 20 and 25 is 5. The evaluation of the highest 
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common factor of two numbers can be effected by splitting each 
number into its prime factors, or if these are not known by using 
the Euclidean algorithm (see above). 


Example: To determine the highest common factor of 84 and 
5. 


Division into prime factors gives: 
84 = 23.3.7, 
105 = 3.5.7; 


[δ highest common factor is therefore 3.7 = 21. 


Hippocrates (Hippocrates of Chios, 440 B.c.; one of the ‘Pytha- 
goreans’) 

The ‘lunes (crescents) of Hippocrates’ are named after 
Hippocrates. The sum of the lunes on the legs of a right-angled 
triangle is equal to the area of the triangle (Fig. 166; see also 
Pythagoras, Theorem of). , 

For a square we have similarly: the sum of the lunes on the 
side of a square is equal to the area of the square (Fig. 167). 


Fic. 166 Fic. 167 


Horizontal 

A plane or line is said to be horizontal if it is at right angles 
to the perpendicular (plumb line). In practical situations a 
spirit level can be used to determine whether a plane 15 horizontal 
or not. The opposite of horizontal is vertical or perpendicular. 
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Horner’s array 


Horner’s array may be used for calculating the values of 
rational integral functions. By continued bracketing of x, the 
rational integral function 


yrHax*taxt'+...+4, 
can be written 
Y= An + χία,,.α + X(GQn_g +X. . . + x(Q, + xa,)). . 9). 
We write 
Ay = OX + ay, Ag = χίαρχ + αὐ + ag = χ. 41 + Od, 
Az = xX. A, + Qs, and so on. 
With these quantities we then form the following array: 
GM ὦ ὦ ὦ GQ Gg «6 +Qny Gy 
+ AyX Αιχ AgX Asx Agr.» » An gX An aX 
@ A, A, Ag Ay Ay ..- Any yp 
In place of x we can set any number we like, and then use the 
array to calculate in turn Aj, Ao, . . .» A,_3, and finally y. 
Example: y = 0-9x4 + 0-7x2 — x + 1:2. The coefficients apo, 
. +o, Qy are 


09 0 0-7 —1 12 and for x = 2 we calculate 
the rest of the array: 
18 36 86 15:2 
09 18 43 7:6 16-4. This gives the result, 
y = 16-4. 


Hyperbola 

The hyperbola is defined as the locus of points for which the 
difference of their distances from two fixed points, the foci, is 
constant, = 2a say. 

If the foci are F, and F,, then the mid-point of the segment 
FF, is called the centre, O, of the hyperbola. If segments of 
length a are drawn on either side of O on the straight line through 
F, and Fy we obtain the vertices A, and A, of the hyperbola. 
A,A, is the transverse axis of the hyperbola. If we erect the 


244 


HYPERBOLA 


perpendicular to the segment F,F, at O and describe about each 
vertex a circle of radius OF, = e we obtain as intersections of 
these circles with the perpendicular to F,F, the secondary vertices 
B, and B, of the hyperbola. B,B, is called the conjugate axis of 


the hyperbola and the length of B,B, is denoted by 26. By the 
theorem of Pythagoras, e? = a? + b? (Fig. 168). e is called the 
linear eccentricity of the hyperbola. The hyperbola is not a closed 
curve but comprises two branches; it lies symmetrically about 


Fic. 168 


both its transverse and its conjugate axes. The point by point 
construction of the hyperbola derives from the definition given 
above (see Fig. 168 and Conic sections). 


Particular equations of the hyperbola 


1. Central equation. If a coordinate system is used whose 
x-axis coincides with the transverse axis of the hyperbola and 
whose y-axis coincides with the conjugate axis (and whose origin 
is in consequence the centre of the hyperbola), the equation of 
the curve is: 

2 ya 
a ἢ, 


a 8 


2. Equation of the hyperbola with arbitrary centre. If the centre 
of the hyperbola has coordinates O(%p, yo) and its transverse axis 
is parallel to the x-axis, its equation is: 

(x -- x)? | Y= Yo)” 
a” ead ee ae 


245 


HYPERBOLA 


3. Vertex equation of the hyperbola. If one vertex of the hyper- 
bola lies at the origin of the coordinate system, and if the centre 
lies on the x-axis, then the hyperbola has the equation: 
| α τῶ ¥ 


a Rol 


This equation can be rewritten as 


δὲ b? 
pou ita x* (vertex equation). 


ῥ᾽ 
If we put ᾿Ξ Ξ = δ, p being termed the parameter and ε the 


numerical eccentricity (eccentricity) of the hyperbola, the vertex 
equation reads: 
)}5ΞΞ 2ρχ --  --- εχ ee > 1. 
(Cf. the general vertex equation of the conic section in art. 
Curves of the second order.) | 
p and 8 are always positive, and since we are dealing with an 
hyperbola ¢ is greater than unity. 


Rectangular hyperbola 


If the axes of the hyperbola are equal in length, the hyperbola 
is called rectangular. Its standard equation is x2 — γῆ = a’. 


The focal lengths of a point P(x,,y,) of the hyperbola 
2 


2 
᾿Ξ δῶ Ξ = 1 are (Fig. 168): 


pean e —— 6 
PF, = 7% Ἔ a= 6x +4; PR, = 7X τ- a = εχ; -- a. 


Hyperbola and straight line 


I. Discriminant of the hyperbola. The coordinates of the points 
of intersection of a straight line y = mx + n with the hyperbola 
τ - z = 1 are obtained as solutions of the system of equations 
α ὃ | 

I y=mx+n 
x22 
Il. ta Ga 1. 
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The solutions are 


2 
“2-2 gpt po βρῶ τ δ' — am 


b2 b 
pve 4 Ot aoe 


By means of the discriminant D = n? + b? — a’m? we can now 
decide whether the line y = mx + n intersects the hyperbola in 
two, one or no points. 

We have: 

for D>0_ two points of intersection; 
for D=0 one point of intersection (tangent); 
for D <0 no intersections. 

2. Tangents to the hyperbola with given gradients. A straight 
line y = mx + n, with given gradient m, is tangent to the hyper- 
bola if the discriminant D is equal to 0, that is, if n? = a’m® — δὲ 
orn = +Va%m? — 5. A tangent to the hyperbola which has the 
given gradient m must therefore have equation 


γ τι μιν + VOn— ἐδ. 


3. Tangents to the hyperbola at a given point P,(x,, γι). The 
gradient of the tangent at the point P, is given by differentiation 


b*x : 
as a From this gradient together with the coordinates of P, 


we obtain the equation of the tangent as 


Where the centre of the hyperbola is not at the origin but at the 
point (Xp, yo) the equation of the tangent reads: 


(x — Xo)(%1 — Xo) = ν — YoO1 — Yo) _ 1 
a’ b? ee 


4. Polar line of a point P(x, γι) with respect to a hyperbola. 
The polar line of P, with respect to a hyperbola is the straight 
line which passes through both points of contact of the tangents 
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from P, to the ellipse. The equation of the polar has the same 
form as the tangent equation (see above 3), that is: 


χχὶ XYy 
@ eo! 
or more generally 
(X — Xo)(%1 — Xp) _ (y — Yo1 — Yo) ai 
a* b? ere 
5. Conjugate diameters of the hyperbola. A straight line which 
passes through the centre of a hyperbola is called a diameter of 


the hyperbola. The mid-points of all chords of the hyperbola 
with given slope m lie on a straight line which passes through the 


y 


Cy ς 
F, A, ὸ Α Ρ, x 
Fic. 169 


centre of the hyperbola and which is called the conjugate diameter 
with respect to the original diameter. The equation of the 
diameter conjugate to the diameter y = mx has equation 


be 
y= on™ 
6. Asymptotes of the hyperbola. The ordinate of a point of a 
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hyperbola is given by the equation of the hyperbola as 


b b a 
yet-V¥—a or y= tox fl— 


b a ὃ eae 
Now ax | — ae tends to zero as x tends to infinity, 


a 
b 
and so the hyperbola and the lines y = + τ approach indefi- 


nitely close together as x increases. Such a straight line, which 
approaches a curve indefinitely closely but never meets it, is 
called an asymptote. The equations of the asymptotes of the 


b 
hyperbola are therefore y = + 5° (Fig. 169). 


2 12 
Construction of the asymptotes of the hyperbola “4 - ΙΑ = 1, 


Draw the perpendiculars to the transverse axis at the vertices of 
the hyperbola and mark off segments of length 5 on each and 
in the same direction. Join the end points C, and C, of the two 
segments to the centre of the hyperbola. The line through O and 


C, (as drawn) is the asymptote y = δ. and that through O and 


C, is the asymptote y = — χ (Fig. 169). The asymptotes of ἃ 


rectangular hyperbola are perpendicular to one another. 

Construction of the tangent 
to a hyperbola at the point 
P. We draw the focal lines 
from P and bisect the angle 
between them. The angle 
bisector is the required 
tangent. 

Construction of the tan- 
gents froma point P, to a hy- 
perbola (Fig. 170). Describe 
about ῥὺ a circle with radius 
βοΐ. and about the other 
focus F, a circle with radius 
2a. Let these circles intersect Fic. 170 
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in the points G, and G,. Then drop the perpendiculars from Py 


onto F,G, and F,G,. These are the required tangents ἡ, and 1. 
The points of contact P, and P, of these tangents are obtained 
by joining F, to Οἱ and G, and extending these lines to meet ἢ 
and f,. 


General theorems on the hyperbola 


1. Given a line segment perpendicular to the transverse axis 
of a hyperbola and with its end points on the two asymptotes; 
then if one point of intersection with the hyperbola divides the 
segment into two segments / and m, then Im = δ3. 

2. The product of the two line segments drawn parallel to the 
asymptotes from a point D of an hyperbola to the asymptotes is 
a constant. | 

3. The two segments CD and EF lying between the curve and 
the asymptotes on a secant of a hyperbola, are equal. 

4. The segment PA lying between the asymptotes on a tangent 
to a hyperbola is divided into equal parts by the point of contact 
of the tangent. 

5. All triangles formed by a tangent and the asymptotes have 
the same area, namely ab, where a and b are the axes of the 
hyperbola. 

6. The feet of perpendiculars from the foci on to tangents lie 
on the circle with the transverse axis of the hyperbola as diameter. 

7. The mirror images of a focus with respect to a tangent lie 
on the circle with the other focus as centre and radius 2a. 


Hypotenuse 


The side opposite the right angle in a right-angled triangle is 
called the hypotenuse of the triangle. The Jegs of the triangle are 
the sides adjacent to the right angle. 


iis the (so-called) imaginary unit. 
i= +V—1 (see Complex numbers). We have 


i? = —] ib =i i8 = +] 
P= -ὶ ἰδ = —] etc. 
it#= +1 17 τῷ —i 


In electrical engineering V —1 is sometimes denoted by 7. 
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Icosahedron 


The regular icosahedron is one of the so-called platonic solids. 
It is bounded by twenty equilateral triangles (see Platonic solids). 


Identical transformation 

If, for a transformation in a plane or in space, all points 
coincide with their image points, the transformation 15 said to be 
identical. 


Identically named numbers 
For general numbers, as in 


2a + 3a + 4b = 5a + 4b 


2a and 3a are referred to as identically named and can be added 
together—here as 5a (see Addition); 5a and 46 are not identically 
named and cannot be added together. 


Imaginary numbers 

The (so-called) imaginary numbers are among the complex 
numbers (see above): complex numbers whose real parts are zero 
are called imaginary, e.g. i, 2], —3i. 

_The imaginary numbers are multiples of the imaginary unit 
i= V—1. In the representation of complex numbers on the 
Gaussian number plane (Argand diagram), the imaginary numbers 
lie on the y-axis (see Complex numbers, Number-plane). 


Indicatrix (Dupin’s conic section) 

A method, due to Charles Dupin, for recognising the nature 
of the curvature of a surface at a particular point. We imagine 
a plane E drawn a very small distance from and parallel to the 
tangent plane E at the point P, and cutting the surface. The curve 
in which E’ cuts the surface is the indicatrix. 


Indirect proof | 
If a proposition is proved true by demonstrating that its 
negation is false, the proof is said to be indirect. 
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Example of an indirect proof: To prove that V2 is an irrational 
number: We assume that the negation of the proposition is true, 
and show that this leads to a contradiction. We therefore suppose 


V/2 to be a rational number, /2 = P (say), where p and g may 
q y P q 


be taken to be integers with no common factors. We now take 
2 


the square of both sides of this equation and obtain 2 = Ε. 


Multiplying both sides by 43, we obtain 2g? = p®. From this we 
infer that p*, and therefore p as well, must be even, say p = 2r. 
Substituting in the equation we have: 245 = 4r?, so that qg also 


must be an even number. That is, from the assumption that V2 


is rational and so of the form © where p and g have no common 


factors we can deduce that p and g are both even, and have the 
common factor 2. In other words we have a contradiction, and 


so the original assumption that V2 is rational must be false. 
Consequently V2 is irrational. 


Inequality 

If mathematical expressions are connected by one of the 
ordering-symbols <, >, < or =, the resulting proposition is 
referred to as an inequality; e.g. 


3 « S5denotes 3 less than 5, 
3x << 6denotes 3x less than or equal to 6. 


In calculating with inequalities (as for example in approximation 
problems) we have the following simple rules, 


1 Ja+5[<|a]+|2]; |α -- δ᾽ τε [αἱ + [6]. 
2. a+b Ὁ [αἱ -- [8]};: |α -- ὁ > [α] — [δ]. 
3. a> bimpliesa+c>6-+c for allc. 
4. a> ὃ implies pa> pb if p> 0. 
5. a> δ implies 5 <5 if ab > 0. 
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When expressing these symbols in words, 


for a<b read: a_less than J, 

for c>>d read: ὁ greater than ὦ, 

for e</f read: e less than or equal to f, 

for g=h read: g equals ἢ, 

for k >™m read: k greater than or equal to m. 


Infinite series 
The unevaluated sum of terms of an infinite sequence of 


co 
numbers is called an infinite series. The abbreviation > a, is 
k=1 


used for the infinite series a, + a, +a, +.... We say: ‘Sigma 
ak from one to infinity’ (see Summation sign), e.g. 


| | eae Cera) ene 

ΣΤΥ a Oe οι 
The sequence with a finite number of terms 

8. ΞΞΣ ἀκ ΞΞ αι Ἔ ἂς ας Ἔ . « «ἝΩ 


is called a partial sum of the infinite series. A partial sum of an 
infinite series can be formed for every natural number n. If, for 
a given infinite series, the sequence of partial sums, s,, is con- 
vergent (oscillatory, or divergent) the infinite series is also said 
to be convergent (oscillatory, or divergent). 

If the sequence of partial sums s, converges to the value s, 
then s is referred to as the value or the sum of the infinite series, 


Given a divergent series, we similarly say that the series diverges to 
-+-oo or —oo according to the behaviour of the sequence of 
partial sums. 


Examples: 


Ὅς 11 : : sae 
1. = ara = 2 (geometric series with ratio } and initial term 1). 
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2. > k is divergent. 
k=1 


3. ¥ (—DF=1-14+1—141-—.. . is oscillatory. 
k=0 


a a ee: oar 1 δι τὰ 
4. Σ χΞτ 5 31 Ἔ- - is divergent. 


I 


Particular infinite series 


1. Geometric series (see Geometric sequence). 
. Bmomial series (see art.). 

. Exponential series (see art.). 

. Trigonometrical series (see art.). 

. Power-series (see art.). 

. Taylor’s series (see art.). 

. Maclaurin’s series (see art.). 

. Harmonic series (see art.). 


On A Mh WW 


Infinitesimal calculus 


The infinitesimal calculus is concerned with the treatment of 
limits (originally with ‘infinitely small’ quantities). Elementary 
infinitesimal calculus is divided into two parts, the differential 
calculus, and the integral calculus; higher domains are differential 
and integral equations, differential geometry and the calculus of 
variations. 


Differential calculus 


An (unrigorous but) intuitive idea of the differential calculus 
is most easily grasped by reference to the graph (Fig. 171) of a 
function y = f(x), represented in rectangular coordinates by ἃ 
curve which has a tangent at every point. Join two points P, and 
P, of the curve by the chord s = P,P, so that the gradient of the 
curve is fixed by the difference quotient (yz — y,) + (%_ — χὺ), 
or Ay -- Ax (delta y divided by delta x), i.e. the ratio of the 
increment of y to the increment of x. Now let P, approach P, 
along the curve so that the chord s rotates until it coincides with 
the tangent ¢ at P,. To this geometrical limiting process there 
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corresponds an algebraic process in which the difference quotient 
Ay + Ax tends to a limit: 


SO ee 
BM Be ae HSH) 

(read: limit as x tends to 0; differential coefficient, or first deriva- 
tive, of y with respect to x). γ΄ is the measure of the gradient of 
the tangent to the curve (with angle c) at each point of the curve. 

T d 

In Fig. 171 y = or = τ΄ dy and dx are called differentials. If 
the scales on the x- and y-axes are equal, the differential coefficient 


is the tangent of the angle c ἘΣ = tan e) 


Fic. 171 Fic. 172 
We may be able to differentiate f"(x) as well, i.e. if the curve 
for f(x) has a tangent at every point in the range considered, 
we obtain the second derivative γ΄ = f"(x) = Ξε <5; (read d two y 
by dx-squared). In this way we can form ΗΝ of higher 
orders of which the nth, if it exists, is written 


qd” 
yi) = f(x) = a 


nr 


In order to differentiate the elementary functions we usually 
derive the appropriate limits. For example if y = x? we proceed 
as follows: we have 

Yi = 2G, and yg = y, + Ay = (1 + Ax), 
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so that 
Yo το Yr = Ay = (% + Ax)? — xf = 2x, Ax + (Ax), 


that is 
Ay + Ax = 2x, + Ax. 


Taking the limit we obtain as gradient of the tangents: 


2 
lim (2x + Ax) = 2x, ie., a = 2x. 
Az—>0 x 


1 
Now 2x=xX+35x=yr sx and this says, in geometrical 


2 
terms, that the tangent to the parabola y = x? at an arbitrary 
; ete 1 
point P(x, yo) can be obtained by joining P to the point x = 5 Χο 
on the x-axis (Fig. 172). The condition that the function should 
everywhere have a tangent implies that the function is everywhere 
continuous. But there do exist continuous functions which are 

not differentiable. 
If z is a function of two variables x and y (represented geo- 
metrically by a surface in space) there exist two partial differential 


Oz . er 
coefficients which are denoted by the round ὃ: δ. 8 the derivative 


ὃ 
of z with y fixed and the derivative with x fixed. The total 
oz 


᾿ oo fie. - ὍΣ 
differential of 2 is dz = Ox dx + By 


dy. 


Integral calculus 

An intuitive idea of the integral calculus is likewise most easily 
grasped geometrically (see Fig. 173). The curve y = f(x) between 
Po(Xos Yo) to P(Xn» Yn) forms with the ordinates γὺ and y,, and the 
part of the x-axis of length x, — xo lying between them an area 
F(x) which is therefore a function of f(x). The finding of F(x) is 
called the quadrature of the area, and this calculation of areas 
is the basic problem of the integral calculus; as in the case of the 
differential calculus, it is solved by a limiting process. We sub- 
divide the area by means of a number of ordinates y,, yo, ... 
which are spaced at equal intervals Ax, so that we can form two 
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sums of rectangles one of which is greater and the other less than 
the required area F; in Fig. 173: 


YoAx + γιδχ + y,Ax + yzAx + yAx «ἢ 
< y,Ax + yoAx + γᾳρδχ + yyAx + y,Ax. 


The difference of the two sums is the shaded rectangle in Fig. 
173, whose area decreases as we make Ax smaller, i.e. as we 
increase the number of strips into which we divide the area we 
are investigating. Now let Ax tend to 0, so that the two sums 


-- =~ ow oe oe τὰ, oe τῶν 
---- ee ee ee 


Ss 


Fic. 173 Fic. 174 


become equal to one another and to the required area. In order 
to express this briefly, we need two symbols for summation: 
x (Greek sigma) for sum and the old long s = § which is now 
called integral. In this way we obtain, given the initial and final 
values of the abscissa as x) and x respectively, the equation 


iim Σ yAx = [ fx)dx = F(x). 


If we displace the initial ordinate yo to the left or to the right, 
we alter the area F by a fixed amount, namely by the area intro- 
duced or cut off. There corresponds then to an ‘integrand’ f(x) 
an infinite number of integrals, each of which can be derived 
from any given one by the addition or subtracting of a constant, 
the (arbitrary) constant of integration. Such an integral is there- 
fore usually written without specification of the limits, and is 
then called an indefinite integral. If, on the other hand, the 
limits are given, e.g. xX» =a as the lower, x = ὃ as the upper, 


b 
Ϊ J«x)dx is referred to as a definite integral. 
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The length of the arc of a curve is also found by integration. 
The volume V of a solid and the area of a curved surface are 
determined by multiple integrals, e.g. 


V=Sfi[fe, y, 2dx dy dz. 
Now the problem of quadrature, i.e. of integration, is the in- 
verse of the tangent problem, i.e. of differentiation: 


it SY = f(x) then {f(x)dx = F(x) 


Using this fact, a large number of integrals can be solved. The 
following table contains the first derivatives of the simplest 
functions: 


y yo y 7 


x" nx"1 εἶ e” 
sin x cos xX q® a Ina 
.-- οἱ 1 
cos x sin Xx ae i 
1 x 
tan x Ie τα a 1 
log, x —— 
1 xIna 
cot x . es ee : 
— sin” x 


1 n 
Here e = ite (1 + ) , an irrational number whose value is 


approximately 2°71828. The function e* is called the exponential 
function; logarithms to base e are called natural logarithms (In). 
The following five rules help in calculation of the derivatives— 
when they exist—of more complex functions: 


lL@autvo=uv¢4+u’. 

2. (uv) = uv’ + uv. 

3, (=) τύ. 
υ 


v2 
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df(u) du 
“du ax 


5. Derivative of the inverse function: If y = f(x) is differentiable 
and has the inverse function x = i then 


ay), Yo) de _ ἂν 
ν Π dx” 3 ree ae 

The rationale of the integral calculus is based on the mean 
value theorem, which, in geometrical terms, asserts: if a curve 
y = ΚΑῚ possesses a tangent for all values of x between a and 3, 
then there exists at least one value x = & between a and ὦ for 
which the tangent to the curve is parallel to the chord joining 
A to B (Fig. 174). For proof we use the theorem of Rolle (1690) 
with f(a) = ΧΟ). 


4. Chain-rule: If y = flu) then y’ = 


Applications of the differential calculus 
1. Indeterminate forms, when a function y = f(x) for x =a 
: : : ὡ . 0. © 
gives rise to one of the indeterminate expressions δ᾽ τ 0x οὐ, 
co -- οὐ, 0°, 00°. The function does not strictly speaking exist 
for this value; but the limiting value lim f(x) may well exist and 


ttt . . 
be used to fill in the gap in the function values. Thus for the 
function y = (οὖ — e~*)/x denominator and numerator are both 
equal to zero for x = 0, so that y does not exist there. We can 
invoke here the rule given by Joh. Bernoulli: If $(x) and y(x) 
are zero for x = a and are differentiable in its neighbourhood 


then 4 , 
| . Ax). P(x) 
tim Gx) BT Ge) 


(provided this limit exists). In the above example the derivative 
of the numerator, εὖ + σὴ takes the value 2 x = 0; the 


= 2. 


_ 2. Maxima and minima, occurring ar “the slope of the 
tangent is horizontal, that is, when f’(x) = 

3. Sequences. 

4. Differential equations, i.e. equations in which differential 
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coefficients of unknown functions occur; such equations are of 
great importance in theoretical physics and astronomy. 

5. Differential geometry deals with applications of the differ- 
ential calculus to the geometry of curves and surfaces. 


Graphical and numerical procedures 

If the graph of y = f(x) is given, graphs of the derivative 
y = f(x) and of an integral | f(x)dx can be found diagrammati- 
cally without recourse to calculation. Moreover there exist 
numerical and mechanical methods. Of numerical methods for 


a 

obtaining a definite integral { J(x)dx, Simpson’s Rule is note- 
b 

worthy: we divide the interval a,b into an even number 2m of 


δ -- 

equal parts of width h = τ": the ordinates y,, Vo... +» Yom—1» 
correspond to the points of division and y, and y, to x = a and 
x = b. Then: 


ὃ h 
[θὰ Ft Yt Wet Vet Wet ἐν 


a 4Yom—1 = Yo) 


Various instruments exist (planimeters, integrators) for use in 
this connection. 


Inflexion, point of inflexion of a curve 


A point of inflexion on a curve is a point in which the curve 
changes from being concave to being convex (or vice versa). 


Inscribed circle 

The circle which touches all sides of a polygon on the inside 
is called the inscribed circle of the polygon. Not all polygons 
possess inscribed circles. 


Integers 

The set of integers comprises the positive whole numbers, the 
negative whole numbers and zero. The positive integers are 
identical with the natural numbers. In the domain of integers we 
can add, subtract and multiply without restriction, i.e. every sum, 
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every difference and every product of two integers is also an 
integer. On the other hand, the division of one integer by another 


can take us outside the domain of integers, e.g. 5 +7 = 7 


Interest 


Simple interest 

Interest is the increase accruing to capital put out on loan. The 
amount of interest is calculated from the principal (i.e. capital) 
P, the rate of interest p and time of duration of the loan ¢. In the 
calculation of simple interest it is usual to regard a year as 
containing 360 days. The rate of interest p specifies how much 
interest is to be paid to the lender of a principal of £100 for one 


year. Thus a year’s interest on a principal P is p%, that is, “xe 
Pxtxp 
100 
E.g. A principal P = £400 is loaned for 3 months at 4%. 
We have: P = £400, p=4%, t= 3 months = 0-25 years, 
and so 


In ¢ years the interest yielded is J = 


400 x 4 x 0°25 
[= 100 = £4, 

That is, the principal brings in £4 interest. 

The rate of interest is usually given for a year. This can be 
emphasised by adding the phrase per annum. 

If we are concerned with the calculation of interest on different 
principals at the same ratio of interest interest-numbers can be 
used. If a principal P is lent for ¢ days at p”% (per annum) the 


. χί. : 60 
quantity >o9_ is referred to as the interest-number, and — as 
the interest-divisor. Thus the interest due is calculated as 


PxXt . 360  Interest-number 
100 ° p _ Interest-divisor 
If several principals are to yield interest, we first calculate all the 


interest-numbers, add them and divide the sum by the interest- 
divisor; e.g. How much interest is obtained at the end of a year 
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if the following deposits are made into a savings account (p = 3%, 
one year taken as containing 360 days)? 


Date | Deposit | No. of days ¢ | Interest-number 
Jan. 15 138 
Feb. 10 64 
May 10 40-25 

242°25 
6 

Interest-divisor: > = 120. 

oe Sum of interest-numbers = 242:25 

pene = interest divisor ~ 120.» 


Interest obtained = £2:019 = £2 Os. Sd. 


Compound interest 


Interest is said to be compound if the interest is added to the 
principal at the end of each conversion-period (such as a month 


Capital at end of year 


i es in years 
Py Py= Po + Py b= Py (1 +5.) = Peg 1 
P, £.) = Pog) 2 
P, P, = Py + Po =P, (142) = Pig? 3 
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or a year) and thereafter itself earns interest. The final capital 
P,, is calculated from the original capital Po, the number of years 
and rate of interest p; conversion period, 1 year. (We put 


1 + ~~ = 4 and refer to this quantity as the interest-factor.) 


160 
Interest-factors 
35% 4% 45% 5% 537 6% 71% 

1 | 1035 1-04 1-045 1:05 1055 1-06 1-07 

2 | 1:07123 1:0816  1-09203 1-1025 1-11303 1:1236 1-1449 

3 | 1:10872 1:12486 1-14117 1-15763 1-17424 1-19102 1-22504 

4 | 1-14752 1:16986 1-19252 121551 123882 1:26248 1-31080 

5 | 1:18769 1:21665 1-24618 1-27628 1:30696 1-33823 1-40255 

6 | 1-22926 1-26532 1:30226 1:34010 1-37884 1-41852 1-50073 

7 | 1:27228 1-31593 1-36086 1:40710 1:-45468 1°50363 1:60578 

8 | 1:31681 1:36857 1-42210 1-47746 1:53469 1:59385 1-71819 

9 | 1:36290 1-42331 1-48610 1-55133 1-61909 1-68948 1-83846 
10 | 1-41060 1-48024 1:55297 1-62889 1:70814 1:79085 1-:96715 
11 | 1-45997 1:53945 1-62285 1-71034 1:80209 1:89830 2-10485 
12 | 1:51107 1-60103 1-69588 1:79586 1:90121 2:01220 2:25219 
13 | 1:56396 1-66507 1-77220 1-88565 2:00577 2:°13293 2:40985 
14 | 1:61869 1-73168 1-85194 1-97993 2:11609 2:26090 2:57853 
115} 1.67535 1-80094 1.93528 2:07893 2:23248 2-39656 = 2°75903 
16 | 1-73399 1:87298 2-02237 2:18287 2:35526 2:°54035 2:95216 
17 | 1:79468 1-94790 2-11338 2:29202 2:48480 2°69277 3-°15882 
18 | 1:85749 2-02582 2-20848 2-40662 2:62147 2°85434 3-37993 
19 | 1-92250 2-10685 2-30786 2:52695 2°76565 3:02560 3-61653 
20 | 1:98979 2°19112° 2°41171 2°65330 2°91776 3:20714 3-86968 
21 | 2:05943 227877 2:52024 2°78596 3:-07823 3-39956 4-14056 
22 |} 2:13151 2:36992 2-63365 2:92526 3:24754 3-60354 4-43040 
23 | 2-20611 2°46472 2:75217 3:07152 3:42615 3-81975 4-74053 
24 | 2:28333 2°56330 2:87601 3-22510 3.61459 4-04893 5:07237 
25 | 2:36324 2°66584 3-00543 3-38635 3°81339 2:29187 5-42743 
26 | 2:44596 2:77247 3-14068 3-55567 4-02313 4:54938 5-80735 
27 | 2:53157 2:88337 3:28201 3-73346 4-24440 4-82235 6:21387 
28 | 2:62017 2:99870 3-42970 3-92013 4-47784 5:11169 6-64884 
29 | 2:71188 3-11865 3-58404 4-11614 4-72412 5-41839 7-11426 
30 | 2-80079 3-24340 3°74532 432194 5:98395 5-74349 


7°61226 
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Result: We have 


n =P, X 4" for the final capital, 


p = 100 ( [3 -- 1) for the rate of interest, 
0 


— logP 
n= log Pi, = log Po for the number of years. 
log 4 
Shorter conversion period 


The formula P, = Pog" enables the final capital P,, to be 
calculated provided interest is added to capital yearly. If on the 
other hand the interest is added more often, say m times a year, 
the capital after one year with interest-rate p% per annum is 


=P, (1+ 755) 9 


after n years 


P,=P)(1+ χάσῃ] 


Examples: To what sum does £20,000 increase after 4 years at 
3-5 % compound interest ? 

From the table, p. 263, we get: £1 increases in 4 years at 
3°5% to £1-14752. Thus P, == £20,000 x 1-14752 & £22,950. 


Interior angles 


An interior angle is one formed by neighbouring sides of a 
figure and lying within the interior of the figure. 


Interpolation 

The determination of an intermediary value of a function by 
means of a sequence of known values of the function is called 
interpolation. It often happens that the value of a function is 
required which corresponds to an argument-value for which the 
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function-value is not tabulated, and the required function-value 


‘must then be obtained by interpolation. Interpolation can only 


be carried out between values contained in the available table: 
an extrapolation beyond the limits within which a function is 
defined in a table is seldom possible except in relatively trivial 
problems. 


Linear interpolation 

The simplest, and for most purposes sufficient, form of inter- 
polation—especially if the function concerned is closely tabulated 
—is linear interpolation. Here it is assumed that increments of 
the functional value may be taken as proportional to correspond- 
ing increments of the argument: for values xy + th in the interval 
hO<t<)), 


Quadratic interpolation 

The first refinement of linear interpolation is quadratic inter- 
polation, in which the function is replaced by the parabola 
passing through three neighbouring points. Thus, in this type of 


interpolation, we make use not only of the two values which lie 


on either side of the intermediary value but of a third value as 
well (see False position, Newton’s method of approximation, 
Interpolation formulae p. 511). 


Intersection, point of 

Two non-parallel straight lines lying in a plane intersect in a 
unique point. If the straight lines are specified by their equations 
relative to a coordinate-system in the plane, the coordinates of 
the point of intersection P can be calculated by regarding the 
equations of the straight lines as a system of two equations in 
two unknowns and solving for these unknowns. 


Example; πὸ] y=3x—1, 


line ἷ; J = 3x + 5: 
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INTERSECTION OF TWO CURVES 
System of equations: 1. y — 3x = —1, 
2. y+ 3x ΞΞ 5. 


Solution of the system of equations: x = 1, y = 2. 
Point of intersection: P(1, 2) (Fig. 175). 


Fic. 175 


Intersection of two curves 


The points of intersection of two curves (in a plane or in three 
dimensions) are those points which the two curves have in 
common. If the curves are specified by their equations (in a 
rectangular coordinate system) the coordinates of the point of 
intersection can be calculated by regarding the two equations 
representing the curves as a system of equations in two unknowns. 


Example: Points of intersection of a parabola and a circle. 
Equation of circle, x? + γῆ = 144. 
Equation of parabola, y* = 10x. 
System of equations, 1. x* + γῆ = 144, 
2. y= 10x. 
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Solutions: 
x, = 8, y, = +4V5; point of intersection: P,(8, +45). 
x, = 8, γὴ = —4V5; point of intersection: P,(8, —45). 
χα = —18 gives no real solution for y (Fig. 176). 


Fic. 176 


Interval 


The totality of all numbers which lie between two fixed numbers 
a and ὁ is called an open interval. a and ὁ are the limits of the 
interval [Symbolically: (a, b)]. 

If the limits themselves are included in the totality of numbers 
in the interval, this new set of numbers is called a closed interval 
(Symbolically: [a, b]). If only one limit is included, we speak of 
a one-sided closed (or half-open) interval. If the left limit belongs 
to the interval and the right not, we have an interval closed on 
the left and open on the right [Symbolically: [a, b)]. 

Intervals can be represented by inequalities (see above): 


I. Open interval: a < x < δ᾽ all numbers x which satisfy 
these inequalities lie in the interval (a, b). 
II. Closed interval: a< x < b; all numbers x which satisfy 
these inequalities lie in the closed interval [a, b]. 
III. Interval open to the left:a<x< ὃ. 
IV. Interval open to the right:a< x « ὃ. 


In the representation of numbers on a straight line, an interval 
forms a segment where, in the case of an open interval, it is 
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agreed that neither end-point belongs to the interval, for a half- 
open interval that one end-point (right or left) belongs, and for 
a closed interval that both end-points belong. 


Inverse function 


Solution of a functional equa- 
tion y = f(x) for x gives x = g(y). 
If we interchange x and y in this 
new equation, to give x and y 
their usual connotations of inde- 
pendent and dependent variable, 
we obtain the inverse function 
y = g(x) of the original function 
y = f(x) (Fig. 177). 

Graphically, if the same scale 
is used for x and y, y = g(x) is 
Fie. 177 the mirror-image of y = f(x) in 

the straight line y = x. 


yef(x) 


Original function Inverse function 
Square, y=x? Root, γε νχΞ- xh 
Power, ) Ξε χ" y= Vx = xl 
Exponential functions, y = a” Logarithm, y = log, x 
ye” y=Inx 
y = 10° y = logx 
Sine, y=sinx | Inversesine, y = sin x 
Hyperbolic sine, y = sinh x | Inverse sinh, y = sinh x 


Inverse trigonometric series 

Of these the tan series and the sin~ series are the most 
important. We have, for all x in the range —1 < x < +1 (and 
for these values only), 


xs χὅ χϑρεῖ 
tan x=X 3 - 5 δ. . "ἶ ( 1) 2k r it: Φ 9.4 
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for all x in the range —1<x< +1, 


vee ee (Qk — 1). 241 
-4.6.....Qk).Qk+1h°°°*° 


ity oq ie ee eee 
In particular, 7 = tan i= 1 zt5tat.... 


Inversion 


An inversion occurs in a permutation (see below) if two elements 
in the permutation are interchanged as compared with their 
original order. 


Example: Let the elements a, b, c, d, e be given in the permuta- 
tion a, c, e, d, b. This permutation is obtained by carrying out 4 
inversions, namely by interchanging successively c and δ; d and ὃ; 
e and b; e and d. 


Even and odd permutations 


A permutation is called even if it contains an even number of 
inversions and odd if it contains an odd number of inversions. 

If two different elements in a permutation are interchanged, a 
new permutation arises, and the number of inversions 15 altered 
by an odd number. 


Irrational number 

The rea] numbers are sub-divided into the rational numbers 
(see below) and the irrational numbers. The irrational numbers 
are thus the non-rational real numbers, e.g. V2,¢e=2-718... 
(see below). 

(For the proof that V2 is irrational see Indirect Proof.) 

As with all irrational numbers, neither of these numbers can 
be represented by the ratio of two integers. 

Amongst the irrational numbers we distinguish those, e.g. 
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irrational square roots, which are the roots of algebraic equations 
—algebraic-irrational numbers (see Algebraic numbers)—from 
transcendental numbers (see below), e.g. 7 = 3°141,592,6..., for 
which this is not the case. 


Isosceles triangle 


A triangle with two sides equal is called isosceles. The equal 
sides are called the lateral sides, and the third side the base. The 
intersection of the lateral sides is called the apex (vertex) of the 
triangle. The angles adjacent to the base are equal (see Triangle). 


Jointed quadrilateral 

If four rods are jointed together we get a jointed quadrilateral 
ABCD (Fig. 178). A jointed quadrilateral does not have a definite 
shape, as a jointed triangle would; if, for example, one rod, AB, 


is held fixed, the rods BC and AD can still rotate, within certain 
limits, about A and B (see Quadrilateral). 


Fic. 178 


Kepler’s star polyhedra 


If the edges of a pentadodecahedron or of an icosahedron are 
extended there arises in either case a new solid called respectively 
dodecahedron-star and the icosahedron-star (Figs. 179, 180). 
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ΩΝ 
= 


OA, 7 


Least common denominator 


The least common denominator of a number of fractions is 
the least common multiple (1.c.m.; see below) of their denomin- 


1 J 
ators, é.g. 5 and 3 have least common denominator 6. 


Reduction to a common denominator makes possible the 
addition of fractions of different type, e.g. 


Bee Oo ee .:.5 
273-6166 
Least common multiple (L.C.M.) 


The least common multiple of two numbers is the smallest 
number which contains both numbers as a factor. The least 
common multiple of two or more numbers can be determined by 
dividing each number into its prime factors, e.g. 8 and 12 have 
the least common multiple 24. For we have 8 = 2? and 
12 = 2? . 3, and so the least common multiple must contain the 
factors 2° and 3. 
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Lemniscate 
A lemniscate is an algebraic curve. It can be represented by 


the equation 
(x? + y*)}? — 2αΞ (3 — y*) = 0, 
where a is a constant (Fig. 181). 


i 
AN 2} 


Fic. 181 


The lemniscate and its generalizations, the Cassini ovals, are 
obtained by taking points A and B symmetrically placed with 
respect to the origin and distant 2a apart, and determining 
points P such that PA x PB = constant (= b*). If a= δ, we 
have the lemniscate; if b > a the Cassini oval lies outside and 
encloses the lemniscate; if b < a the curve lies wholly within the 
two loops of the lemniscate. 

The equation of the Cassini ovals is 


(x? + y?)? — 2a%(x? — y*) = bt — at. 


Length, measurement of 
The unit of linear measurement in the metric system is the 

metre. The length of the metre m was established (1889) as the 
distance between marks on a bar of platinum-iridium preserved 
in Paris. In the comparable system of measurement used in the 
United States and in countries of the British Commonwealth 
(mainly for commercial purposes) the yard is the unit of linear 
measurement. 1 yard is now uniformly defined as 0-9144 m. We 
have: 

1 Kilometre (km) τὸ 103 πὶ (= 0°6214 mile) 

1 Hectometre (hm) =10?m (= 328 feet 1 inch) 

1 Decametre(Dm) =10m (= 393-7 inches) 


1 Metre (m) =10°m (= 39-37 inches) 
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1 Decimetre (1) =10-'m (= 3:937 inches) 
1 Centimetre (cm) = 10m (= 03937 inches) 
1 Millimetre (mm) = 10-?m (= 0-03937 inches) 


1 Micron (u) = 10-*m 
1 Millimicron (mz) = 10-°m 
1 Angstrom (A) =10-%m 


1 Micromicron (uz) = 10-2 m 


yard feet inches lines metres 
1 mile | 1,760 3.280 63,360 760,320 1,609 
1 yard -- 3 36 432 0.914 
1 foot — 12 144 0-305 
1 inch -- 12 0-025 
1 line -- 0-0021 


Other units of length 

1 light year = distance travelled by light in 1 year = 9-4608 
1013 km αν 1013 km. 

1 parsec = distance of a star at which the angle subtended by 
the radius of the earth’s orbit is 1” (1.6. parallax of the star 
amounts to 1”) = 3-258 light years = 3-0826 x 10 km. 


1 nautical mile = 1-852 km = 6,803 feet = a meridian degree. 


Length-preserving transformation 

A transformation is called length-preserving if in the trans- 
formation every section of a curve corresponds to a section of a 
curve with equal length. The congruent transformations (= rigid 
motions) are length-preserving. 


Limit 

If the terms of an infinite sequence approach a definite value / 
in such a way that if we select some quantity, however small, 
we can always find a number N so that every term of the sequence 
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after the Nth differs from / by less than the selected small quantity, 
then / is said to be the limit of the sequence. 
If the terms of the sequence are denoted by a,, a,,.. ., then 
we write: 
lim a, = / or a,—>l as n—>o. 
n~> @ 


(See Sequence.) 
Example: The sequence 0-3; 0:33; 0-333; 0-3333; . . . has the 


limit 3" 


Evaluation of limits 

1. The limit of a sum (or difference, or product) is equal to 
the sum (or difference, or product) of the limit. 

2. The limit of a quotient is equal to the quotient of the limits, 


provided the limit of the denominator differs from zero. 
Formally: 


lim (a, + 5,) = lim a, + lim b,; lima, . 6, = (lim a,)(lim b,) 
n—> © N—> n> © n> 00 n> ὦ 


n—-, ὦ 


lim (a, — 5,) = lim a, — lim δ, 
n-> οὉ n—-> n-> CO 


. lim a, 
e nm n—-> © ° 
Jim eer, where iim b, ~ 0. 
n> © 
Examples: 


1 στ : 
Ω, ΞΞ 2 Ἐ -; δ, = 3 + 573 lim a, = 2; lim 5, ΞΞ 3 


n> ὦ 


in, 5+ 25) = hm ([245] + [3 +35) 


and lim a, + lim b,=2+3=5. 


n—> oO n> © 
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lim (6, — a,) = lim 5, — lim a, =3-2=1 


᾿ς νὰ 


ε- ὦ 


lim a,b, = lim ας lim b, =2.3 τε 6 


n> © n—>o n~o 


| 1 1 
and lim (2 +=)(3+ 5) = tim (6+ +7 +55) =6 


n> @ th > @ 


eb. Mind. 8 ee arene 3 
n—> 0 + 55 
These rules can be used for the evaluation of limits. 
Example: 
a 4. Ge ale 
, 4In—! . n i a ee n 
lim agar = lim [—— = lim aa a a 
nm-> 0 n> 2 n> 2 1 pap lim (1 a Η 
n MR. τον n 
lim 4 — li : 
πῶς ant 4-0 
= ae Sr a 
lim 1 — lim - 
n-> 0 n>o ἢ 


Linear equation 

Equations of the first degree, ie. containing the unknown 
raised to at most the first power. 

The normal form is ax -+- ὃ = 0 (see Equation). 
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Linear transformation 


Linear transformations are transformations of the complex 
z-plane onto the complex w-plane, carried out by means of 
complex linear functions. The theory of these linear transforma- 
tions belongs to the foundations of the “Theory of Functions’. 

In what follows z denotes a complex variable: z = x + iy; 
similarly, w is a complex variable: w = u + iv. The constants 
a, ὃ, c, d etc., denote complex numbers. 


1. Transformation by means of integral linear functions w = az + ὃ 


(1) a=1,w =z + ὃ; this is a translation along the vector ὃ. 
For ὃ = 0 we have w = z, the identical transformation. 

(2) b = 0, w = az, where a τέ 0. These are similarity transfor- 
mations in which rotation occurs about the origin O through an 
angle « = arga and stretching occurs in the ratio 1:|a| ({a| is 
the absolute value of a). If in particular |a] = 1, ie. 


a=cosa-+isina, 


we have a pure rotation through the angle «. If a is a real number 
we have to deal with a pure stretching in all directions with 
similarity ratio 1:[α and origin O left unchanged. 

The transformation w=az+b (a0) (the requirement 
a0 is essential since the transformation w=b maps all 
points of the w-plane on to a single point of the z-plane and is 
thus degenerate) therefore means that to obtain the image w of 
the point z we first rotate and stretch the position vector z, and 
then translate the point along the vector ὃ. 


| | 
2. Transformation by means of the function w = π 


1 . 
If z = r (cos α + isin α) then w = ~ cos (—a«) + isin (—«). 


The image point of z thus has as absolute value the reciprocal 
of the absolute value of z and as argument (—1) times the argu- 
ment of Ζ. The transformation can best be carried out in two 
steps. 

(i) Transition to the negative argument, i.e. we determine the 
point which has the same absolute value as z but negative argu- 
ment, that is to say the point z’ which is the conjugate complex 
with respect to z. 
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(2) We seek the point which has the same argument as Z but 
reciprocal absolute value. This involves taking the mirror reflec- 
tion in the unit circle, i.e. inversion with respect to the unit 
circle or transformation by reciprocal radii (see Figs. 182 and 
183). 

Figs. 182 and 183 show how the mirror image of z with respect 
to a circle is found. z is joined to the centre O of the circle and, if 
z lies outside the circle (Fig. 182), the tangents from z to the circle 
are drawn. The line joining the points of contact of the tangents 


Fic. 182 Fic. 183 


then intersects the line joining z to O in the required image-point 
z. Alternatively, if z lies within the circle (Fig. 183), the perpen- 
dicular to the line joining z to O is constructed. This intersects 
the circle in two points. The tangent is constructed at each of 
these points, and these intersect in the required image-point 2’. 


az -ἰ ὃ 
ΟΖ - ὦ 

A non-degenerate transformation of the z-plane on to the 
w-plane is defined by this function if the determinant 


a b 


3. The general linear transformation w = 


= ad — be £0. 


c a 


A non-degenerate linear transformation of the above form can — 
be carried out in three steps by splitting the given transformation 
into transformations of types 1 and 2. 
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(1) We first determine the point 2 = cx + d (as in 1). 
(2) We then determine z” = 5 (as in 2). 


(3) Finally we carry out the transformation 


ad—bec\ , a, . 
wa (-S=~), + = (as in 1). 


~ Then 
_ ao) ἐ-ἰ ad—bc\ 1 ἃ 
~ ae τ Ze 
ad — “ 1 a 
a Cc cz+d + c 
that is, 
ΠῚ =ad + be a —ad+be+acz+da_az+b 
w= το + d) Cc c(cz + d) ~ ez +d 
and so these three steps together yield the transformation 
_ az + b 
πη 
Note that if σ΄ --- bc = 0 we fe ee ea z, in 
c dad e+d 


: : a 
other words all points z have the same image point w = δι and 


so the transformation is degenerate. 


Literal numbers 


Literal numbers are represented by letters of an alphabet 
(customarily the Latin and Greek alphabets). Any definite number 
can replace such a letter in a calculation, provided of course that 
the substitution is carried through consistently. 

By convention the early letters of each alphabet are used as 
known fixed quantities, and the last letters to signify unknown 
fixed quantities, or variables. Frequently indices or other dis- 
tinguishing marks are added to the letters of the alphabet, e.g. 


a1, ba, 4, Xz» β' 9 Rag: 
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The importance of literal numbers lies in their usefulness in 
presenting mathematical laws and rules clearly, compactly and 
comprehensively, by means of ‘formulae’. E.g. 


1, The commutative law of addition: 
In words: In addition, summands can be interchanged. 
As a formula:a+b=b+a. 
2. In words: Powers of the same number are multiplied by 
retaining the base and adding the exponents. 
As a formula: a” .a™ = a"*™, 


Locus 
The set of points satisfying certain conditions is called a ‘locus’. 


Examples: 

(i) The locus of points distant r from a fixed point O is the 
circle with centre O and radius r. 

(ii) The locus of points equidistant from two fixed points A 
and B is the perpendicular bisector of the segment AB. 

(iit) The locus of points distant d from a straight line 1 comprises 
the pair of lines parallel to / and distant d from it on either 
side. 

Gv) The locus of points equidistant from two intersecting 
straight lines / and m is the pair of bisectors of the angle 
formed by / and m. 

(v) The locus of the centres of circles which pass through two 
fixed points A and B is the perpendicular bisector of the 
segment AB. 

(vi) The locus of the centres of circles which touch a given 
straight line / in a given point A is the line through A 
perpendicular to 1. 

(vii) The locus of points the sum of whose distances from two 
fixed points F, and F, is constant and equal to 2a is the 
ellipse with foci F, and F, and major axis of length 2a. 

(viii) The locus of points the difference of whose distances from 
two fixed points F, and F, is constant is the hyperbola with 
foci F, and δ. | 


279 


LOGARITHM 


(ix) The locus of points whose distances from a fixed point F 
and a fixed straight line / are equal is the parabola with 
focus F and directrix 1. 


If a point of the plane satisfies two conditions, it lies on the 
intersection of the two loci determined by these conditions. 


Logarithm 

A logarithmic function is the inverse of a power function. 

The logarithm (of b to base a) is the exponent (n) to which the 
base (a) must be raised in order to obtain the antilogarithm (6). 


base 
n a b 
logarithm antilogarithm 


The logarithm of 1 is 0 for every base: 
since a° = 1 for all a, log, 1 = 0. 

If the base and antilogarithm are equal, the logarithm is 1: 
since a! = a for all a, log, a = 1. 


Any positive number other than 0 and 1 can be used as base. 
In science and technology the base e (e = 2:718...; see e) and 
the natural logarithms defined thereby (abbreviation: In) are 
often used. The common or Briggsian logarithms widely employed 
in computation have base 10. This base is usually omitted when 
writing such logarithms: log;)a@ is abbreviated to loga. We 
then have: 


logi0 =1 logO-1 =-—1 
log 100 =2 log0:01 = —2 
log 1,000 = 3 log 0:001 = —3 ete. 


Since every positive number x can be written as the product of 
a number x’ which lies between 1 and 10, and a power of 10, it 
is sufficient, for common logarithms, to calculate and tabulate 
the logarithms of numbers between 1 and 10 only. These logar- 
ithms lie between log 1 = 0 and log 10 = 1. Thus, in the table, 
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figures will only occur to the right of the decimal place: if 
x = 105χ' (1 < x < 10), 
we have 
log x =n + log x (0 < log x’ < 1); 
e.g. 20 = 10'.2, log 20 = 1 + log2 = 1 + 0-30103 
0-00002 = 10-5 . 2, log 0-00002 = —5 + 0-30103. 
n is called the characteristic of log x. The characteristic is: 
zero if x lies between 1 and 10; 
positive if x is at least equal to 10; 
negative if x is positive and less than 1. 


log x’ is called the mantissa of log x. E.g. 
log 200,000 = log (10° x 2) = 5 + 0-30103 


has characteristic 5 and mantissa 0-30103. 

Where the characteristic is positive, the characteristic and 
mantissa are to be added; e.g. log 200,000 = 5-30103. On the 
other hand, if the characteristic is negative we keep the charac- 
teristic and mantissa separate; e.g. 


log 0-003 = log 10° = —3 + log 3 = 0-47712 — 3. 
Alternatively (and more commonly) we indicate a negative 


characteristic by a bar above it and append this characteristic to 


the mantissa, e.g. 
log 0-003 = 3.47712. 


Rules for calculating with logarithms 


Example: 
1. log, (x . y) = log, x + log, y log (7 X 3) = log7 + log 3 


2. log, (=) = log, x — log, y log 4 = log 7 — log 3 
3. log, (x”) = y log, x log (75) = 3 log 7 


4, log, VX = 5 log, # log 77 = 5 log? 
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These formulae are simple consequences of the rules for calcu- 
lating with powers. 

There are as many systems of logarithms as there are possible 
base numbers a > 0. To obtain the relation between logarithms 
in one system with base a and those with base 5, the following 
equation is used: 


log, x = log, a x log, x. 
In particular for bases 10 and e = 2°71828... we have 
logig X = log x = logiye X Inx. 


Since logy) 6 = 0:43429 we have 
1 
log x = 0-43429 In x or Inx = 043499 log x. 


Rules 1-4 explain why logarithms are of great practical use in 
numerical calculations. In calculating using logarithms each type 
of calculation is reduced to a simpler type: multiplication to 
addition, division to subtraction, etc. The accuracy of the calcu- 
lation is of course limited by the number of places in the table 
of logarithms used. 


Examples of numerical calculation using logarithms: 


1. log (ab) = loga + logb © 2. log (5) = loga — log ὃ 
eg. x =17.0-23 e.g. x= 17+ 0-23 
log 17 = 1.23045 log 17 = 1-23045 

log 0-23 = 0-36173 — 1 log 0-23 = 0:36173 — 1 
log x = 1:59218 — 1 log x = 1-86872 
log x = 0°59218 x == 73-913 
x = 3-910 See also example 5. 
3. loga"=nloga 4. log Va ==. log a 
eg. x= 37 eg. x= W735 


log 37 = 1-56820 log 35 = 1:54407 
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3 log 37 = 4-70460 4 log 35 = 0-51469 
log x = 4-70460 log x = 0-51469 
x = 50652* x = 3-2711 


See also example 6. 


5. log = loga — log, 
Pa ce 
e.g. logx = Ta 
log 17 = 1.23045 
log 1017 = 3-00732 
Here the subtraction cannot be carried out, since the subtrahend 
is greater than the minuend; we proceed as follows: _ | 
log 17 = 3-23045 — 2 Thus for log 17 = 1-23045, 2 is 
log 1017 = 3-00732 added and then taken away again. 
log x = 0-22313 — 2 
x = 0-016716 
| The characteristic —2 cannot be 


divided by 3, hence we add and 
subtract 1. 


Eg. x= ¥0017 log 0-017 = 1-23045 — 3 
4 log 0-017 = 0-41015 — 1 
log x = 0-41015 — 1 
x = 0-25713 
Logarithmic tables. A table of logarithms (see Table 2) is a table 
containing the mantissae of the logarithms. According to the 


number of places given, we speak of 4-figure, 5-figure, etc., 
logarithm tables. 


6. log Va = — log a 


* Note that the result x = 50652 is short by 1. Errors like this occur in logar- 
ithmic calculations, since values in the table of logarithms used have been rounded 
off in the last decimal place. . 
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Logarithmic functions (see Functions). The function y = log, x 
is called a logarithmic function. For a = 2, the graph is shown 
in Fig. 184. 


Fic. 184 


Logarithmic series (see Series). The following development in 
series holds for the natural logarithms of numbers lying between 
(—1) and (+1), ie. for —-1 <x <1: 


x2 x3 Pe 
In(1 +x)=x —> + a0 + (-1) ; +... 
(—1<x< +1). 
1 x χὸ x 
α {0} πα Ἐξ ἘΞ τιον tS... 
(-l1< x < +1). 
l+x xe x5 xretd | 
in (722) -τβρ εξ ἐξ τον tat) 


(-l1<x< +1). 


Logarithms of the trigonometrical functions. Logarithms of the 
trigonometrical functions are sometimes given in tables of 
logarithms. Since the values of these functions are mostly less 
than 1, the tables are listed so that —10 must usually be appended 
to the given logarithm (exceptions are given in the tables). 


Example: log sin 37° 12’ = 9-7815 — 10. 
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Interpolation in tables of logarithms. (For general remarks on 
interpolation, see Interpolation.) In logarithmic calculation it is 
sometimes necessary to achieve greater accuracy by interpolation. 
Suppose we wish to determine log 101-34, given 


log 101-3 = 2-0056, 
and 
log 101-4 = 2-0060. 


The difference of the arguments contained in the table is 0-1, 
and the difference of the associated logarithms is 0-0004. We 
assume now that the logarithm increases proportionately with the 
argument and accordingly take as approximating value 


0004 
log 101-34 = log 101-3 + —— x 0:04 


= 2:0056 + 0:00016 == 2:0058. 


Suppose we wish to solve the equation log x = 3-0419, and the 
latter value is not in the table. We seek the next smallest and the 
next largest logarithms in the table, viz. 


log 1101 = 3-0418 
log 1102 = 3-0422. 


The difference of the logarithms is 0-0004. This corresponds to a 
difference in argument of 1. Thus a difference 0-0001 in the 
logarithm corresponds to a difference in the argument of 

0: 
1 x aaa = 0:25; thus log 1101-25 = 3-0419 approximately. 


In many tables of logarithms so-called Proportional Parts are 
given to aid in interpolation. These are either printed at the 
edges of individual pages or also at the beginning or end of the 


book on opposite pages. The use of these tables is illustrated by 
the following example. 


To find 
x = log 246°57. 
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In the 5-figure table we find 
log 246°5 = 2:39182 


and 
log 246°6 = 2:39199. 


The difference of these logarithms is 0-00017. At the edge of the 
table we find the proportions table for the tabular difference 17; 
it reads: 


17 


re 
a~ 


Since we have to determine log 246-57 we look for 
7 in the left column of the table and find next to it 
the number 11-9. 11:9 is added to the last two 
figures of log 246°5 = 2°39182, i.e. to 82.* 


Oven 
CO »- 


8°5 
10-2 
11:9 
13-6 
15-3 


Since we wish to calculate to 5 places, 11:9 is rounded off to 
12, and we obtain: log 246°57 = 239194. 


CoIdKA awn | 


Logarithmic equation 
Logarithmic equations are conditional equations in which the 
logarithm of the unknown appears, e.g. 


> log x = x. 


In general such equations must be solved by graphical or 
numerical methods, though sometimes a simple method can be 


found, e.g. 
log V2x — 1 + log Vx —9 = 1. 
We use the product rule for logarithms to get: 
log V(2x — 1)(x — 9) = log 10. 


* The addition of 11-9 to the last two figures 82 means in fact: 
2:39182 + 0:000119 == 2°391939 αν 2°39194 (to 5 places). 
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If the logarithms of both sides of an equation coincide so must 


the antilogs. Thus: 
V (2x — I(x ~ 9) = 10. 


Whence it follows that: 


2x2 — 19x + 9 = 100 : 19 33 
x= Ziq 
ΓΕ, 
2 2. x, = 13 
_19 , [36] 128 Sonat 
πὶ Ἐν 76 + 16 ἀπ: 


Test 1. log V2 x 13 — 1 + log V13 — 9 = log ν 25 + log V4 
= log5 + log2 
= log5 x 2 
= log 10 = 1. 
2. xX, = ὦ is not a root since 2x, — 1 = —7 ~1 = --Ί is 
negative and so V2x, — 1 is imaginary. 


Logarithmic series 
The series 


x2 n 
πα +a)—ax-F ἐξ ἢ at +...(-DM D+... 


converges for all x such that —1 < x < 1 (and only these values). 
In = natural logarithm. 
For -l<x< +1, 


1 x x4 n 
inp = x45 ee - ἘΞ τ. ee 


For —1 <x < 1, 
ΙΧ χϑ x5 xeetl 
ae (χε ξ ἘΞ 5 +- tat.) 


These series are referred to as cia series. 


In 
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Logarithmic spiral 

The logarithmic spiral has equation r = me?, where m > 0 is 
a constant number, e = 2:718..., and r and » are polar co- 


ordinates (Fig. 185). The logarithmic spiral is a transcendental 
curve, | 
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Maclaurin’s series 


Maclaurin’s series enables us to develop a given function f(x) 
in powers of x, i.e. to provide a power series in x which represents 
the function f(x). Maclaurin’s series for the function f(x) runs 


ζῶ © £'O 2 +f ee 


fx) = f0) +o x +5; 


x + 


Mathematical geography 


To represent the position of a point on the earth’s surface we 
refer it to the earth’s axis (i.e. the diameter of the earth about 
which is executes in 24 hours its daily rotation). The two end- 
points of the axis are called the geographical poles (North and 
South). The great circle equidistant from both poles is called 
the equator; the half-circles running from North to South pole 
are called meridians and the circles running parallel to the 
equator, parallels of latitude. The position of a point on the 
earth’s surface is denoted by its (geographical) latitude and 
longitude (Fig. 186). The latitude ¢ of a point is the angle between 
the normal to the earth’s surface at the point and the normal at 
the equator. It ranges, to the North and to the South, from 0° to 
90°. The longitude of a point is the spherical angle at the pole 
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between the meridian through Greenwich and the meridian of 
the point in question, or alternatively the arc between the two 
meridians at the equator. The longitude ranges from 0° to 180° 
to the east and to the west. 


Mapping of the earth’s surface 

Cartography is concerned with the representation of the 
surface of the earth on a plane. This can only be done for limited 
areas without significant distortion. For larger areas the relative 
value of different mappings depends upon the purpose for which 
the map is being constructed. A mapping is essentially a trans- 
formation, and in this application angle-preserving (conformal), 
area-preserving, or length-preserving transformations are of 
especial interest (although length-preservation is only possible to 
a very restricted extent). We can recognise the relationship 
between mapped and map most simply by considering the image 
on the map of the latitude and longitude-circles. 


Fic. 187 


Position of two points relative to one another 


The relative position of two points on the earth’s surface is 
specified by the differences between their latitudes and longitudes. 
The angular length of the shortest line joining the two points (the 
section of the great circle which passes through them both) 
represents the distance apart of the two points, and is denoted in 
Fig. 187 by d. The angles between this line and the northerly 
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directions at P, and P, are denoted by A and E. We have 


cos d = cos (90° — ¢,) cos (90° — φ.) 
+ sin (90° — ¢,) sin (90° — ¢,) cos (A, — λυ), 
—sin 4, cos (A, — ὁ) + tan ¢, cos 4, 


a sin (ag — 4%) 
__ —sin ¢, cos (A, — A,) + tan Φ: cos dy 
one sin (A, — A,) a 


The last two formulae are important for navigation. They need 
not be solved with great accuracy, since a course can only be — 
steered to an accuracy of about 1°. Tables are available for the 
computation. 


Loxodrome 


The great-circle path is not the only one between two points 
on the earth’s surface. In actual navigation it is often unsuitable, 
since it may lead into latitudes where ice is a danger. Usually the 
preferred path will be that with constant direction, the so-called 
loxodrome. Sea-maps are therefore usually maps in which such 
paths appear as straight lines (Mercator’s map). In the latitudes 
most important in navigation the loxodrome is usually not much 
longer than the great-circle path. For air navigation, on the other 
hand, either great-circle routes are preferred, or routes with 
meteorological advantages. 


Example: At 12 hrs., shore-time (the position of the ship at 
this time has to be registered in the ship’s log), a ship is located at 
38° 50’ N,. 12° 17’ W, and steers in the direction 245° East of 
North at 14 knots. What will be its position at 19 hrs. ἢ 

The new position is calculated from the old by means of the 
changes in latitude and longitude during the period under con- 
sideration. The difference in latitude b follows from the direction 
and distance d; ὃ = dcos « (7 hours at 14 knots gives 98 nautical 
miles). dsin a, however, does not give the required difference in 
longitude / but the deviation a, related to the difference in longi- 
tude by the formula / = acos¢,,, where ¢,, is the mean of the 
initial and final latitudes (Fig. 188). 
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Distance d = 98 miles. 
logd=1:9912 logd = 1-9912 
Direction « = 65° 
log cos α = 1-6259 logsin α = 1-9573 


log5=1-6171,  loga = 1-9485, log a = 1:9485,, 
ὃ = —41-4’ a = —88-8m logcos¢,, = 1-8936 
log 1 = 2:0549 
Initial latitude: 
38° 50’ N ἰ =113-5’°W 
Final latitude: 
38° 08-6’ N Initial longitude: 12° 17’ W 
Mean latitude ¢,,: 
38° 29’ N ᾿ς Final longitude: 14° 10-5’ W 


Vertex of the great circle 


The point nearest the pole on a great circle path is calculated 
from the formulae; 


sin (90° — ¢,) = sin (90° — ¢,) sin A 
cot A 
sin g, 
The navigator possesses special tables for this type of calculation. 


tan (A, — 4,) = 


(Fig. 189) 


Initial latitude 


Final latitude 


Fic. 188 Fic. 189 
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Mathematical induction 

Mathematical induction is a method of proving a general 
proposition involving an integer m which may be any positive 
integer (or any integer greater than some fixed NV). Such a proof 
proceeds in the following way: 

1. It is first proved that the proposition is true when n is equal 
to 1 (or whatever is the least integer N + 1 to which the proposi- 
tion applies). 

2. It is next proved that if the proposition is true for some 
arbitrary value of n, say k, greater than or equal to 1 (or N + 1), 
then it is also true form = k + 1. 

Now since by 1. the proposition is true for n = 1 (or N + 1), 
by 2. it is also true for n = 2 (or N + 2). Then by 2. it is also 
true for n = 3 (or N + 3), and so on for all the relevant values 
of 7. 


Example: S,=142434...40= 5000+ D. 


1 
1. S,;=1= 5° 1 . 2, so the theorem 15 true for n = 1. 


2. If δι = 5 κα + 1) then Sar = 5 kk + +k+1= 


(k + Ιλ + 2); that is, if the theorem is true for n = k it is 


true forn =k + 1. 
The theorem is therefore true for all positive integral n. 


Matrix 


A matrix may be regarded as the array of coefficients of a 
system of linear equations; e.g. 


3x + Sy — 32 = 11 has the matrix of coefficients ( 5 “4 


2x—- y+t4z=0 2—1 4|. 
2x—3y+ z=1 2-3 1 
The matrix 3 5-3 1 

( —1 4 ἢ 

2-3 1 1 


is called the augmented matrix of the system of equations. 
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A matrix can be either square or rectangular (see above 
examples). If certain rows and columns of a matrix are eliminated 
to leave a square matrix with (say) k rows and columns, the 
determinant of this matrix can be formed. This determinant 1s 
called a k-rowed subdeterminant of the matrix. The rank of a 
matrix is the highest order of non-zero subdeterminants. 


Example: The matrix 


3 5-3 11 
2—1 4 9Q 
2-3 1 1 


has at most rank 3. But the sub-determinant of the third order 


5-3 11 
—1 4 O}]=5.4—11 + 132 —3 = 138 
—3 1 1 


is non-zero. The rank of the matrix is thus 3. 


Application: A system of linear equations is consistent if the 
matrix of coefficients and the augmented matrixes of the system 
have equal rank. 


Mean proportional 

The mean proportional x with respect to two quantities a and 
b (segments or numbers) is the number which satisfies the pro- 
portional relationship a:x = x:b. That is, x* = ab and thus 
x = Vab. The mean proportional of two quantities a and ὁ is 
identical with the geometric mean. 


Measuring off an angle 


To construct a given angle, «, at a point A on a straight line f 
(Figs. 190, 191). 
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MEDIAN 


Suppose the given angle has vertex Sand legs ἢ and k. Describe 
about S and A equal circles with arbitrary radius r. Let the one 
circle cut h and k in H and K respectively and the other cut fin 
F. Now describe about F a circle with radius HK. This cuts the 
first circle in G, and the straight line through A and G is the 
second leg of the required angle. Note that the angle « can be 
measured off on different sides of αὶ 


Median 

The median of a number of observations is that value which 
has an equal number of observations greater and less than it. 
In the case of the Gaussian normal distribution the median 
coincides with the arithmetic mean. 


Menelaos (Ist century A.D., Alexandria) 


Theorem of Menelaos. Every transversal cuts the sides of a 
triangle in such a way that the product of the ratios of the 
resulting segments, taken in the 
Same sense round the triangle, 
is +1; 


ς 


See Fig. 192. 


Fic. 192 


Method of least squares 


A method of dealing with errors of observation (see Error, 
theory of), developed by Gauss, and named after its most im- 
portant principle; i.e. that for a sequence of measurements the 
sum of the squares of differences from a particular value is a 
minimum if that value is taken to be the arithmetic mean of the 
measurements. 
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Consider a simple error-calculation made according to the 
method of least squares. 
Suppose we have a sequence of measurements: 


Obsv.| A | A? The arithmetic mean of the observations 
is 8-2, whence we get for the error: 


— 


7 12] 1-44 
8 | 0:2! 0-04 as 15°6 
91 08} 064] -= 7p = V1733 
10 1:8} 3-24 
6 | 2:2! 4-84 156 
7 \ 1-2) 144] ™=/ 990 — 0-1733 
8 | 02] 0-04 
9 08] 064] w = 0-674 V0-1733 
8 [02] 0:04) 6 =— = 1:04 = 0:7979 . V0°1733. 


10 


eee 


2 82 | 10-4 | 15-60 


Consequently, for the result, we have: 
B = 82 + 0°674V 0.1733, 


the true value lying inside this range with probability 50%. 


Mixed number 


Sum of an integer and a fractional number, e.g. 


2 2 
Iz=1t+35 


(see Numbers, types of). 


Mollweide equations 


Mollweide’s equations belong to plane trigonometry and can 
be used for the solution of a triangle (sides a, b, c; angles «, β, y). 
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The formulae are 


— B .ἄ-πβ 

ται “οὲ 5 ᾿ eh 5 

" ¢ ~~  atB "  ¢ i a+ B 

cos —5—— in 5 

= ἡ male 

hace. ἐπ: 5 bao ἢ 5 

ὃ βτνγ a, B+y 

Cos 5 sin 5 

yrs ; —¢ 

ecg. τ 5 ἐσ ἢ 5 

b + o b _ γα 

Cos 5 in 5 
Monotonic 


1. Monotonic sequence 
A sequence x, is said to be monotonic increasing if x, < ΧΙ 
for all π, and monotonic decreasing if x, ΣΞ χρῃ for all n. If 


Xn < X44 OF X_ > Xy41 for all nm we speak of strictly monotonic 
(increasing or decreasing) sequences. 


2. Monotonic functions 


If, for all x, < Xp44, f(X,) < ἄχ, 4), the function ΚΑ) is said 
to be monotonic increasing. Monotonic decreasing and strictly 
monotonic functions are defined similarly. 


3. Monotonic laws 


(a) for addition. Ifa< bthena+c<b+e. 
(Ὁ) for multiplication. If a < ὃ then, if c is positive, ac < be. 


Most probable value 


The most probable value of a quantity with frequency distri- 
bution function F(x) is the value of x for which the distribution 
function attains its maximum (see Frequency curve). 
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The binomial distribution P,(x) = (") p’q’” has mean 


value E = np. If the mean value is an integer, then it is also the 
most probable value of the distribution. If it is not an integer, it 
lies between two integers x, and x,,,;. In this case, one other of 
these numbers is the most probable value, or both are regarded 
as most probable value if they are equally probable. 


3 
Example: 1. p= : = Σ n= 3; ων" = (*) 5] ; mean 
3 

value E = 5 Ρι(Ο = Pl) “5 3 P,Q) = =, PQ) = 

P,(1) and P,(2) are ed and are the ae probable ine 

| 4\ /1\4 4 

2. Forn=4, p=q=>5; P,{x) = (*) (5) and a5 = 2; 

x = 2 is the most eine value. We — that P,(0) = ic 


P,() = 1 PQ) = 3, Pi) τε 2, PAA) = 


Multiplication 

Multiplication is the third of the four fundamental calculating 
operations. It results from abbreviating the process of addition 
of equal summands: 


atatatata=axs5; 34+34+3=3 x3. 


The numbers multiplied together are called factors; the result of 
the multiplication is called the product. The first factor is some- 
times called the multiplicand, the second factor the multiplier: 


5 Χ 3 = 15 
multiplicand x multiplier = product. 


The commutative law holds for multiplication: 
axb=bxa;eg.5xX3=3X 5. 


No distinction need therefore be made in calculation between 
multiplicand and multiplier. 
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1. Multiplication of general (literal) numbers 
By the product a x b of two general numbers we understand 
a sum of 6 summands each equal to a. 
axb=a+ta+a-+...(b times), ὁ integral. 
In particular ὃ can be a definite number. We have then, for 
exanp’s, ax5=atat+atat+a. 


In such a product 5 is called a coefficient. It is customary to omit 
the multiplication sign between coefficient and letter; the coeffi- 
cient is placed in front of the letters and the latter placed in 
alphabetical order. 

In multiplying general numbers together, the coefficients are 
first multiplied together, and then the letters. 

(3a) x (6b) = 18ab. 
If a product contains equal factors, these can be grouped together 
as a power: 
axaxaxaxbxbxc= a'b*c (see Power). 
If one factor of a product is zero the value of the product is zero. 
To multiply a product by a number, a factor may be multiplied 
by the number: 
(3\/a)x 5=15 x Va. 


2. Multiplication of relative numbers 
Relative numbers are multiplied by reference to the following 
sign rules: The product of two numbers with the same sign 1s 
positive; the product of two numbers with different signs is 
negative. (In what follows, ‘x’ is shortened to *.’.) 
(+2) .(+3)= +6, (—2).(—3) = +6. 
(+2).(—3) = -—6, (—2).(4+3) = —6. 
(t+a).(+b) = αὖ, (--4). (--δ) = +ab. 
(—a).(+b) = —ab, (+a) .(—)) = —ab. 


3. Multiplication of algebraic sums 


To multiply an algebraic sum by a number, each term of the 
sum is multiplied by the number (distributive law): 


x.(@+b—c) = ax + bx — cx. 
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To multiply algebraic sums together, every term of one sum is 
multiplied by every term of the other: 


(a + 3).(2b — c) = 2ab + 6b — ac — 3c. 


4. Multiplication of powers 


(a) With the same base; multiply by adding the exponents and 
leaving the base unaltered: 


@.ai=aqls gq”. q™ = q™", 


(b) With the same exponent; multiply by leaving the exponent 
unaltered and taking the product of the bases: 


a™ .b™ = (a.6)™; 5%, 2% = (5.2)? = 108, 


3. Multiplication of roots 


(a) With the same index; multiply by leaving the index un- 
altered and taking the product of the radicands: 


Va.Wb=Wa.b, W5.72=75.2= V0, 
ν2. ν -- νΊό = 4. 


(b) With the same radicand; we make the roots similar and 
proceed according to the rule for roots with the same index, e.g. 


Va.Va='Van'Va" = "Var: 
ὑπ. HIVE τόνε. VTS = VHB. 
(c) Roots can be expressed as powers with fractional exponents 


and multiplication can then be carried out using the corresponding 
rules for powers, e.g. 


Va.Vb =a". μὴ -- (aby = Va: 
%. 7-58 226. y= δ: = 10; 


NEGATIVE NUMBERS 


6. Multiplication of complex numbers 

Complex numbers are multiplied in the same way as algebraic 
sums, with i? put equal to —1, e.g. 

(a + ib) .(c + id) = ac — bd + i(bc + ad); 

(7+ δὴ .(( +3) Ξ:Ξ 7 .Ἐ7..31 1. 51] -Έ 51. 31 
7 + 211 + Sit 1572 τῷ 7 + 261] — 15 
—8 + 26). 


Negative numbers 


The introduction of the negative numbers is due to the need 
for subtraction to be performable without restriction. In the 
domain of positive numbers the subtraction a — b = ὁ can only 
be carried out if a > ὃ (a greater than δ). If, on the other hand, 
a<b (a smaller than ὁ) we define c=-—-(b— a), e.g. 
5 — 7=(-—2). Here the ‘— sign’ on the left hand side of the 
equation represents an operation; on the right hand side it forms 
part of the number itself. In the case of positive numbers the 
associated sign (+) may be omitted, but not in the case of 
negative numbers. Representation of the numbers on a straight 
line clarifies the notion of a negative number. 


y 
Neil’s Parabola 


This is an algebraic curve 
represented by the equation 
ax? — y® = 0, or in explicit 
form, y = +V ax? (aa fixed 
positive number, Fig. 193). 


Newton’s method of approxi- 
mation 


The improvement of an 

approximate solution x = x, 

of the equation f(x) = 0 by 

means of the differential 

Fic. 193 calculus makes use of the 
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fact that the equation of the tangent at the point (x,, y,) on 
the curve given by y = /(x), is 


)-σι =f Ve — »). 


If x, is an approximate solution then /(,) is not exactly zero. 
Suppose it equals y,. A better approximation can be obtained by 
calculating the point x, in which the tangent intersects the x-axis 
(i.e. y = 0). This is (Fig. 194) 


) 
χ, Ξε χὶ - Foy 
Several applications of Newton’s procedure rapidly lead to a 
sufficiently accurate approximation. 


Fic. 194 


Nomography 

Representation of a functional relationship by a so-called 
nomogram is used when frequent graphical solution of the same 
equation with different parameters is required. After choice of 
scale (ratio of diagram lengths in cm. to actual quantities) a 
relation y = f(x) can be represented as a nomogram scale in 
which the y values are plotted on a straight line, the x values 
being printed beside the relevant points (Fig. 195). Double-scales 
are also used, i.e. scales with two quantities having a simple 
relationship (e.g. frequency and wave-length, where the product 
is constant). Particular scales in frequent use are the logarithmic 
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scale (y = c log x), the quadratic scale (y = cx*) and the pro- 
ax + i) 


“τ For three variables we speak of 


jective scale ( y 
function-nets. 
Example: graphs for z = xy (Fig. 196). 


y= foo 


~ NR AO 


Fic. 195 Fic. 196 


By adjusting the scales in this case we can arrange for the 
z-family of curves to become a family of straight lines: taking 
logarithms we have log z = log x + log y (see Fig. 197). These 
two function nets, used for reading off the relation f(x, y, z) = 0, 
are also called net charts. f(x, y,z) = 0 can be represented by 
one arbitrary and two parallel families of straight lines if 
Κα, y, 2) = 0 can be brought to the form 


ACR + AOA + f{Z) = 0. 


DAN 
be 


Fic. 197 . Fig. 198 
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Examples of net charts 
1. z = cx”. Given scale-ratio 1 we obtain: 


llogz = llogce + In log x 


(the use of double logarithmic graph paper is advantageous here, 
Fig. 198). 
2. 2 = cA” + Ζ,. If we take logarithms, the equation becomes 


log (z — 2) = loge + x log A 
(simple logarithmic paper is used here, Fig. 199). 


Nomograms 


The straight line joining two parameter values on two straight 
or curved lines laid out with appropriate scales gives a point of 
intersection on a third scale such that the required result is read 
off directly. 


Example: z = xy (particular case: z = 12 = 3. 4, Fig. 200). 


The code-equation of a nomogram (i.e. of the functional 
relationship which the nomogram represents) and the scale of 


Result: z=12 


Fia. 199 © Fic. 200 


the z-axis are given by representing the nomogram in a ἔ- 7- 


coordinate system and applying the straight-line conditions (Fig. 
201). 
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For an arbitrary pair of values (x, y) the condition is that the 


determinant 
| E(x) my) 1 
E(x) n{y) 1|=0. 
E,(x) 73(y) I 


Application of this equation gives us the following code-equations 
for some frequently occurring nomograms (in what follows 


Es E3 ξ 
Εἰο. 201 


&4 


m,,m,,m,, = scale factors, A = m,f(x); Β = m,g(y); C = m,h(z); 
C1, Co = constants): 

1. Three parallel straight line scales. 
Code-equation: (c, + ¢,) C = ¢,A + cB (Fig. 202). 

Example: z = xy or log z = log x + log y. 
Code-equation: (οι + c,)m, log z = cym, log x + cym, log y. 

With (c, + ¢))m, = cym; = cym, the required equation is 
identically satisfied. Thus there are 3 quantities which can be 
freely chosen, say m,=m,=5 cm and cy=2cm, giving 
Co = 2cm and m, = 2:5 cm. 

2. Three straight line scales intersecting in a point. 


sin(a+f) sine 5ηβ _. 
ae eg (Fig. 203). 


3. Triangular nomogram (equilateral triangle with measuring- 
lines parallel to edges). 
Code-equation: A+ B+ C= c, (Fig. 204). 
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ζ; Cy 
Fic. 202 Fic. 203 


Nomograms for more than 3 variables 


With more than 3 variables, unlabelled auxiliary lines are used 
(as scales for intermediate results for 2 adjacent variables, Fig. 
205). 


Example: z = xyu. Taking logarithms, 


logz = log x + logy + logu 
(Fig. 206). 
With οἱ = c,, and equating the scale factors m,,m,, we have 
for the scale factor m, of the auxiliary line 


. mM, 
(cy + Co)m, = Cyn, = Cym,, Le. mM, = >? 
and likewise with m,, = m, and cz = Cy, 


(cs + cm, = mM, = c3m,, Le. m, = 


Intermediate 
point 


Fic. 204 | Fic. 205 
305 


NONLINEAR SYSTEMS OF EQUATIONS WITH TWO UNKNOWNS 


Auxiliary 
ine 


Fic. 206 


Nonlinear systems of equations with two unknowns 

If we have, for example, two nonlinear equations, then in 
order to eliminate one of the unknowns we make use of the 
Resultant (see art.) of the two equations, proceeding as follows. 
We order both equations according to the powers of one of the 
unknowns and then form their resultant by interpreting the 
preferred unknown as a known quantity. Since the two equations 
hold simultaneously the resultant must be 0. This gives us an 
equation with one unknown. 


Example: 1. 2x* — 3y?—6=0 
Il. 3x2 — 2y2 — 19 = 0 


The resultant is: 


20 —3y? — 6 0 

R = 0 2 0 —3y? — 6 
3 0 —2y27—19 0 
0 3 0 —2y2 — 19 


that is, 
R = 25y4 — 200y? - 400. 


The equation R = 25y* — 200y? + 400 = 0 has the solutions 
V1 = 2, Yo = 2, Vg = —2, γε = —2. 


The associated values of x are: x, = 3, x, = —3, x, = 3, 
X4 — — 3, 
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_ Null sequence 
A number-sequence whose limit is 0 is referred to as a null 
sequence. 


Examples: 

7 oe oo 

ΓΝ eee 

3, ι, τ ἘΦ τ Ἐφεν cp... 
Null vector 


A vector whose length is zero is a null-vector (see Vector). 


Number 

Number is a fundamental concept of mathematics, and should 
be strictly distinguished from the concept of numeral. The 
numerals are merely the signs by means of which numbers are 
represented (see Numerals, Number system). 


Number-plane 


The number plane (also 
Gaussian plane, Argand 
diagram) provides a visual 
representation of the com- 
plex numbers (see above) in 
the same way as the real 
numbers are visualised as 
forming ἃ straight line. Real axis 
A rectangular coordinate | 
system is constructed, the 
horizontal axis usually being ia 
referred to as the real axis, 
and the perpendicular as the 
imaginary axis (Fig. 207). 


> 
= 1.9 
Sis 
SE 


Fic. 207 
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The intersection of the two axes is denoted by O. On both axes unit 
lengths are laid out in both directions, the numbers . . ., —4, 
—3, —2, —1, 0, 1,2,3,4,... being laid out on the real axis 
and. .., —3i, —2i, —i, 0, i, 2i, 3i,. . . on the imaginary axis. 
In this way every point of the number plane is associated with a 
complex number and vice versa. 


Number system 


A number system is a method of representing numbers by 
means of symbols. Modern number systems are place-value © 
systems. The Romans, Greeks, and Egyptians used number 
systems in which an individual number symbol had the same 
value essentially regardless of the position in which it occurred. 
(See Numerals, Place-value system, Roman number system, 
Decimal system.) 


Number, types of 


1. Natural numbers—cardinal numbers—1, 2, 3, 4, 5,... 


Even numbers: natural numbers divisible by two. 2, 4, 6, 8, 10, 
12, 14, 16,.... 

Odd numbers: natural numbers not divisible by two. 1, 3, 5, 7, 
9.11, 13. be pare 

Prime numbers: numbers with no factor other than unity or 
the number itself. 2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31,.... 

Square numbers: squares (second powers) of natural numbers. 
1, 4, 9, 16, 25, 36, 49, 64, 81, 100, 121, 144,.... 

Cubic numbers: third powers of natural numbers. 1, 8, 27, 64, 
125, 216, 343, 512, 729, 1000,.... 


2. Integers (integral numbers)—all positive integers (natural 
numbers), zero and all negative integers. 


3. Rational numbers (fractions—fractional numbers). 


Proper fractions: the numerator of a proper fraction is less than 


; 27 
its denominator, for example, 5» 59" 
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Unit fractions: unit fractions have numerator 1. 
11111111Δ 


ΣΡ Φ ΞΘ Τ᾽ 

Improper fractions: the numerator of an improper fraction is 
equal to or greater than its denominator, for example, 
9 8 11 118 
2? 3 7’ 20 

Mixed numbers: sum of an integer and a proper fraction, for 

1 ,2 

example, 35; 7 δ᾽ 

Decimal fractions: fractions with denominator 10, 100, 1000, 
. . -; for example, 0-1987; 0-00876; 21-201. 


4. Decimal numbers—numbers written according to the system 
using 10 as base (integral, rational or irrational numbers) 

Finite decimal numbers: decimal numbers in which a finite 
number of digits come after the decimal point: for example, 
1 = 0-25 
4 — . 

Infinite decimal numbers: decimal numbers in which an infinite 
number of places come after the decimal point. 

Periodic decimal numbers: infinite decimal numbers in which a 
given sequence of figures constantly recurs: for example, 
0-3333...5; 0-173,173,173,...; 5°234,545,45.... 

Pure periodic decimal numbers: periodic decimal numbers in 
which the period commences with the first place after the 
decimal point: for example, 0-333... ; 1212121. 

Mixed periodic decimal numbers: periodic decimal numbers in 
which the period does not commence with the first place 
after the decimal point: for example, 0-00033333...; 
0-4563333...; 0-465767676.... 


5. Irrational numbers (non-rational numbers), for example 
V2, V4, e, In 2, 7. 
Algebraic irrational numbers: those irrational numbers which 
satisfy an algebraic equation with rational coefficients; for 
example, 7/2, V21, 4. 
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Transcendental irrational numbers: those (irrational) numbers 
which do not satisfy any algebraic equation with rational 
coefficients; for example, 6, e°, In 2. 


6. Real numbers. (The real numbers comprise the rational and 
the irrational numbers.) 


Relative numbers are real numbers furnished with a sign. 

Absolute numbers. If real numbers are considered without their 
signs they are referred to as absolute numbers. 

Denominate numbers. The real numbers may be provided with 
a labelling; for example, £3, $14, 5 miles, 6 lb. 


7. Complex numbers 
Imaginary numbers. The square root of a negative number is 
called an imaginary number; for example, V—1 = i, 2i, 37. 
A complex number is a sum of a real number and an imaginary 
number: for example, 5 + 3i, 7 — iV3. 


8. Literal numbers. (Letters used for representing mathematical 
formulae, such as a, b, c,. . ., a β,γ,. . .ἡ 


Numbers, representation on a straight line 

The straight line serves to provide visual representation of the 
positive and negative numbers. It can be used to illustrate the 
addition and subtraction of relative numbers. A point, the origin, 
is fixed on a straight line. To the right and left a fixed segment, 
e.g. 1 cm, is laid out and the process repeated arbitrarily often. 
The points of division thus formed to the right of the origin are 
labelled from left to right 1, 2, 3, 4, . . ., and those formed to 
the left of the origin, from right to left —1, —2, —3,..., 


—6 —5 —-4 -3 —2-1 0 1 2 3 4 5 6 


The positive numbers alone can be represented on a ray pro- 
ceeding from an origin 0, 


0 12 3 4 5 67 8 
| [ee eee 7.0.0 
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Numerals 


The numerals are the symbols which are used to name the 
individual natural numbers (see Number-system, Decimal system, 
Roman number system). 


Oblique triangle 
A triangle i is referred to as oblique if one of its interior ae 
is obtuse, i.e. greater than 90°. 


Octahedron 


The octahedron is one of the so-called Platonic solids. It is 
bounded by eight equilateral triangles (see Platonic solids). 


Octant 


If a three-dimensional rectangular coordinate system is set up 
then the space is divided by the coordinate planes into eight 
octants. Each octant is bounded by three mutually perpendicular 
coordinate planes (see Coordinate systems). 


Opposite angles 

Opposite angles or opposite-lying angles occur where parallel 
lines are cut by a transversal. Opposite angles lie on the same side 
of the transversal and on different sides of the parallel lines. 
Angles opposite to the intersecting parallels add up to 180° (see 
Angle). 


Ordering 


We can always establish for two real numbers which unique 
one of the three ordering-relations <, =, > holds between them 
(see Inequality), e.g. 


6 
3<4, -1>—-2, ν2 «2, =5 
(read: 3 less than 4; —1 greater than —2; root 2 less than 2). 
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In the symbols > and < the vertex of the angle is always 
directed towards the smaller number. 


Orientation (directional sense) 


A line-segment, straight line or curve, is said to be oriented if 
some rule is given, according to which, of any two different 
points on the segment, one can be assigned as the earlier or 
preceding point, the other as the later or succeeding point. In 
these circumstances it is also said that the line segment, straight 
line or curve has been given an orientation or directional sense. 
The line is said to be described in the positive sense, if we proceed 
at every stage from earlier points towards later. If the curve is 
described in the opposite way, then it is said to be described in 
the negative sense. 


Orthocentre 


The point of intersection of the three altitudes of a triangle 
(see Triangle); it lies on the Euler line of the Triangle. 


Pappus’s theorem (3rd century A.D.) 

On two sides of a triangle ABC construct arbitrary parallelo- 
grams ACDE and BCFG;; extend the sides ED and FG to meet 
in the point H; draw lines 
through A and B parallel to 
HC meeting HD and HF in K 
and L respectively; join KL. 
We now have a third parallelo- 
gram ABLK whose area is equal 
to the sum of the areas of the 
two original parallelograms 
(Fig. 208). 
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Parabola 


A parabola is the locus of points equidistant from a fixed point, 
the focus, and a fixed straight line, the directrix (see Conic 
sections). 

The distance of the focus F from the directrix 1 is denoted by 
the parameter p. The standard equation of the parabola is 
y® = 2px. This is the vertex equation of the parabola, the vertex 
of the parabola (i.e. the point nearest the directrix) being taken 
in this representation to be the origin of the coordinate system 
(Fig. 209). The focus of the parabola then has coordinates 


F (5 0) and the directrix has equation x = — - 


Fig. 209 


The line perpendicular to the axis of the parabola and passing 
through the focus intersects the parabola in two points which are 
distant 2p apart. The parabola is symmetric about its axis and 
is an open curve. The further we proceed along the axis of the 
parabola from the vertex to and beyond the focus the greater is 
the distance of the points of the parabola from the axis. For 
construction of parabola, see Conic sections. 


Particular equations of parabola 


1. Vertex equations. According to the direction of the axis of 
the parabola, we have the following equations (the vertex of the 
parabola being taken each time as the origin): 
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(a) Axis of parabola = y-axis, focus F (0 2) (opening above) 


x? = 2py Directrix: y = -ξ 


(Ὁ) Axis of parabola = y-axis, focus F (0. -5) (opening 


below) 
χΞ = —2py Directrix: y = +6 
(c) Axis of parabola = x-axis, focus F (5 0) (opening to 
right) 
γ = 2px Directrix: x = -F 


(d) Axis of parabola = x-axis, focus F (— a 0) (opening to 
left) 
P 


y? = —2px Directrix: x = +5 
2. If the vertex of the parabola is not taken as the origin of the 
coordinate system but has coordinates δία, δ), then the following 


possibilities arise: 
(a) Axis of parabola parallel to y-axis (opening above) 


(x — a)? = 2p(y — δ). focus: F (« b+ ‘). directrix: y = ὃ — δ. 


(0) Axis of parabola parallel to y-axis (opening below) 


(x — a)* = —2p(y — δ), focus: F (« b -5), directrix: y = ὃ τς. 


(c) Axis of parabola parallel to x-axis (opening to right) 


(y — b)? = 2p(x — a), focus: F(a εξ, b), directrix: x =a —§. 


(d) Axis of parabola parallel to x-axis (opening to left) 


(y — b)? = —2p(x — a), focus: F (a - 5, 6), directrix: x = a+ 
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Equations of lines associated with the parabola 
Tangents, normals, polars, diameters. 
1. Intersections of the line y =mx +n with the parabola 
y? = 2px. 
Regarding the equations (i) y = mx - πὶ and 
(ii) γ" = 2px 


as a system of equations specifying the points of intersection we 
have | 


mn — | eee 
i= -- ἔπ τὰ νῷ — Στὴ; 
1 
Nia = + ££ — Vp(p — In), 


Special case: m = 0, the straight line is parallel to the x-axis. 
The system of equations is then: γ2 = 2px, y = n. In this case 
2 


: : : : n . 
there is only one point of intersection P, (> n), and there is 


no tangent line having this direction. 
In the general case we have (D = Pp — 2mn, the discriminant): 
2 points of intersection if D is positive; 
1 point of intersection if D = 0 (tangent); 
no point of intersection if D is negative. 
2. Tangents to the parabola. The line y = mx +n is tangent 


to the parabola y? = 2px if D = p — 2mn = 0, i.e. ifn = — 
The equation of the tangent is then 


ma »- 
ΕΣ, 


This line touches the parabola in the point (> a} 
m* m 


The equation of the tangent to the parabola at the point 
(x4, V4) is 
V1 = P(X + χρ. 
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The equation of the normal at the same point is 


7 ma Vas riches 


3. Polar equations. If the tangents to the parabola from a 
point P, outside the parabola are to be constructed and their 
equations obtained, the points of contact of the required tangents 
are first calculated by means of the polar equation. This is 


Yo = P(X + Xo) 

4. Diameters. Straight lines with a fixed gradient m have 
equations of the form y = mx + n and form a family of parallel 
chords of the parabola when n is varied. From the coordinates of 
the point of intersection we can derive the mid-points of the 


chords (- τ" ΕῚ and their locus is defined to be ἃ dia- 


meter of the parabola. The mid-points of chords of a family 
with common gradient m therefore lie on a line parallel to the 
x-axis and at distance ξ from it. This line is called the diameter 
with reference to the direction m. 
5. Tangents to the parabolas y* = —2px, x* = 2py, x* = —2py: 
(a) The line y = mx + nis tangent to the parabola y? = —2px 
if D = p + 2mn = 0. 
(Ὁ) The line y = mx + n is tangent to the parabola x? = 2py 
if τῷ pm? + 2n = 0. 
(c) The line y = mx + nis tangent to the parabola x2 == —2py 
if D = pm? — 2n = 0. 


6. Equations of tangent at given point of contact P,(x, y,) to the 
parabolas (y — b)? = +2p(x — a) or (x — a)? = -εογρῷῪ — δ): 
The equations of the tangents are 
(y—DQ,- B= p.e-atx%—a) 
for the parabola (y — b)? = = 2p(x — a), 
Ο — By -- ὃ) = —p. (wa tm — 4) 
for the parabola (y — b)? = —2p(x — a), 
(x—alx,—-a = p.(y—-b+y,-—5) 
for the parabola (x — a)? = 2p(y — 4), 
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(x — a(x, — a) = —p.(y—b + γι — δ) 
for the parabola (x — a)? = ~2p(y — δ). 


7. Equations of polar for given pole Po(Xp, Vo) in respect of the 
parabolas 


Ο — δ)2 = +2p(x — a) and (x — a)? = +2p(y — δ). 


The equation of the polar line is identical with the equation of a 
tangent (see above under 6) and is obtained by substituting the 
coordinates (Xp, Yo) for (x, yy) in the equation. The polar equa- 
tion can be used to calculate the point of contact of tangents 
from Py to the parabola, and from these to set up the equations 
of the tangents. 


General theorems on the parabola (Fig. 210). 


1. Diameters of a parabola (with reference to families of 
parallel chords) are parallel to the axis of the parabola. 


y\Tangent at vertex 


‘Distance to directrix Py Diameter 


Directrix 


Fic. 210 


2. The feet of perpendiculars from the focus to tangents to 
a parabola lie on the tangent at the vertex. 

3. The point of intersection of two mutually perpendicular 
tangents lies on the directrix of the parabola. 
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4. The distance of the point of contact of a tangent from the 
focus is equal to the distance of the focus from the point of 
intersection of the tangent with the axis of the parabola. (In Fig. 


210, TF = FP,.) 
5. The tangent at P, bisects the angle between P,F and the 
perpendicular from P, onto the directrix. 


6. The projection onto the axis of the parabola of the line- 
segment between the point of contact of a tangent and the point 
of intersection of the tangent with the axis, is bisected by the 
vertex. The segment bisected is referred to as the subtangent. 


7. The projection onto the axis of the parabola of the segment 
lying on the normal, between its points of intersection with the 
parabola and with the axis, is called the subnormal. The sub- 
normal has length p. 


8. The mirror-image of the focus, with respect to a tangent, 
lies on the directrix of the parabola. 

9. If the tangents at points P,, P, of a parabola intersect in R, 
then RFP, = , ΚΕΡ,. 

10. If the chord joining two points of a parabola passes through 
the focus, the tangents at the two points are perpendicular to one 
another and intersect on the directrix. 

11. If the perpendicular from a point P, of a parabola with 
focus F onto the directrix intersects the directrix in G then P,F 
and P,G are sides of a rhombus whose fourth vertex lies on the 
axis of the parabola. The tangent at P, is a diagonal of the 
rhombus. The centre of the rhombus is the foot of the perpen- 
dicular from the focus onto the tangent at P, and lies on the 
tangent at the vertex. 


Construction of tangents to a parabola 


(a) At a point P, of the parabola. We draw through P, the line 
perpendicular to the directrix and also the line joining P, to the 
focus. The tangent is the bisector of the angle between these 
two lines. 

(b) From a point P to the parabola (Fig. 211). Join the point P 
to the focus F and describe on the segment PF the Thales circle. 
The point of intersection of this circle with the tangent at the 
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vertex is the foot H of the perpendicular from the focus onto the 
required tangent. Join FH and let it intersect the directrix in G. 
G is the mirror-image of the focus with respect to the required 
tangent. Through G draw the line parallel to the axis of the 
parabola. This intersects the tangent in its point B of contact 
with the parabola. 


Parallel 


Two straight lines which lie in one and the same plane and do 
not intersect are said to be parallel (Fig. 212). 


Parallel axiom 


If a is an arbitrary straight line and A a point which does not 
lie on a, then in the plane determined by a and A, there is just 
one straight line which passes through A and does not intersect a. 


Consequences of the parallel axiom 


1. If two parallel lines are intersected by a third, step angles 
and alternate angles are equal and conversely if step-angles and 
alternate angles are equal the two lines intersected by the trans- 
versal must be parallel. 

2. The interior angles of a triangle add up to 180°. 

3. If / and m are two straight lines which are both parallel to 
a third line x, then / and m themselves are parallel. 


_ 4, If 1 and m are two parallel lines, P a point on J, and if PF 
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is the perpendicular from P onto m, then PF is defined as the 
distance between the parallel lines. The distance defined in this 
way is the same wherever P is chosen to lie on 1. 


Parallel planes 


Planes which do not intersect are said to be parallel. 

Parallel planes are everywhere the same distance apart. A 
straight line is said to be parallel to a plane if it lies wholly in a 
plane which is parallel to the given plane. 


Parallel projection 


A projection (see art.) in which all rays of projection are 
parallel is called a parallel projection. The direction of these rays 
is called the projection-direction. The projection-direction is given 
relative to the image-plane. We speak of oblique parallel projec- 
tion, if the rays of projection do not intersect the image plane at 
right angles. If the rays of projection do intersect the image-plane 
at right angles, the projection is orthogonal. The general parallel 
projection is used for representing solid objects by plane images, 
e.g. in cavalier perspective (see art.). Orthogonal parallel projec- 
tion is used for horizontal projection and for two-plane projection 
(see art.). 


Parallel translation (Fig. 213) 

A parallel translation is a transformation in a plane or in space 
(see Transformation). A parallel translation in a plane can be 
specified by a translation-direction (measured by the angle « 


Direction of 


translation — 
Ps 


A " Null direction 
Fic. 213 


formed with an agreed null-direction) and by a displacement- 
segment ὦ. The image of a point A can be constructed by drawing 
from A the ray in the direction of translation, and marking off 
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on it the displacement segment d. The end-point A, of the segment 
laid off is the image point of A. For representation by a system 
of equations, see Rigid motions. 


Parallelogram 
A quadrilateral in which pairs of opposite sides are parallel is 
called a parallelogram (see Quadrilateral). 


Parallels to a straight line, construction of 

1. To construct a straight line m through a given point, parallel 
to a straight line /. Draw through the given point P an arbitrary 
straight line ἢ intersecting / in the point A. / and ἢ form together 
the angle « (see Fig. 214). At P on ἢ lay out the angle «, on the 
same side of J,, and in the same sense, from AP. Then the free 
arm of the new angle gives the direction of the required parallel m. 
J, may conveniently be chosen to be perpendicular to m (« = 90°). 

2. To construct a straight line m parallel to a given straight 
line / and at a distance a from it (Fig. 215). Take a point P on / 


Fic. 214 Fic. 215 


and erect the perpendicular to / at this point. Describe a circle 
with radius a about P. This intersects the perpendicular in two 
points A and B, such that P lies between A and B. Draw the lines 
parallel to / through A and B. There are two lines, m, and m, 
with the required property. 
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PARAMETRIC REPRESENTATION OF A CURVE 


Parametric representation of a curve 

The representation of the points P(x, y, z) of a curve by three 
functions x = u(t), y = v(t), z = w(t) dependent on a parameter 
t is described as a parametric representation of the curve (see 
Curves). 


Parametric representation of a surface 


The points P(x, y, z) of a surface can be represented by three 
functions 
x= u(s, ἢ, y = υ(5, ἢ, 2 = w(s, ἢ, 


dependent upon two parameters, s and ¢. This is referred to as a 
parametric representation of the surface (see Surface). 


Pascal’s theorem (Blaise Pascal, 1623-1662) 


The three points of intersection X, Y and Z of opposite sides 
of a hexagon inscribed in a circle (or conic) lie on a straight line 
(Pascal’s line), opposite sides being sides separated from one 
another by two sides (Fig. 216). 


Opposite sides are, 
AB and DE, 

BC and EF, 

CD and FA. 


Fic. 216 
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Pascal’s triangle 


Pascal’s triangle is the following array of numbers, in which 
the individual numbers of the array are the binomial coefficients 


(7), (see also Binomial Theorem). 


1 6 15 20 15 6 l 


The array has the following properties 

1. Each number is the sum of the two numbers standing above 
it to the left and right;e.g.10=4+6. | 

2. Each number is equal to the sum of all numbers in the left 
or right diagonal, beginning with the number immediately above 
to the left or right, and proceeding upwards; e.g. 15 =5+4+ 
34+2+land15=104+4+1. 

3. Each diagonal is an arithmetic sequence (see art.); e.g. 


Ist diagonal: 1,1,1,1,1,... Arithmetic sequence of zero 
order. 
2nd diagonal: 1, 2, 3,4,5,... Arithmetic sequence of Ist 
Mae a order. 7 


3rd diagonal: 1, 3, 6, 10, 15,... Arithmetic sequence of 2nd 
order. 


4th diagonal: 1, 4, 10, 20,... Arithmetic sequence of 3rd 
| order. 
And so on. 
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Perpendicular bisector 
The perpendicular bisector of a given straight line segment AB 


is the straight line perpendicular to AB, and passing through its 
mid-point. 

The perpendicular bisector of a segment is the axis of symmetry 
of the segment (see Fundamental constructions, Triangle). 

The perpendicular bisectors of the three sides of a triangle 
intersect in the centre of the circumcircle. 


Perpendicular, construction of 
To drop a perpendicular onto a straight line (Fig. 217). 
Construction: Given a straight line / and a point P outside the 


line. Describe a circle (of arbitrary radius) about P so that it 
intersects / in two points A and B. About A and B draw circles 


Fic. 217 


large enough to intersect and join their points of intersection, 
C and D. The required perpendicular lies on the line through C 
and D, and is the join of P to the point F where / and CD intersect. 


Perspective 


Two figures or solid bodies which arise from one another by 
a perspective transformation (see art.) are said to be in perspective 
with respect to one another. The perspective image of a circle 
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can, for example, be a parabola, and the parabola and the circle 
are then in perspective with respect to one another (see Perspective 
transformation). 


Perspective transformation (= perspectivity) 
Plane perspective transformation 
In a perspective transformation in a plane, the points of two 


different straight lines are associated with one another in the 
following way: 


If / and m are given straight lines and Z is a point of the 
plane which lies neither on / or m, then a point L of / is associ- 


ated with the point of intersection, M, of ZL with m (M is the 
image-point of L). Z is called the centre of the perspectivity 
(Fig. 218). Thus in a perspectivity the image-points on m arise 
out of the points of / by central projection. 
Such a perspectivity of the points of two straight lines 
possesses a fixed point (point whose image coincides with the 
point itself), namely the point of intersection P of the two lines. 


Example of a perspective transformation in space 

If Εἰ and £, are two different planes in space, and Z is a point 
outside both E, and E,, a perspectivity can be defined in the 
following way: 


If P, is a point of E, the point of intersection P, of the line 
ZP, with the plane E, is associated with P, as its image-point. 
The points of the line of intersection / of E, and £, are fixed 
points of this transformation (Fig. 219). 


Fic. 218 Fic. 219 
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‘Central perspective’ is an important mapping-procedure of 
Descriptive geometry (see art. under this title and also Central 
perspective). 

The perspective transformations belong to the projective 
transformations (see art.). ᾿ 


Place-value system 


A place-value system is a number system in which the value of 
a number-symbol depends not only on the symbol itself but also 
on the position in the number at which the symbol occurs. The 
sexagesimal system of the Babylonians, with base 60, our own 
decimal system, with base 10, and the binary system (base 2) used 
by many computing machines are examples. Each place-value 
system has a positive integral base and as many different number- 
symbols as this base allows. 

A sexagesimal system must thus have 60 number-symbols; the 
decimal system uses the symbols 0, 1, 2, 3, 4, 5, 6, 7, 8 and 9; 
a binary system can use the symbols 0 and 1. See Number system, 
Numerals, Decimal system. 


Plane 


The plane is one of the basic geometric elements of space (the 
others are the point (see below) and the straight line (see below)). 


Properties of the plane 


A plane is uniquely determined by three points which do not 
lie on a straight line. If two points of a straight line lie in a plane, 
the whole line lies in the plane. 

Two planes either intersect in a straight line (trace line or trace) 
or have no point in common. Planes which have no points in 
common are parallel. A plane and a straight line either intersect 
in a point (point of intersection, trace point, trace); or the whole 
line lies in the plane; or the plane and the line have no point in 
common, in which case the line is parallel to the plane. Two 
straight lines which lie in the same plane have either one or no 
points in common. A unique plane is determined either by a 
Straight line and a point not lying on it, or by two different 
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straight lines with a common point. A plane is unbounded on all 
sides and divides space into two parts. A plane is divided by every 
straight line within it into two parts. In dealing with different 
planes in space at the same time we sometimes denote the planes 
by capital Greek letters: A, B, 1, A, E, Z,.... 


Planetary orbits 


The path of a planet in its motion about the sun is described 
as its orbit. The movement of the planets about the sun results 
from the force of attraction (gravitational force) between the 
planets and the sun. A planet moves in an orbit which obey the 
following three laws (Kepler’s laws): 


I. The planet describes an ellipse with the sun at one focus. 


II. The radius vector from the sun to the planet sweeps out 
equal areas in equal times. 


ΠῚ. If the orbits of several planets are compared with one 
another, the squares of times of revolution are proportional 
to the cubes of the major axes of the orbital ellipses. 


Planimetry | 

Planimetry, or ‘plane geometry’, comprises the study of figures 
lying in a plane. Parallel with plane geometry we speak of ‘linear 
geometry’, the study of geometrical structures lying in a straight 
line, and of stereometry or ‘solid geometry’ primarily concerned 
with geometrical structures in space which do not lie in a straight 
line or in a plane. 

The term ‘planimetry’ is often confined to that part of plane 
geometry concerned with the measurement of plane figures. 


Platonic solids 


Platonic solids or regular polyhedra are convex polyhedra 
which are bounded by regular, mutually congruent, polygons. 
There are five Platonic solids, viz. 


Tetrahedron, Hexahedron (cube), Octahedron, 


Pentadodecahedron, and Icosahedron. 
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PLATONIC SOLIDS 
General properties 


Notation: v = number of vertices 
J = number of faces 
e = number of edges 
m = number of faces meeting at a vertex 


n = number of edges and vertices associated with a 
face 


a = number of angles. 
We have v + f = e + 2 (Euler’s polyhedron theorem). 


Solid 
Tetrahedron 
Octahedron 
Icosahedron 
Hexahedron 


Dodecahedron 


Each of these solids possesses an inscribed and a circumscribed 
sphere, which has the same centre O. Further, the mid-points of 
all the edges of a platonic solid also lie on a sphere again with 
centre O. If we construct the inscribed sphere of a Platonic solid 
and join neighbouring points of contact of the sphere with the 
faces of the polyhedron, there results within the spliere another 
regular polyhedron, which has the same number of vertices as 
the original solid has faces, and the same number of edges as the 
original solid. The cube yields an octahedron, the icosahedron a 
dodecahedron, and the tetrahedron another tetrahedron. 


Measurements of the Platonic solids 


Notation: lateral edge a, lateral surface G, total surface S, 
volume V, radius of circumscribed sphere r, radius of inscribed 
sphere p, angle between edges « and angle between faces ¢. 
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Tetra- Octa- 
Madcon hadron Dodecahedron Icosahedron 
a a* a ἜΣ ΤΈΞΕΤΟΤΩ a 
Lateral surface, G | 7 V3 τ ν3 “ ν25: 10v5 7 V3 
Total surface, δ᾽ av3 2a°V3 [3.3 ν 25 + 10V5 5q2V3 
a a 5 
volume. ¥. 12 3 v2 a (15 + 7V5) ΤΩ α3(3 + V5) 
: as a 
Radius, r 5 V2 V3(1 + V5) qV10+ 2ν 8 


Radius, p 2 v6 g EEE 4 Vig + νῷ 


Angle between 
edges, a 60° 108° 60° 


Angle between 
faces, φ 70° 33’ 116° 34° 138° 11’ 


Point 

Points are basic elements of linear, plane and three-dimensional 
geometry. Properties of points: two distinct points determine a 
straight line (connecting line). 

Two straight lines, which lie in a plane and are not parallel, 
intersect in a point (point of intersection). 

If three distinct points lie on a straight line we can say of just 
one of these points that it lies between the other two. (Ordering 
of points on a straight line.) 

Three points of space which do not lie on a straight line 
determine a single plane. 


Point-sequence 


If according to some prescribed rule a first point P, determines 
a second P,, and P, determines a third P;, and so on, these points 
are said to form a point-sequence: 


Py, Pos Pa, Py s + oe 
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POLE 


The points dealt with can be either in a plane or in three-dimen- 
sional space. Point-sequences are closely related to number- 
sequences. Thus, if the points are specified by their coordinates, 
three number sequences are formed from the coordinates 


P.(Xn> Vn» Zn) Of the general point 
δ 


Yi» Vox Ve re o> Vn» Bia Oe 
δι, Zon Ζιφ τσ, ὁ 
Conversely, given an arbitrary number-sequence @,, a, Q3,.. -, 
a point-sequence can be derived in which the number a, is associ- 
ated with the point A,(a,, 0) of the plane (x, y). 
A point-sequence is said to converge to the point A (P, > A, 
or lim P, = A) if the distances P,A form a null sequence. A 


n> © 


point-sequence which is not convergent is said to be divergent. 
E.g. suppose the following points are given in a plane: 


Ι l 1 
P, (2+5.5).P.(2+54 +5) 


1 1 1 1 

», (5. 544g) (24+Gg4t geo 
1 1 

P, (2+ 354+ 53) rae 


The sequence converges to the point P(2, 4), since the sequence 
of distances 


a | 2 1 2 
1\? 1 \? 1\? 1 
- (5) + (za) τ (5) απο τ πν 
is a null sequence. 


Pole 
If, as x —> Xo, f(x) > £4 ©, f(x) is said to have a pole at x9. F.g. 


1 1 
70)Ξ Pe pole at x = 0; f(x) ==> pole at x = 1. 
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Polygonal numbers 

Polygonal numbers are numbers which form an arithmetic 
sequence (see art.) of the second order. The general term of these 
sequences is 


Ζ, = 5 [2 + (n --- 1)d], where d is one of the numbers 1,2,3,.... 


With d = 1 we obtain the triangular numbers: 1, 3, 6, 10, 15,. .. 
With d = 2 we obtain the square numbers: 1, 4, 9, 16, os eee 
With d = 3 we obtain the pentagonal numbers: 1, 5, 12, PP, a ee 


The names of these numbers derive from a particular property, 
i.e. that the number of points (x) indicated by the triangular 
(square) number can be arranged in the form ofa triangle (square). 
Triangular numbers: 


1 3 6 10 
x x x x 
x x x Χ x xX 
x xX X xX xX X 


Square numbers: 


| 4 9 16 
x x  Χ x xX xX x xX X X 
x Χ x XxX X xX xX X xX 
x XxX X x xX X X 


Xx %X XK Xx 


Pentagonal, hexagonal and other such numbers are not so 
adequately represented in this way. 


Polygons 3 
The polygon defined by the points A,, 42» . . -, A, lying in a 
plane is the figure bounded by the segments 414, Adz, . - ., 
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A,,A, (Fig. 220). When we define a polygon we usually assume 
that the points (or vertices) A, As,. . ., A,, are all different, and 
that two segments have no point in common unless they are 
adjacent segments, in which case they have a vertex in common. 
Fig. 221 shows a polygon which does not satisfy these conditions. 


A; 
A As 
Ay i 
A; | 
Ay 
A 
Ay ἧ Ay Ar 
Fic. 220 Fic. 221 


The sides of the the polygon can also be denoted ὼ Ay, An, (225... «9 
a,, where a, = A, Ap, Ay = 4.4., ας = AgAg, οὐ 9 Any = An_An, 
a,, = A,,A;. Every n-sided polygon possesses oe — 3)/2 diagonals. 
A diagonal is a segment joining two vertices which are not sides 
of the polygon, so that from each vertex proceed two sides and 
(n — 3) diagonals (Fig. 222, hexagon, 9 diagonals). Every n-sided 
polygon can be divided into (n — 2) triangles (Fig. 223, hexagon, 
4 triangles); the sum of the interior angles of an n-sided polygon 
is therefore equal to (n — 2) x 180°. 


Fic. 222 ' Fic. 223 


POSITION VECTOR 


The most important polygons are the regular polygons, i.e. 
polygons whose sides are of equal length and whose angles are 
of equal size (see Regular polygons). 


Polyhedron 


A polyhedron is a closed portion of space bounded on all sides 
by plane surfaces. The lines of intersection of these surfaces are 
called edges. The edges meet in the vertices of the polyhedron. 
In the case of convex polyhedra we have Euler’s theorem: If a 
convex polyhedron has v vertices, e edges and f faces then 
v+f=et2. 

If a denotes the number of angles, then we also have: 


2 
a=2,a>¥,0<5ef<zefsw—4. 


By means of Euler’s theorem and the other relationships, it 
can be proved that only five regular solids, i.e. solids bounded by 
congruent regular polygons, can exist. These are referred to as 
the Platonic solids (see art.). 

The so-called crystal-structures are of great interest in science 
(see textbooks of Mineralogy). 


Polynomial 

Expressions comprising one term, such as 2a, tbc, can be added 
or subtracted from one another. Several literal numbers associated 
in this manner form a polynomial expression. a + 2b — 4c —d 
for example is a polynomial of four terms. A polynomial of two 
terms is called binomial, e.g. a + ὃ. 


Position vector 


A position vector is a vector whose point of origin is the 
origin of a coordinate system, and whose end-point is some other 
point. Position vectors cannot, like other vectors, be freely 
moved parallel to themselves; they are bound to the origin of the 
coordinate system (see Vector). 
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Powers 
A power is a product of equal factors. E.g.: 
4=4x4x4, @®=axaxaxaxa. 
Evaluating the product, we obtain the value of the power; e.g. 
43 = 64, 33 = 9, αἱ =a. 
Nomenclature, a” = c: 
a = base; n = exponent (or power); c = value of power (also 
sometimes, power). 
In particular we have: 1” = 1 and 0” = 0 for all values of n. 
For integral values of the exponent n we have: A positive base 
raised to a positive power always has a positive value. 
A negative base raised to an even power has a positive value 
and raised to an odd power has a negative value, e.g. 


(—1? = +1, (-1)? = -1. 
In general: 
(-- a)?" = a2”, (— α)55 1 tae ad gent 
e.g. (—1)?” = +1, (—1)?"*! = -1. 
Any power can be multiplied by a number; e.g. 
2x 32?=2x9=18; if αἴ τε ο then bx a"=bxe. 
Addition and subtraction of powers. Powers can only be added 


or subtracted directly if they have the same base and exponent; 
e.g. a" + α = 2a", but a can only be added to a? if adeterminate 
number is assigned to a. 

Powers of a sum (see Binomial Theorem). 

Powers of a product. in taking the power of a product we take 
the power of each factor and multiply these together. 


(a x δ)" =a" x δ΄ῆ (3 x 5)? = 3? x 53. 
Powers of a quotient (fraction). In taking the power of a quo- 


tient (fraction), we take the power of the dividend (numerator), 
and divide it by the power of divisor (denominator). 


(5) = = (a + δ)" =a" + δ’; 
| 12\? 123 
(12 + 45 = (=) = 12? + 43 = Re 


334 


POWERS 


Multiplication of powers. | 
(i) with the same base: the result of multiplying powers with 
the same base is an expression with the common base raised to 
exponent equal to the sum of the individual exponents. 
αἴ Χ at=art, 32 χ 33 = 3531 = 35 


(ii) with the same exponent: in multiplying powers with the 
same exponent we take the product of the individual bases and 
raise to the common exponent. 


a" x δῆτε (αχ δ), 2x S=GB xX 5) = 15° 
Powers of a power. To raise ἃ power to a power, we raise the 
base to the product of the two given powers. 
(a?)? = a, (33)? = 33.2 — 36, 


Division of powers. 


(i) with the same base: to divide powers with the same base 
we raise the base to the difference between the exponent of the 
dividend and the exponent of the divisor: 


a 
Eg. αὖ --- αϑ τε αδ“3 -Ξ a; Ae Se xtOaxrta ἢ 
(for x? = + see below). 


(ii) with the same exponent: to divide powers with the same 
exponent, we raise the quotient of the bases to the common 


power. 
qn (ἢ 
δι \b)’ 


12? 12\2 458 45\8 
e.g. ga (q) = 8-93 x= (5) =. 55. 


Powers with negative exponents. In dividing two powers with 
the same base and the same exponent, we get: 


x” = x” = x" = X?, 
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” 


. x e 
But since = also equals 1, x° is defined as 1. 
ee . ΩΡ 
Similarly, so as to be able to extend the relation a a? to 


all positive numbers p and q we define x" = - e.g. 


The rules given above hold unaltered for negative and zero 
exponents. 
Powers with fractional exponents. In order to extend the relation 
1 


(a”)* = a?-* to fractional indices, we need to have (a%)? = 1, and 
1 » 
so we define α΄ to be the gth root of a. Then a power αἱ with 


fractional exponent © represents the gth root of the power a”. 


2 


αἴ = Va?, 
: 2 2. 
e.g. 4 = ν 43 = V64 = 8. 


In particular, 
i n $ 2 4 
™=Wq, 2= V2, 33 = V3. 


The rules given above hold also for fractional exponents, e.g. 


12 1,2 414 2 gs 
αἷα9-- αἱ ϑ--α δ8 =g® 23 
8 3 
8 8 3 ἃ 2 [7 }\3 
δὲ α 2?=Pk 1-5.- [0 - (=). 
. ee en ge ΞΞ = 
Σ αὖ \4 a 
a a 


Powers of roots. To raise a root to a power we take the power 
of the radicand, and then extract the root (see Roots, extraction of ). 
For powers of complex numbers, see De Moivre’s formula. 
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Power-series 
A series of the form 


Sax" = Ay + ax! + ax? + aye +...+a,x"+... 


is described as a power series in x. The numbers aj, a>, da, .. . 
are called the coefficients of the power-series. x is a variable. 
Polynomials of the form 


Qy + ax! + ax? ++... +4,” 
are also power-series with finite numbers of terms. 


Examples: The binomial series, the exponential series, the 
logarithmic series, the trigonometrical series and the inverse 
trigonometrical series are power-series in the variable x (see 
individual articles). — 


Every power-series possesses an interval of convergence (see 
below) and a radius of convergence. If r is the radius of con- 
vergence of a power-series, the series converges for all values of x 
for which |x| <r, while the series diverges for all values of x 
with |x| >r. The interval —r << x < +r is referred to as the 
interval of convergence. The radius of convergence can be 0, in 
which case the series only converges for the value x = 0. The 
radius of convergence may be οὐ, in which case the series con- 
verges for all values of x. 


Examples: 1. The exponential series 


converges for all values of x. 
2. The logarithmic series 


2 


x x3 x" 
In(l+x)=x 5 +3 ~.-+(—1) πὶ tee 


converges for -I1 << x< +1. 
3. The power-series 


Salx” = 1px $e? 4 384 Abt Ὁ Sho, 


n=( 
converges only for x = 0. 
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PRISM 
Prism 

A prism is a solid having polygons lying in parallel planes as 
base and upper surface, and bounded by parallelograms as lateral 
surfaces. 

If the lateral surfaces of the solid are perpendicular to the base, 
it is said to be a right prism (Fig. 224), otherwise it is called an 
oblique prism (Fig. 225). 


Three-sided 
prism h 
ἢ 


Fic. 224 Fic. 225 


Ι͵ 
Ι 
Ι 
Ι 
i 
Ι 
! 
Ι 
{ 
Ι 
' 
! 
Ι 
ΓΔ 


If the base of a prism is a regular n-agon, it is said to be ἃ 
regular n-sided prism. The distance between the base and the 
upper surface is called the altitude. The volume of a prism with 
base-area B and altitude his V = B.h. 

A four-sided right prism is also called a right parallelepiped or 
rectangular solid (see art.). A right parallelepiped whose altitude 
is equal to the edges of the base is a cube. A four-sided oblique 
prism is also called a parallelepiped. Prisms with bases of equal 
area and with equal altitudes have equal volumes. 


Probability 
If an event occurs n times, and if we may expect the event to 
turn out in a particular way (a favourable event, a success) m 
times out of the ἡ trials, each of the events being equally probable, 
then the probability P of a success is 
m 


pP=— 
n 
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PROBABILITY 
Example 1: the probability of throwing a six with a cubical 
1 
die is 6 since the number of favourable cases is 1 and the number 


of possible cases is 6. 


Example 2: according toa life-table, out of 100,000 20-year-old 
men 82,878 survive to the end of their 40th year. Thus the prob- 
ability of a 20-year-old man completing his 40th year is 


82,878 
= 700,000 = 0°82878. 

A probability is always a number between 0 an 1. If the 
probability of occurrence of an event is 1 the event will certainly 
take place. If, on the other hand, the probability of occurrence 
of an event is 0, then the event will certainly not take place. 

Addition law of probability theory. If an event can come about 
in several independent ways, the overall probability that it will 
occur is equal to the sum of the individual probabilities. 


Example: What is the probability P of throwing either a 6 or 
1 
ἃ 1 with a die? The probability of throwing a 6 is = and of 


6 
throwing a 1 is also Η Therefore the probability of throwing 
either a 6 lis P = peas 
either a 0 or a | Is —Ehe os 


Multiplication law (compound probability). If an event is 
regarded as occurring if a number of sub-events independently 
occur, then the (compound) probability of the occurrence of the 
event is equal to the product of the probabilities of occurrence of 
the sub-events. 


Example: What is the probability P of throwing first a 6 and 

Ι 

then a 1 with a cubical die? Both individual probabilities are 6 
so the required probability P = -- - - = το: 
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Projection 


A projection is a transformation in which the image-figure 
is obtained from the original figure (plane or three-dimensional) 
by drawing from the point of the original figure straight lines, 
which are either parallel (parallel projection), or concurrent 
(central projection), and which intersect the image-plane. The 
points of intersection of the straight lines (rays of projection) 
with the image-plane are the image-points, the totality of which 
yields the image-figure. The figure is said to be projected onto 
the image-plane. 


Projection theorem for triangles 


The rectangle formed from 
one side of a triangle and the 
projection of a second side onto 
it is equal to the rectangle formed 
by the second side and the pro- 
jection of the first on the second. 
Area of the rectangle AF,HG = 
area of the rectangle AF,LK. 


AC = AK, AB = AG. (Fig. 226) 


Fic. 226 


Projective 


Two plane figures or two solids which arise from one another 
by a projective transformation (see art.) are said to be projective 
with respect to one another; e.g. the projective image of a circle 
is a conic section. 


Projective transformation (Collineation, Projectivity) 


Linear projective transformations are single-valued transforma- 
tions of the points of space (or of a plane) for which the cross- 
ratio (see art.) of four points lying on a straight line remains fixed. 
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Properties of the projective transformations 

Fundamental theorem of projective geometry: given 5 points 
of space, Py, P,, Pz, Ps, P,, of which no four lie in a plane, and 5 
further points Qo, Q,, Q., Qs, Q4, of which also no four lie in a 
plane, then there is exactly one projective transformation in which 
the point Py corresponds to the point 0» P, to Q,, P, to Q,, 
P, to Q3 and P, to Q, as image points. 

That is, a projective transformation of the points of space is 
uniquely determined by 5 points, no four of which lie in a plane, 
and by the images of these 5 points. For the projective transforma- 
tion of points of a plane we have similarly: 

A projective transformation of the points of a plane 7 is a 
one-valued transformation which is specified by four points 
Po, P;, Po, Ps, of the plane 7, no three of which lie on a straight 
line, and by the four image-points Qo, Q,, Q2, Q3, of which again 
no three are collinear. The points Q5, Q,, Ος, Qs, can lie in the 
same plane π᾿ or in another plane 7}. 

Finally, for projective transformations of the points of a straight 
line: A projective transformation of the points of a straight line / 
is specified by three different points Po, P,, P2, of J and the image- 
points Qo, Q,, Q, which must also be different and which can lie 
either on the same line / or on another straight line /,. 


Examples of projective transformations 


1. The perspective transformations (see art.). 
2. Projective transformations on a straight line. 


Example: If A, B, C are three points of the straight line m 
which are to possess the image-points A, = A, B,, C,, the image- 
point D, corresponding to a further point D can be constructed 
as follows (Fig. 227). 
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We draw through the fixed point A = A, an arbitrary straight 
line 1 and choose a point Z which lies on neither / nor m. From Z 
we draw lines through the points A, B, C and D. These rays 
intersect the line 1 in the points A, By, Cp, Do. We join the points 
By Cy to B, and C, respectively: let the lines 808, and CoC, 
intersect in the point Z,. Now we join Z, to Dp, and extend the 
segment beyond Dy. The point of intersection with m is the re- 
quired image-point of D. 

(The transformation D —> D, is a projective transformation in 
which A > A,, Β-- B, and C > C,. By the fundamental theorem, 
it is the only such projective transformation.) 

3. The three dimensional and plane affine transformations (see 
art.) are projective transformations. The affine transformations 
leave unchanged the division-ratio of three points on a straight 
line, and so, a fortiori, leave unchanged a cross-ratio formed from 
division-ratios. The affine transformations are those projective 
transformations which send infinitely distant elements (points, 
lines and planes at infinity) into other infinitely distant elements. 


Proportion 
If the ratio of the numbers a and ὁ is equal to the ratio of the 
numbers c and d, ie. if a:b = c:d we speak of a ratio-equation 
or proportion. a and d are referred to as the outer terms, and b 
and c as the inner terms of the proportion. If the outer terms are 
interchanged and the inner terms are unchanged, the proportion 
remains valid. Inner terms can only be interchanged with outer 
terms if this is simultaneously done on both sides. The sides of a 
proportion may be interchanged. The product of the inner terms 
is equal to the product of the outer terms. a:b = c:d implies 
axd=bxXc. 
4th proportional. In the relation a:b = c:d, d is called the 
fourth proportional. If a, b, and ¢ are given, d can be calculated: 
bxXe 
d= . 
Ω͂ 
3rd proportional. Suppose in a proportion with equal inner 
terms, a:b = b:c, c is to be calculated for given a and 5. ¢ is 
called the third proportional with respect to a and b. We have 
b? 


c=— 
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Mean proportional or geometric mean. In the proportion 
a:m = m:d, m is called the mean proportional or the geometric 
mean of a and d; m = Vad. 


Derived proportions. If a:b = οἵ, we have 5 = “. We can add 
+1 to each side of this equation. Thus 
a c at+b cid 
pti=ZH1, so that—— = 7 ° 


That is, if a:b = c:d, thena + b:b=c + aid. 
Continued proportion. The pair of quantities 


can also be written as a continued proportion in the form 


a:c:m = b:din. 


Proportional 


Two variable quantities are said to be proportional to one 
another if their quotient has a fixed value m. m is called the 
proportionality factor. For instance, the ratio of current intensity 
to voltage is constant for a direct current (Ohm’s law). 

Two numbers are said to be directly proportional if they stand 
in direct ratio to one another, e.g. time worked and money earned 
(the longer the time worked the more money earned). 

Two numbers are said to be inversely proportional if they stand 
in reciprocal (indirect) ratio to one another, e.g. speed, and time 
taken to travel a certain distance at that speed (the greater the 
speed, the shorter the time taken). 


Proportionality equation 
We speak of a proportionality equation if the ratios of two 
pairs of numbers are equal; 


a:b=e:d. 
See Proportion for further treatment. 
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Protractor (see Angle) 


A protractor is an instrument for measuring angles. It is made 
of metal, plastic, cardboard or paper and has the shape of a 
semicircle. The circumference of the semicircle is graduated into 
180°. 


Ptolemy’s theorem (Ptolemy, 2nd century A.D., Alexandria) 

If ABCD is a quadrilateral inscribed in a circle with diagonals 
AC =e and BD = f and sides AB = a, BC = b, CD =c and 
DA = d, then the area of the rectangle formed by the diagonals 
is equal to the sum of the areas of the rectangles formed by the 
two pairs of opposite sides: ef = ac + bd (Fig. 228). ‘ ee 

Ptolemy’s theorem can be regarde 
KS as a peneralicadon of the eaten 
ἐν of Pythagoras. For, if the given 
quadrilateral is a rectangle, then 
e=f, a=c and b=d, and the 
diagonal e= AC forms a right- 
angled triangle with the sides AB 


ὃ Ce and BC. That is, e? = a? + 6. 


Fic. 228 


Pyramid 

An n-sided pyramid is a solid bounded by an n-sided polygon 
as base and by n triangles as sides. The n triangles meet in a 
point, the apex, which does not lie in the plane of the base. The 
n sides have each one edge in common with the base. 

If the base-surface of a pyramid possesses a circumcircle, and 
if the perpendicular from the apex passes through the centre of 
this circle, then the pyramid is said to be a right pyramid; other- 
wise it is said to be oblique. If the base-surface of a right pyramid 
is a regular n-agon the pyramid itself is said to be regular. 

The sides of a pyramid meet in pairs in the lateral edges. The 
edges of the base surface are referred to as the base edges. Only 
in the case of 3-, 4- and 5-sided pyramids can the base- and 
lateral-edges of a regular n-sided pyramid be of equal length. 
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The regular three-sided pyramid whose base-edges and lateral- 
edges are equal is referred to as a regular tetrahedron. If a pyramid 
is intersected by a plane, parallel to, and distant AH, from, the 
base, the figure formed by the intersection is similar to the base- 
surface; the area of the intersection-figure is to the area of the 
base-surface as the square of the distance (H — H,) of the inter- 
_ secting plane from the vertex to the square of the altitude H of 
the pyramid; G,:G = (H — H,)?: H® (Fig. 229). If we remove 
the part of the pyramid lying 
above the intersecting plane 
there remains a truncated 
pyramid (frustrum). Pyra- 
mids with equal altitudes 
and bases of equal area, are 
intersected by planes at equal 
distances from the bases in 
figures of equal area. From 
this it follows, by the prin- 
ciple of Cavalieri (see art.) 
that pyramids with equal 
base-surfaces and altitudes 
have equal volumes. This 
gives an elementary method 
for calculating the volume 
of a pyramid. 

We imagine a three-sided 
prism divided by two plane 
sections into three pyramids. Of these, I and II have equal bases 
(ABCand DEF) and the same altitude (as the prism), Iand III have 
equal base-surfaces (ABD and BDE) and the same altitude 
(distance of the vertex C from ABED). In consequence they are 
equal in volume. Whence we have: a pyramid with base-area G 


1 
and altitude h has volume 3 Gh (Figs. 230 and 231). The volume 


of an n-sided pyramid is likewise V = < Thus the n-sided 


pyramid can be transformed into a three-sided pyramid of the 
same volume, if, leaving the altitude H unchanged, the n-sided 
base-surface is transformed into a triangle of equal area. 
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Fic. 230 Fic. 231 


Pythagoras, theorem of 


In a right-angled triangle, the square on the hypotenuse is equal 
to the sum of the squares on the other two sides: 


ΩΣ + b? = c® (Fig. 233). 


The proof can be effected by two applications of Euclid’s theorem 
(see art.). There are also other proofs. The proof according to 
Fig. 234 is arrived at by comparison of areas. 

The theorem of Pythagoras can be regarded as the special case 
of Pappus’s theorem (see art.) where the triangle is right-angled 
and squares are constructed on its sides. Although this theorem 
is named after Pythagoras (sixth century B.C.), it was known to 
the Babylonians at least a thousand years earlier. 


Fic. 232 Fic. 233 
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ee 


Fic. 234 


Extension of the theorem of Pythagoras (Figs. 235 and 236). If 
semi-circles are constructed on the sides of a right-angled triangle, 


and if we multiply the equation a* + b? = c? through by τ we 


see that the area of the semi-circle on the hypotenuse is equal to 
the sum of the areas of the semi-circles on the other two sides. 


Fic. 236 


For other figures the equation has to be multiplied through by 
other numbers, so that we have the general result: the area of 
any figure erected on the hypotenuse of a right-angled triangle is 
equal to the sum of the areas of similar figures erected on the 
other two sides. 
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QUADRANGLE, COMPLETE 


Pythagoras’s theorem holds for right-angled triangles only. Its 
generalisation allows its application to all triangles. 

Generalisation of the theorem of Pythagoras (Fig. 237). The 
square on one side of a triangle is equal to the sum of the squares 
on the other sides, diminished or augmented by twice the rectangle 
formed by one of these sides and the projection of the other 
upon it. 

c? = a’? + b? 4+ 2bg 


The positive sign is taken if the two sides form an obtuse angle 
with one another, the negative sign if they form an acute angle. 


Fic. 237 Fic. 238 


Quadrangle, complete 

A ‘complete quadrangle’ is formed by four points lying in a 
plane, no three of which lie on a straight line, together with all 
the six straight lines joining them (Fig. 238). The four given 
points A, B, C, D are called vertices of the complete quadrangle. 
The vertices are joined by three pairs of opposite sides, viz. 


AB and CD 
AC and BD 
AD and BC. 
Each pair of opposite sides intersects in a “diagonal point’. Thus 


there are 3 diagonal points, E, F and G, which together form the 
‘diagonal triangle’. 
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At a diagonal point a harmonic pencil of lines is formed. At 
the point G in the figure the pencil is formed by AC and BD, 
which are opposite sides of the quadrangle, and GE and GF, 
sides of the diagonal triangle. The points A, B, H and F in which 
four points of the pencil intersect the side AB of the quadrangle 
form a harmonic range (see Harmonic division). The complete 
quadrangle can be used to construct the fourth harmonic of three 
given points. For example, in Fig. 238, we can construct the 
fourth harmonic point H of F with respect to A and B. To do 
this we choose any point E outside the line / on which A, B and 
F lie. We join EA, EB and EF, and through F draw an arbitrary 
line I’. Let I’ intersect EA and EB in D and C respectively, and 
let G be the point of intersection of AC and BD. Then GE inter- 
sects AB in the required point H. (Note, the construction has 
been done without a compass.) The complete quadrangle and the 
complete quadrilateral are dual figures. 


Quadrant 


If a system of rectangular coordinates is set up in a plane, the 
plane is divided by the coordinate axes into four quadrants, each 
bounded by two mutually perpendicular coordinate axes. 


Quadratic equation 


Equations of the second degree, containing the unknown raised 
at most to the. second power, are termed quadratic. The normal 
form of this equation is x? + px + 4 = 0 (see Equation). 


Quadrature 


The quadrature of a geometrical figure is the determination of 
its area. This may be done in geometric or arithmetic terms: 

(1) Geometric quadrature. Here the task is to construct a 
square figure of area equal to the given one, and traditionally by 
ruler and compass only. The quadrature of the circle cannot be 
carried out by ruler and compass (see Circle). 

(2) Arithmetic quadrature. Here the area is to be calculated in 
numerical terms. 
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Quadrilateral 
Definition and nomenclature 
If A, B, C, D are four distinct points in a plane, no three of 


which are collinear, and if the four segments AB, BC, CD and 


DA have no points in common other than A, B, C, D, these 
segments form a quadrilateral, or quadrangle (Fig. 239). The points 
A, B, C and D are called the vertices of the quadrilateral, and 
AB =a, BC = b, CD =c and DA = d the sides of the quadri- 
lateral. The order of labelling does not matter, but by convention 
the vertices are labelled alphabetically in the anti-clockwise 
sense and the side a begins at the vertex A, the side ὁ at the vertex 
B, and so on. If we think of the quadrilateral as being described, 
according to this labelling, in the anti-clockwise sense, then the 
interior of the quadrilateral lies to the left and the exterior to 


Fic. 239 Fic. 240 


the right (Fig. 240). Each pair of neighbouring sides of the quadri- 
lateral forms an interior angle of the quadrilateral. These are 
denoted by small Greek letters: «, B, y, 6. The angle with vertex 
A is denoted by α, the angle with vertex B by β, and so on. If 
the sides of the quadrilateral are extended, each in the direction 
in which the quadrilateral has been described, four angles are 
produced in the exterior of the quadrilateral, which we denote 
by «, 61,7, and 6,. They are referred to as exterior angles (Fig. 241). 


—e ee ee 


If the requirements that the segments AB, BC, CD and DA 
should have no points in common other than A, B, C, D 15 
dropped, then we have a larger group of figures, in which sides 
may cut each other (Fig. 242). The theorems and properties which 
follow usually hold only for quadrilaterals as originally defined. 
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Diagonals of a quadrilateral 


The segments AC and BD are called the diagonals of the 
quadrilateral. Each of these diagonals divides the quadrilateral 
into two parts. 


Relations between angles of quadrilateral 


Since any quadrilateral is divided by a diagonal into two 
triangles, in each of which the sum of the angles is 180°, the sum 
of the interior angles of a quadrilateral must amount to 360°. 
The sum of the exterior angles is 


4 x 180° — 360° = 720° — 360° = 360°. 


Classification of quadrilaterals 


Quadrilaterals are classified by such properties of symmetry as 
they have. 

Note to Fig. 243. The dotted lines are axes of affine symmetry; 
the full lines represent the usual (orthogonal) axes of symmetry ; 
the centres of symmetry of central symmetries are denoted by 
small circles. 


I, A general quadrilateral has no symmetrical properties. 

2. An oblique kite-shaped quadrilateral (in which one diagonal 
is bisected by the other) is affine-symmetrical with respect to one 
of its diagonals. 

3. A trapezium with non-parallel sides unequal is affine-sym- 
metrical. with respect to the line joining the mid-points of the 
parallel sides. : 2 | 
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4. A parallelogram is affine-symmetrical with respect to its 
diagonals and with respect to the lines joining the mid-points of 
opposite sides. It also possesses central symmetry in respect of 
the point of intersection of its diagonals. 


5. An isosceles kite-shaped quadrilateral (deltoid) is symmetrical 
with respect to one of its diagonals. 


1) 
Fic. 243 


6. A trapezium with non-parallel sides equal is symmetrical with 
respect to the line-joining the mid-points of the parallel sides. 

7. A rhombus is symmetrical with respect to each of its 
diagonals and centrally symmetrical in respect of their point of 
intersection. 

8. A rectangle is symmetrical with respect to each of the lines 
joining the mid-points of opposite sides, and centrally symmetrical 
with respect to their point of intersection. 
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9. A square is symmetrical with respect to each of its diagonals 
and to each of the lines joining the mid-points of opposite sides; 
it is centrally symmetrical in respect of the point of intersection 
of its diagonals. 


Construction of a quadrilateral (Fig. 244) 


Since a quadrilateral is divided by a diagonal into two triangles, 
and a triangle is determined by three independent elements, (a) 
three sides, (b) two sides and one angle or (c) one side and two 
angles (see Triangle), a quadrilateral can be constructed if 5 
independent elements are known. Three elements are necessary 
to construct the first sub-triangle; and only two more for the 
second, since it has one side in common with the first. There can 
be given: 4 sides and one angle, 3 sides and two angles, or 2 sides 
and three angles; diagonals, altitudes and similar elements may 
also be given in the specification. Quadrangles which possess 
symmetrical properties can be constructed, if less than five 
elements are known. Four sides are sufficient to specify 2. and 3. 
in Fig. 243. Three sides are sufficient to specify 4., 5., and 6., 
two sides to specify 7. and 8., one side to specify 9. 


Oo 


8 
Fic. 244 Fic. 245 


Properties of special quadrilaterals 
The oblique kite-shaped quadrilateral. ‘If the diagonals of a 
quadrilateral intersect in such a way that one diagonal (AC) is 


bisected by the other (DB) but not the second by the first, the 
quadrilateral is said to be an oblique kite-shaped quadrilateral 


(Fig. 245). It is affine-symmetrical with respect to the diagonal BD. 
353 
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The oblique trapezium. A quadrilateral with two parallel sides 
is called a trapezium (AB parallel to CD, Fig. 246). If the non- 
parallel sides AD and BC are unequal the trapezium is said to be 
oblique, if equal, isosceles (see below). The trapezium is affine- 
symmetrical with respect to the line M,M, joining the mid-points 
of the parallel sides. 

The distance between the two parallel sides is called the altitude 
(Fig. 247). The two interior angles adjacent to a non-parallel 
side add up to 180°. 


Oo M 2 C 
A M, 8 
Fic. 246 Fic. 247 


The line m mid-way between the two parallel sides bisects both 
non-parallel sides and both diagonals (Fig. 248). It also bisects 
any segment whose end-points lie each on one of the parallel 
sides of the trapezium. Its length is equal to half the sum of the 


3 (proof by Fig. 249). 


The diagonals in the trapezium divide each other in the ratio of 
the two parallel sides (Fig. 248): 


lengths of the two parallel sides, m = - Ε 


AE=EC , BF=FO A G 8 
Fic. 248 Εἰο. 249 
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The isosceles kite-shaped quadrilateral or deltoid. This is a 
quadrilateral in which sides are equal in adjacent pairs. It 
possesses an axis of symmetry, namely, one of its diagonals (Fig. 
250). The diagonals intersect at right angles. The diagonal AC 


bisects the diagonal BD and the angles « and y. The other angles 
of the quadrangle are equal (6 = δ). It possesses an inscribed 
circle (Fig. 250). The centre, O, of this circle is the point of 
intersection of the axis of symmetry and the bisector of the angle 
y (or δ). The radius of the inscribed circle is the perpendicular 
from O onto a side of the quadrilateral. 


cea Ἡτττεςς 


Fic. 250 Fic. 251 


The isosceles trapezium. If two sides of a quadrilateral are 
parallel, and the non-parallel sides are equal, we have an isosceles 
trapezium. An isosceles trapezium possesses an axis of symmetry, 


the common perpendicular bisector MN of the parallel sides 
(Fig. 251). Its diagonals are of equal length. The angles adjacent 
to its base are equal. Opposite angles add up to 180°. It possesses 
a circumscribed circle whose centre is obtained as the point of 
intersection, O, of the perpendicular bisectors of two sides. OA 
is the radius of the circumscribed circle (Fig. 251). 

The parallelogram (Fig. 252). A quadrilateral in which both 
pairs of opposite sides are parallel is called a parallelogram. A 
parallelogram is centrally symmetrical about the point of inter- 
section of its diagonals. The diagonals bisect each other. Opposite 
sides are of equal length, opposite angles are equal, and any two 
neighbouring angles add up to 180°. 
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The rhombus (Fig. 253). A rhombus (diamond, lozenge, rhomb) 
is a parallelogram in which all sides are of equal length. Its 
diagonals are the perpendicular bisectors of one another. It is 
axially symmetrical with respect to each diagonal. Opposite 
angles are equal. It possesses an inscribed circle, whose centre, O, 
is the point of intersection of the diagonals and whose radius 15 
the length of the perpendicular from O on to a side. 


Fic. 252 Fic. 253 


The rectangle (Fig. 254). A parallelogram with all angles equal 
is called a rectangle. Each angle is equal to 90°. The diagonals are 
of equal length, and bisect each other. A rectangle possesses a 
circumscribed circle whose centre, O, is the point of intersection 
of the diagonals and whose radius is equal to half the length of 
the diagonal. It possesses two axes of symmetry, namely, the 


common perpendicular bisectors M,M, and M,M, of the two 


pairs of opposite sides. It is centrally symmetrical about the point 
of intersection O of its diagonals. 
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The square (Fig. 255). The square is a rectangle with four equal 
sides (or equivalently, a rhombus with four equal angles). Its 
diagonals are equal, are the perpendicular bisectors of each other, 
and bisect its interior angles. It possesses four axes of symmetry, 
namely, the two diagonals and the lines joining the mid-points 
_of opposite sides. It is centrally symmetric about the point O of 
intersection of the diagonals. It possesses a circumscribed and 
an inscribed circle whose centres coincide in O. The radius of the 
circumscribed circle is equal to half the length of the diagonal. 
The radius of the inscribed circle is equal to half the length of the 
side of the square. 


Quadrilaterals with circumcircles 


The sides of such a quadrilateral being chords of the circum- 
circle, a necessary and sufficient condition for a quadrilateral to 
be of this type is that the sum of opposite angles should be 180° 
(e.g. rectangle). 


Quadrilaterals with incircles 

The sides of such a quadrilateral being tangents of the incircle, 
a necessary and sufficient condition for a quadrilateral to be of 
this type is that the sum of two opposite sides should equal the 
sum of the other two sides (e.g. rhombus). 


Linked quadrilateral 


If four rods are jointed together we have a linked quadrilateral. 
Such a construction has no fixed shape, unlike a triangle formed 
in similar fashion. If one rod, 
e.g. AB, is held stationary, the 
rods AD and BC can be rotated 
about the vertices A and B 
respectively. Such a linked 
quadrilateral is shown in Fig. 
256. ABCD, ABC,D,, ABC,D,, 
ABC,D, are four different 
positions of the rods. ABC,D, 
and ABC,;D, are so-called 
limiting cases. 
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Quadrilateral, complete 

A ‘complete quadrilateral’ is formed by four straight lines lying 
in a plane, no three of which pass through a point, together with 
their six points of intersection (Fig. 257). The four given lines 


Fic. 257 


a, b, c and d are called the sides of the complete quadrilateral. 
The sides intersect in three pairs of opposite vertices, namely 


K and L, 
P and Q, 
M and N. 


A line joining one of these pairs of opposite vertices is termed a 
‘diagonal’. The three diagonals, e, f and g, form the ‘diagonal 
triangle’ (or, strictly speaking, ‘trilateral’). On each diagonal lie 
four harmonic points, viz. two opposite vertices and the point of 
intersection of the two other diagonals. In the figure, for the 
diagonal f, these points are M, N, R and S. The complete quadri- 
lateral and the complete quadrangle (see Quadrangle) are dual 
figures. 


Quadrilateral inscribed in circle 
The sides of such a quadrilateral are chords of the circum- 
scribed circle. A quadrilateral can be inscribed in a circle if, and 
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only if, two opposite angles add up to 
180°. The isosceles trapezium, the 
rectangle and the square satisfy this 
condition; the parallelogram and the 
rhombus in general do not (Fig. 258). 


a+ y = 180°, 
B+ ὃ = 180°, 


(circumference angles on opposite arcs 
add up to 180°). 


Fic. 258 


Radical axis 


The radical axis of two circles is the locus of points from which 
tangents to the two circles have equal lengths. If the circles have 
one or two points in common the radical axis is the common 
tangent or the line including the common chord (see Circle). 


Radius 


The radius or semi-diameter of a circle is a line joining any 
point of the circle to the centre of the circle. The length of the 
radius is half the length of the diameter (see Circle). 


Ratio 
‘ os . ‘ . a 
The ratio of two quantities a and ὦ is their quotient a:b = 5 
We read “a to δ᾽ or ‘a over δ᾽. If a:b = m, m is referred to as the 
value of the ratio. Two quantities, in order to possess a ratio, 
must be either pure numbers or measures of the same type, e.g. 


20:5 = = = 4; 15lb:3lb=S. 


The value of the ratio (proportionality factor) is always a pure 
number (see Proportion). 


Rational integral 

The rational integral numbers are the integers (see Integers), 
e.g. +2, —3. The rational integral functions are those rational 
functions (see Function) whose denominators do not contain the 
variable x; e.g. y = ayx" + ax" +...+44,, 
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Rational numbers 
All numbers which can be written in the form of a fraction 


where m and 7 are integral (positive or negative), are referred to 
as rational numbers; e.g. 


The rational numbers can also be written as decimal numbers 
(see art.). The decimal expression of a rational number is obtained 
by dividing the numerator of the fraction by its denominator; e.g. 


3 —5 
1 - :4-Ξ 075; |S -(-5) + 6 = —0°833.... 


Any fraction whose denominator contains only the prime 
factors 2 or 5 yields a finite decimal fraction. Conversely common 
fractions can be derived again from finite and infinite-periodic 
decimal fractions; e.g. 


Ἐπ 5 
100 25᾽ 
2. 2067,676,7... =x 
1000x = 2067:67... 
10x = 20-67... 


1. 0:34 = 


990x = 2047 
__ 2047 
*= "990" 


Infinite non-periodic decimal fractions cannot be written as 
fractions. These are referred to as irrational numbers (see art.). 


Ray 

The totality of points, lying on one and the same side of a point 
O on a straight line, is called the ray extending from O. O is 
called the origin of the ray. 
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Ray theorems 


Two rays extending from a single point S comprise a double- 
ray; S is called the vertex of the double-ray. 

1. Ist theorem on rays. If a double-ray is cut by parallel lines 
the ratios of corresponding segments on the rays are equal. In 
Fig. 259 SA:SA’ = SB: SB’. 

Proof: We use the auxiliary lines 
AB’ and BA’. The triangles AB’B 
and AA’B are equal in area since they 
have the same base AB and equal 
altitudes (AB parallel to A’B’). 
Further, triangles ABS and ABA’ 
have the same altitudes, as also have 
triangles ABS and AB’B. But tri- 
angles with equal altitudes enclose 
areas proportional to their bases. 
(We denote by A (ABS) the area of BIG: 257 
the triangle ABS and by A (AA’B) 
the area of AA’B, etc.) 

Whence 


A(ABS) _ SA  —_A (ABS) 


SB 
A(AA‘B) AA’ A (ABB) BB’ 


and Δ (AA’B) = A (ABB). 
From these three equations we get 


SA SB 
ΞΞΞ =—. (Ὁ. 
AA BB 
Similarly 
| SA’ SB’ 
— = (2) 
AA BB’ 


Dividing equation (1) by equation (2) we get 
SA’ SB’ 


S4 SB 
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2. Converse of Ist ray-theorem. If a double-ray is cut by two 
straight lines, and if the ratios of corresponding segments on the 
two rays are equal, then the transversals are parallel. 

3. 2nd theorem on rays. If a double-ray is cut by parallels, the 
ratio of the segments cut off on the transversals equals the ratio 


AB ‘A 
of the segments cut off on either ray. In the figure —= = ou 


AB OSA’ 
There is no converse to this theorem. 


Real numbers 


The real numbers are those numbers which can be represented 
by decimal numbers with finite or infinite number of places 
(periodic or non-periodic). 


Real Numbers 


(positive and negative real numbers) 


Rational numbers Irrational numbers 
(decimal numbers with | (non-periodic decimal numbers 
finite no. of places and with infinitely many places) 


periodic decimals) 


Integers Fractions Algebraic Transcendental 
3, —5 3 —7 irrational nos. irrational nos. 


4.3 ν2, W9 6, 7, log 3, ev2 


(see Numbers, types of). 


Reciprocal equations 
An equation is referred to as reciprocal if the reciprocals of its 


5 : 
roots are also roots; e.g. x* — 5% + 1=0 has the solutions 
X, = 2 and x, = ᾧ (see Equations). 
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Rectangle 


A rectangle is a parallelogram with four right-angles (see 
Quadrilateral). 


Rectangular solid 


A rectangular solid, or right parallelepiped, is a four-sided 
right prism. A rectangular solid is bounded by six rectangles, 
comprising three parallel and congruent pairs. The six surfaces 
meet in pairs in twelve edges which 
fall into three groups of four edges 
of equal length. A rectangular solid 
possesses eight vertices. At each 
vertex three edges meet forming right 
angles with one another in pairs. 
Let three such edges of a rect- 
angular solid be denoted by a, b and 
c (Fig. 260). The diagonals of the 
faces are called plane-diagonals, and 
are denoted by d,, ὦ, and d,. In 
addition to these there is a space 
diagonal, D. The volume of the © 
rectangular solid is V = abc. The 
surface-area of the rectangular Fic. 260 
solid is 


δ΄ = 2(ab + be + ca). 


The plane-diagonals are calculated from the lengths of the edges 


as 
d, = Va? + 5? 
d, = VBP Ὁ c? 

and d, = Vc? + a*. 


The space-diagonal is ἢ = Va? + δὲ + c® (by Pythagoras’s 
theorem). A rectangular solid whose base is a square (e.g. a = δ) 
is called a square prism. If all the edges of a rectangular solid are 
equal we have a cube (see Prism). 
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Reduction of fractions 


A fraction is reduced, or cancelled, by dividing numerator and 
denominator by the same number, e.g. 
51 
i573 (5 cancelled). 
The value of a fraction is unaltered by reduction. In the case of 
general numbers not only can coefficients be cancelled, e.g. 


Sa*b α 

1553 3569 
but also literal components: 

σα 1. 

155 5.4 


A fraction cannot be reduced if numerator and denominator are 
mutually prime, that is, if they have no common factors. 


Reflection, affine 


Affine reflection in a straight line is a particular case of an 
affine transformation. The image of a given point can be con- 
structed if the axis of reflection is given together with the angle 
y in which the reflection-rays cut the axis. 

Construction of the affine reflec- 
tion P’ of a point P (Fig. 261): 
The straight line through P inter- 
secting the axis of reflection in 
the given angle y is drawn. The 
segment a = PQ is marked out 
on the line from Ο in the other 
direction to give QP’ (0 lies 
between P and P’). P’ is the affine 
reflection of P. 


Fic. 261 


Reflection in a plane 


Reflection in a plane E is a three-dimensional affine trans- 
formation. The original point A and the image point A, arising 
out of it by the reflection are connected by a straight line which 
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is perpendicular to the plane E. The distances of A and A, from 
E are equal (Fig. 262). 

For representation of the reflection by a system of equations, 
see Transformation, affine. 


Fic. 262 Fic. 263 


Reflection in a point 

Reflection in a point P is a three-dimensional affine transforma- 
tion. The image A, of a point A is obtained by constructing the 
line through A and the fixed point P, and from P marking off 
on the line the segment A,P, with end-point A, such that P lies 
between A and A,. For the representation of reflection by a 
system of equations, see Transformation, affine. Example— 
reflection of a triangle ABC in a point P (Fig. 263). 


Reflection in a straight line 


Reflection in a straight line / is a plane affine transformation. 
The original point A and the point arising from it by reflection 
are connected by a straight line which is perpendicular to /. The 
distances A and A, from / are equal. 


Properties of the reflection 


1. Points on the axis of reflection remain unchanged under the 
reflection. 
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2. If two points A and B lie on a straight line c, then the straight 
line through the image points A, and B, is the image-line c, of c. 

3. If two straight lines a and ὦ intersect in a point C the image- 
lines a, and ὃ, intersect in the image-point C, of C. 

4. A straight line which is perpendicular to the axis of reflec- 
tion, is identical with its image-line. The rays on opposite sides 
of the axis are interchanged. 

5. A segment and its image are of equal length. 

6. If an angle is transformed by reflection, its image-angle is 
of equal size. 

For the representation of the reflection by a system of equa- 
tions, see Transformations, affine. 


Regular polygons 


Regular polygons are polygons whose sides are all of equal 
length and whose angles are all equal. All regular polygons with 
the same number of vertices are similar to one another. A regular 
polygon possesses an inscribed and a circumscribed circle, which 
have common centre. If the centre of the circumscribed circle of 
a regular polygon is joined to the n vertices there arise n isosceles 
triangles whose lateral sides are equal to the radius of the circum- 
circle and whose bases are equal to the side of the regular polygon. 


360° 
The angle at the apex of such a triangle is —— (Fig. 264). The 


two base angles together make up the ὙΠΟ angle of the 
polygon, namely, 


360° n—2 
n 


180° — = 180° x 


The altitude is equal to the radius of the inscribed circle of the 
polygon. 

Every regular polygon is n-fold symmetric about the centre of 
its circumcircle (i.e. it coincides with itself on rotation through 
a) 


n 
Regular polygons with an even number of vertices are also 
centrally-symmetric with respect to the centre of the circumcircle. 
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Fic. 264 | Fic. 265 
Regular polygons with an even number of vertices possess n 


n a : : 
axes of symmetry. 5 of these axes are the joins of opposite vertices 


and ; the joins of the mid-points of opposite sides (Fig. 265). 


Regular polygons with an odd number of vertices likewise 
possess n axes of symmetry. Each axis of symmetry passes through 
a vertex and the mid-point of the opposite side (Fig. 266). 


Fic. 266 


Relations between radii of circumscribed and inscribed circles, sides, 
circumference and area 


If a, is the length of a side, r the radius of the circumcircle and 
Pn the radius of the incircle (Fig. 267) then 


2 
r= (%) + ρϑ, 
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that is, 
a, = 2Vr?— p? or p, = ξν 4,3 — a. 
The area of the isosceles triangle discussed above is therefore 
A = $a,p,; the area of the n-sided regular polygon, being ἡ 
times as big, is therefore 
n Ϊ 1 
A, = 2 Ω, βρη, = 2 (na,)p, = 2 UnPns 

where u,, is the length of the perimeter of the n-agon. The sides 
a, of the circumscribed n-agon are calculated from the relation- 


1 ra 
n 


D 8B co G 
Fic. 267 Fic. 268 


It follows that for the area of the circumscribed regular n-agon 
we have 


n r 
Α =aar=7u, 


2 2 


where u;, is the perimeter of the circumscribed n-agon. The sides 
of the 2m-agon inscribed in the same circle can, by Fig. 267, be 
easily calculated. We have 


a 2 
aa, = (=) + (r¥ — p,)*, 
so that 
Gin = γἢ — ph + r* — 2p, + pa = 2γ — 2γρ, = 2r(r — p,); 
that is, 
Qa, = V 2r(r -- ρ,). 
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Construction of the regular polygons 

Gauss proved that a regular n-agon can be constructed using 
ruler and compass alone if, in the separation of m into prime 
factors, there appear only powers of two and prime numbers of 
the form p = 2% + 1 raised to the first power, where k can be 
any integer. For k = 0 we obtain p = 3; fork = 1, p= 5; for 
k = 2, p= 17; fork =3,p= 257, for k = 4, p = 65,537. For 
k = 5, however, p= 25 + 1, but it is not a prime number 
since it possesses the factor 641. Thus the following regular 
polygons can be constructed, using ruler and compass: 


triangle square pentagon l5-agon 17-agon 

hexagon octagon decagon 30-agon 34-agon 

dodecagon 16-agon 20-agon 60-agon 68-agon 
etc., etc., etc., etc., etc. 


The next sequences of n-agons which can be constructed using 
ruler and compass begin with the 51-agon, the 85-agon, the 255- 
agon, and the 257-agon. 


Approximate constructions 

Approximate constructions are obviously possible for every 
n-agon. For n > 5 we have: 

Example: (Fig. 268). The diameter BG of a circle of radius r 
is divided into n equal parts (in the figure nm = 7). The perpen- 
dicular OA to BG is drawn. OA and OB are each extended to E 
and D respectively. The straight line ED intersects the circle in 
two points F and H, F lying closest to D. F is now joined to C, 
the third point of division starting from B. Then CF is approxi- 
mately equal to the side of the required n-agon. 


Construction of particular regular polygons 

Since all regular polygons with the same number of sides are 
similar, it is only necessary to construct one of a type to be able 
to construct all of that type. Further, a regular polygon can be 
drawn if the isosceles triangle associated with it can be constructed. 
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1. Regular polygons withn = 4 x 25 vertices. The first polygon 
of this sequence is the square. If two mutually perpendicular 
diameters are drawn within a circle of radius r and their end- 
points are joined, a square is obtained inscribed in the circle. 
Bisecting the angles which the diagonals make with one another 
and joining the points of intersection of the bisectors with the 
circle a regular octagon is obtained. The procedure can be 
continued to obtain successive members of the series. 

2. Regular polygons with n= 3 X 2* vertices. If chords of 
length r are successively laid out on the circumference of a circle 
of radius r the six vertices of a regular hexagon are obtained. 
Omit alternate vertices, and the three vertices of a regular triangle 
inscribed in the same circle are obtained. By bisection of the 
central angles of the associated isosceles triangles of the hexagon 
the regular dodecahedron is obtained, and this procedure can be 
repeated to give later members of the series. 

3. Regular polygons with n= 5 x 2" vertices. The second 
polygon of this series is the regular decagon. The associated 
isosceles triangle has angle 36° at the apex and angles of 72° at 
the base (Fig. 269). If one base angle is bisected, the angle ABC 
is obtained, which also has angles 36° (at A) and 72° (at B and 
C). The triangle ABC is thus similar to the triangle AOB. From 
this similarity is obtained the ratio of the 
sides OA: AB = = AB:BC, since AB=AC 
= OC, OB:OC = OC:CB. Thus the side 
of the regular decagon is equal to the larger 
segment of radius of the circumcircle when 
divided in continuous proportion. The regular 
pentagon is obtained from the regular 
decagon by omitting alternate vertices. The 
regular 20-agon, regular 40-agon, etc., are 
obtained by successive bisections of the 
central angles. 

4. Regular polygons with n = 15 x 2* vertices. The central 
angle of the 15-agon is 24°. This angle can be constructed as 
the difference of the angles 60° (equilateral triangle) and 36° 
(central angle of regular decagon). The construction of the regular 
15-agon and of regular polygons with 15 x 2* vertices follows 
immediately. 
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Relative numbers 


Positive and negative numbers form together the relative 
numbers. Regarded apart from their signs, numbers are referred 
to as absolute numbers (see Negative numbers, Numbers, repre- 
sentation on a straight line, Absolute value). 


Relative primes 

Two numbers are said to be relative primes, or prime to one 
another, if they possess no common factor other than 1; e.g. 
3 and 5 are relative primes. 

To determine whether two numbers are prime to one another 
the Euclidean algorithm (see art.) can be used, or if their factors 
are known the numbers can be expressed as powers of primes 
and compared; e.g. 35 and 39 are prime to one another, for 
35 =5 x7 and 39 =3 x 13, and since no common prime 
factor occurs, the highest common factor must be 1. 


Resultant 


The resultant of two algebraic equations is a determinant (see 
art.) formed from the coefficients of the equations. The resultant 
can be used to ascertain whether the two equations possess a 
common root. Let the two equations be 


I) = ax" + ax"? +... +a, Ξε 0. 
g(x) = byx™ + byx™ 1 +...405, = 0. 


Their resultant is 


Qy Gees Guy G4, 0 ered 
0 ἄρ... μα Any Gy, Ὁ 0 
m TOWS 
R O Oa oo sities πως rere + 
Dee Dak ave. δορὰς Be, Ὁ sg 20 
0. κῦν “Biggs Deg Dg ex er 
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If the two equations have a common root the resultant R is equal 
to zero. 


Example: fi) =x -— 3x42 
and g(x) = χὃ -- χ --χ- 
have the resultant 
ΙΪ-3 2 0 0 
0 I-33 2 0 
R=/;0 0 1-3 2|Ξ.0 
1-—1—1 1 £O 
0 t-1-1 1 


f(x) and g(x) have a common root which can be found by means 
of the Euclidean algorithm (see art.) as follows: 


(x3 — x? — x + 1) + ( — 3χ- 2 =x42 


χῇ --- BP DX 
era ee eres 2 
+ 2x2 -- 3x +1 οὐ — 3x +2) + @x—3)= (5-5) 


2x7—~6x+4 χϑ-- x 


+ 3x —3 —2x+2 


that is, 
x 
x? — 3x - 2 = 3(x — 1) (5-5) 


and 
xB — x2 — XE 1 = (x + 2)? — 3x + 2) + 3x — Ὁ), 


or 


τος χει πα πη]  Ἐ2(5-- 3.515] 


The common factor is (x — 1), and the common root, x = 1. 
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Rhombus | 
A rhombus is a parallelogram with four sides of equal length 
(see Quadrilateral). 


Right angle 
A right angle is an angle which is equal to its adjacent supple- 
mentary angle. Its measure in degrees is 90° and in circular 


ΓῚ 1 . 
measure 15 5 radians. 


Construction of the right angle (Fig. 270) 

To construct a straight line m cutting a given straight line / at 
right angles in a given point P. 

Procedure. We describe about P a circle with arbitrary radius. 
This intersects / in the points A and B. We now describe about 
A and B circles of equal radius, which must be larger than the 
segment AP. The two circles intersect in the points C and D. 
The required line m is determined by C and D (see Perpendicular, 
construction of). A set-square (see Figs. 271 and 272) serves to 
construct a right angle. 


Fic. 270 Fic. 271 


The circle of Thales (Fig. 273) can be used to construct a right 
angle whose arms pass through the end-points of a given segment 
δ 
eee 
of the given segment c = AB. The vertices of all right angles 
whose arms pass through A and B lie on this circle. 
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RIGID MOTIONS 


ς 


a 


Fic. 272 Fic. 273 


Right-angled 
_ A geometrical figure is said to be right-angled if a right angle 
occurs in it, e.g. a right-angled triangle. 


Right-angled triangle 

A triangle is said to be right-angled if one of its interior angles 
is a right angle. The side opposite the right angle is referred to as 
the hypotenuse. For theorems on the right-angled triangle see 
Triangle. 


Rigid motions 

The rigid motions (congruent transformations) are transforma- 
tions (see Transformation) in space or in a plane, in which the 
original figure and its image are congruent. In particular: a line- 
segment and its image haye equal length; an angle and its image 
are equal; a plane figure and its image are congruent and thus 
have equal area; a solid and its image are congruent and have 
equal volume. On account of these properties, the rigid motions 
are also called congruent transformations. 


Rigid motions in a plane 

1. Parallel displacement or translation. 

2. Rotation about a point. 

3. Transformations obtained by successive translations and 
rotations. 
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Rigid motions in space 

1. Parallel displacement or translation. 

2. Rotation about a straight line. 

3. Transformations obtained by successive applications of 
transformations of types 1, 2. 


Representation of rigid motions in a plane by means of systems of 
equations 
If in the same coordinate system the point P(x, y) is trans- 
formed into Q(x’, y’) by means of a rigid motion, then (x, y) and 
(x’, y’) are related by a system of linear equations of the form: 
x = ax + ay + as, 
y = dx + doy + bg. 
This system of equations represents a rigid motion only if its 
determinant has absolute value 1: 


4a, 
δι. 


Parallel displacement (Fig. 274) 
x =x+t+ as, 
)7 Ξ- γΚἁ Ὲ ὃς. 


D= 


- a,b, -- a,b, = + 1. 


Fic. 274 


The direction of the parallel displacement is given by the angle ὃ 
which the line-segment PQ makes with the positive x-axis, that 


is, by tan ὃ = os The displacement distance dis: d = V a3 + 53. 
3 
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Rotation about a point in the plane 
(a) Rotation about the origin of the coordinate system (Fig. 
275): 
x =xcos¢ + ysin φ, 


y = —xsind + ycos¢. 
(Ὁ) Rotation about the point Po(X%, yo) (Fig. 276): 
x’ — Xo = (x — X%) cosh + (Ὁ — yp) Sind, 
VY — γο = —(X — Xp) sin d + Ο — Yo) Cos φ. 


Q(x’, y) 


Po{xo, Yo) 


Fic. 275 Fic. 276 


Representation of rigid motions in space by means of systems of 
equations 
A system of equations, 

x = ax + aay + a32 + ay 

y — bx “ boy -+- baz + ba 

Ζ = CX + Coy + gz + Cy, 
in which x’, y’, 7 and x, y, z are the coordinates of two points 
P(x, y, z) and Q(x’, γ΄, Ζ) in the same coordinate system, repre- 
sents a rigid motion in space if the determinant D of the system 
of equations has absolute value 1: 
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Parallel displacement 
x’ =X + Ag, 
yuyt by 
Zz =2Z + C4e 


The displacement distance is d = Vaj + δὲ + cz. The direction 
of the parallel displacement is in the direction of the point 
P(a,, by, c,) from the origin. 


Rotation about a straight line 
Rotation about the x-axis: 


x =x, 
y =ycosd+zsing, 
| Ζ' = —ysing + zcos¢. 
Rotation about the y-axis: 
x =xcos¢ + zsing, 
Y=), 
z= —xsind + zcos¢. 
Rotation about the z-axis: 
x =xcosd+ysing9, 
y =—xsind + ycos ¢, 
y= 2. 


Rotation about a line parallel to the x-axis: The line cuts the 
yz-plane in the point P,(0, yo, 2), say, and has the parametric 
representation x = at, y = yo, Z = 2): then 


x =; 
γ΄ -- γο ΞξΞ Ὁ — γὺ cos Φ + (z — 20) sin φ, 
Ζ' -- 2 = —(y — Yo) Sind + (Σ — Zp) Cos φ. 


Rotation about a line parallel to the y-axis: The line has the 
parametric representation x = Xo, y = Dt, z = Zp, say, and cuts 
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the xz-plane in the point P,(xo, 0, Ζο): then 
x — χορ = (χ — X%) cosh + (z — z) sin d, 
Vy 
Zz — 2% = —(x — xp) sind + (z — z) cos¢. 

Rotation about a line parallel to the z-axis. The line has para- 
metric representation x = Xo, y = yo, Z = ct, say, and cuts the 
xy-plane in the points Po(x9, Yo, 0): 

x’ — Χορ = (x — χρ) cosh + (y — γο) sind, 
7 — Yo = —(% — X) sin Φ + (y — yo) cos φ, 
Z = Ζ. 


Roman number-system 


The Roman numerals were in general use in central Europe 
for upwards of 1,200 years. Today they are occasionally used for 
inscriptions and other special purposes. The Roman number- 
symbols have a fixed value, irrespective of its position in the 
number, in contrast with the place-value system of the Arabic 
numerals. The symbols are: 


I=1, V=5, X= 10, L=S0, C = 100, Ὁ = 500, M = 1000. 


The symbols I, C may be repeated, but in general not more 
than three times; a fourfold repetition is avoided by reversing the 
natural order of the symbols: 


IV = 4, XL = 40, CD = 400; IX = 9, XC = 90, CM = 900. 


In compound numbers, numerical values follow each other in 


order. This regular system involves addition of the corresponding 
values; e.g. 


MMCMXLII = 2000 + 900 + 40 - 2 = 2942 
I=1 XI = 11 XXI = 21 XXX] = 31 XLI = 41 
Il=2 XIT=12 XXW=22 XXXII=32 ΧΙΠ - 42 
Π|Ξ3 ΧΠΙ-- 13 ΧΧΠΙ -- 223 XXXIII=33 XLII = 43 
IV=4 xXIV=14 XXIV=24 XXXIV=34 XLIV=4 
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V=5 XV=15 XXV=25 KXXV=35 XLV= 45 
VI=6 XVI=16 XXVI=26 XXXVI=36 XLVI = 46 
VUi=7 XVI=17 XXVIT=27 XXXVII = 37 XLVII = 47 
Π|-- 8 XVIT= 18 XXVIII = 28 XXXVHI = 38 XLVIII = 48 
IX=9 xXIX=19 XXIX=29 XXXIX = 39 XLIX = 49 
X=10 XX=20 XXX = 30 XL = 40 L= 50 


Roots, extraction of 


The calculation or extraction of a root is one of the operations 
inverse to that of raising to a power (the other being that of taking 
the logarithm, see art.). In raising a number to a power, the 
number is multiplied by itself a number of times, e.g. 
5. τ 5. x5 x 5 = 125. In extracting a root the problem is, e.g. 
given the number 125, to transform it into a product of a given 
number of equal factors. Since 125 = 5 x 5 x 5 = 59, 5 is said 
to be the third, or cube, root of 125: W125 = 5. The root-sign 
can be regarded as a stylised r, the initial letter of the Latin word 
radix = root. The number 125 in our example is the number 
from which the root is obtained; it is called the radicand. The 
number 3, the number of equal factors into which the radicand 
is divided is called the index (or order) of the root. 


General definitions 
By the nth root of a number a is meant the number 5 whose 


nth power is equal to ὁ. We write: Wa = ὁ and read: ‘nth root 
of a equals δ᾽. Here a is called the radicand, n the index of the 
root, and ὁ the value of the root. 

In particular, the second root of a number is referred to as the 
square-root: the square root of a number a is the (positive) 
number, which multiplied by itself gives a. For square roots, it 
is customary to omit the index, 2, of the root, e.g. 


V9 = V9 = 3, since 3x 3=9. 
The third root of a number is referred to as the cube-root, e.g. 


V27 = 3. 

The calculation of square- and cube-roots is facilitated by the 
use of tables (see explanation attached to tables of square and 
cubic numbers, p. 709). 
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Calculation of square-roots by means of the formula: 
(atb+ctdt+.. ~P=a@+(Qat δὴ 
+ 2@+b)+ecle+ Patbt+e)tdjdt.... 


To explain our method we first of all apply this formula to the 
development of a decimal number in powers of 10. £.g. 


342=3 x 100+4x 104+2x 1. 


Denoting 300 by a, 40 by ὁ, and 2 by c we have: 
3423 =(atb+cR=@+ Qat+ δὴ) - Qat2bt+c)c 
where 


a* = 90,000 
2ab = 24,000 
b? = 1.600 

3 9 —_ ὃ 

γα. = 1200 342 116,964 
2bc = 160 
C= 4 


Suppose now that our task is to find the square root of 116,964. 
We first of all establish how many digits the root has. The square 
of a: 

one-digit number has one or two digits 
two-digit number has three or four digits 
three-digit number has five or six digits 
four-digit number has seven or eight digits, etc. 


Conversely it follows that the square root of a: 


one- or two-digit number has one digit 
three- or four-digit number has two digits 
five- or six-digit number has three digits, etc. 


Thus, if we divide the radicand into groups of two digits, 
commencing with the units, we can count off how many digits 
there are in the square root; e.g.: 11’69’64, where we have placed 
a dash over the space between appropriate digits. (If a number 
has an odd number of digits, the group on the extreme left will 
contain only one digit.) In our example the root will have three 
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digits. Thus it will lie between 100 and 1,000. We can also tell 
how many hundreds it contains, since we have 


100? = 10000 andso V10000 = 100 


2002 = 40000 ν΄ 40 000 = 200 
2005-- 90000 90000 = 300 
1000? = 1000 000 1/1000 000 = 1000. 


Now our number, 116,964, lies between 90,000 and 160,000 
and so its square root lies between 300 and 400; the first digit is 
therefore a 3. That is, a = 300 and a? = 90,000. We now sub- 
tract 90,000 from 116,964. The remainder 26,964, must contain 
the terms 2ab, ῥῶ, 2ac, 2bc and οἷ, We write: 


V 116,964 = V 11΄69΄ 64. 
We subtract a?: 11’69’64 
9 00 00 
2 69 64. 
In order to find ὁ next we write 2a = 600 after 26964: 
11΄69΄64 
9 00 00 
269 64 600 
-- 


2α 


Then we divide 26,964 by 600, taking note only of the tens 
(26,964 ~ 600 ~ 40) and obtain ὁ = 40. We can now subtract 
2ab + δὲ = 24,000 + 1,600 = 25,600 from 26,964 to give 1,364. 
2ac, 2be and c? must still be contained in this remainder. Thus 
1,364 = (2a + 2b + cle. 

To find c we divide 1364 (approximately) by 2a + 2b = 680 
and obtain c = 2. We write 680 and 2 beside 1364. After multi- 
plication of 682 = 2a + 25+ c¢ by ὁ no remainder is left on 
subtraction, and so our number 116,964 was a square number. 
We can shorten the procedure by omitting the zeros occurring 
in the individual steps. E.g. 
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in full: abbreviated: 
| at+tb+e 
νΊ1 69 64 = 300 + 40 +2 V11 69 64 = 342 
9 00 00 a? 9 
2 69 64 (2a + b)b = (600 + 40) . 40 269 + 64 
2 56 00 : 2 56 
13 64 Qa+2b+0).c= 1364 + 682 
13 64 (600 + 80 + 2).2 13 64 
0 0 


If the radicand does not prove to be a square number the 
calculation can be continued by writing pairs of zeros after the 
decimal point. Radicands with terms to the right of the decimal 
place can be treated in a similar fashion. The decimal point is 
then inserted in the root when the two final digits of the radicand 
enter the calculation. 


Example; “23-167 = 4-8132 
16 
716 80. 8 = 640 
82 -- 64 
704 
1270 960.1 = 960 
z= 1 
961 
30900 9620.3 = 28860 
32 = 9 
28869 
203100 96260. 2 = 192520 
25 = 4 
192524 


1057600 962640.1 
383 


ROOTS, EXTRACTION OF 


As in division, the calculation is broken off when the required 
degree of accuracy has been achieved. 

In evaluating square roots with a calculating machine, an 
‘iterative’ procedure is adopted, i.e. step-by-step approximation 
by repeated application of the same procedure of calculation. 
For example, suppose that with a slide rule we have obtained the 


approximate value x, for x = Va. Now if x, differs from x by 


1 
5 &o we have 


(% + 3%) = Va, 
and squaring both sides we get: 
x2 + EqyXq + peg = a. 
&) however is small compared with x) and we can neglect the 


ls a 
term 4 δῦ» 80 [Παἱ εὐ ¥ ΞΕ’ - — Xo]: 
Χο 


Accordingly we form the quotient = = x,. If x) were equal to 


Va then x) would equal x, However, with the approximate 
value χορ, we will have x; = Xp + &. & arises essentially out of 
the decimal places of x, lying beyond those of x», and these 
places can easily be read off in dividing on the machine. The 
arithmetic mean of x) and x, yields an improved value 
Xe = Xy + $€. The procedure is repeated till the required 
accuracy is reached; in practice this occurs very quickly. 


Example: V3 1-73. 


Yo = 1°73 
3 + 173 = 1°73410 Ey = 0:00410 ; δρ = 0:00205 
χα = 1-73205 
3 + 1-73205 = 173205161 « = 0-00000161 om = 0-00000080 


2 
χα == 1°73205080. 


Calculation of nth roots. nth roots are calculated in practice by 
means of logarithms (see art.), or by iterative methods. 
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Multiplicity of roots. In taking the square root of a number ὃ, 
two results are always obtained, namely Vb=-+a and 
Vb = —a. The results are distinguished only by their sign. We 
write Vb = -La. Fornth roots there are ἡ (real or complex) values. 


Roots of negative numbers. The nth root of a negative number 
can be another real number only if the index of the root is odd. 


If a is a positive number, VY —a = W—1 W-+a. Thus, if the 
index n is odd we have 


V—a=—VWa. 


On the other hand, if the index is even, V—a = V—1 V +a 
which is complex. 


Example: 


1 i 
Visa Patel tats 


Addition and subtraction of roots. Roots with the same index 
and the same radicand can be collected into a single term: 


Vat 3. = 4a. 


Roots of products. To extract the root of a product, take the 
root of each factor and multiply them together. To multiply 
roots with the same index, take the root of the product of the 
radicands; Wa W6 = Wab. Factors in front of the root can be 
assimilated within the root-sign by raising them to the power 
equal to the index of the root; αὖὸ = Wa'b. 

Roots of quotients (fractions). To extract the root of a fraction, 
take the roots of the numerator and denominator separately, and 
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divide. Conversely, to divide roots with the same index, take the 
root of the quotient of the radicands: 


" 


Roots of powers. To extract the root of a power, take the root 
of the base and then raise to the given exponent: 


δα" = (Wa)? 


If the exponent of the power and the index of the root are each 
multiplied or divided by the same number, the value of the root 


is unaltered: V/a* = Wa", If the exponent of the power and the 
index of the root are each divided by the latter, a fractional 


exponent is obtained: a” = a”. | 
Raising a number to a fractional power, μ᾿ implies that the 
number is to be raised to the mth power ‘ad then that the nth 


root is to be extracted; a” = a”. In particular, Va =a". 
Roots of roots. To take ste root of a root-expression, multiply 
the indexes of the roots and retain the original radicand: 


VVa=Va 


Conversely, if the index of the root is a product, we can succes- 
sively extract the roots whose indexes are the factors of the 
product: 


W781i = VV81 = V9 =3 


In taking roots of roots the indexes of the roots can be inter- 
changed, i.e. the sequence in which the roots are extracted is 
arbitrary: 


V4 = V V64 = 8 =2 


V64= VV64=V4=2 
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Roots of polynomials. The roots of polynomials can be extracted 
according to the same scheme used for numbers, employing the 
formula 


(atbtcet.. P=@t+ Qa+bb+Qat+2b4+ oct+.... 


For roots of complex numbers, see De Moivre’s formula. 


Rotation 


The rotations about a point in a plane and about a straight 
line in space belong to the rigid motions (see above). 


Rotations in a plane 


The rotations in a plane are determined by the point P in the 
plane which is unaltered by the rotation (centre of rotation), and 
by the angle of rotation ¢. 

The image point A, of a given point A can be constructed as 
follows. A circle with radius PA is described about P and the 


angle ¢ constructed on PA with vertex P. The intersection of the 
free arm of ¢ and the circle is the required image point A, (Fig. 
277). 


Example: Rotation of a triangle ABC about its vertex A 
through angle ¢ = 30°. The image of the triangle is AB,C, 
(Fig. 278). 


ΞΟ ‘Angle of rotation 


Centre of 
rotation 


Fic. 277 Fic. 278 


Rotations in space 

A rotation in space is determined when an axis of rotation and 
an angle of rotation are given. For representation of rotations in 
a plane, see Rigid motions. Examples are also given there of rigid 
motions in space. 
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Rounding off 


The correct rounding off of decimal fractions which do not 
terminate is often of importance. For example, the decimal 


fraction V2 = 1-414213562... does not terminate. It is there- 
fore inevitable when evaluating such a number as a decimal 
fraction that the procedure be broken off after a definite number 


of places. Thus V2, calculated to three places, is 1-414. The most 
appropriate number of places can only be decided after examina- 
tion of the problem in which the number occurs. 
᾿ Naturally, if we calculate a number to 7 places only, when the 
exact expression of the number as a decimal fraction requires 
more than n places (whether finitely- or infinitely-many more), 
our calculation differs from the exact expression by what is 
(somewhat misleadingly) known as an ‘error’. Our problem is to 
make this error as small as possible with the n decimal places at 
our disposal. To do this we require the number correct to n + 1 
decimal places, or sometimes to a higher number of places if the 
digit in the (ἡ + 1)th place is a 5. Knowing this we can decide 
whether we do better by leaving the digit in the mth place un- 
altered or by increasing it by 1. The rules we require are then as 
follows: 

1. If the digit in the (x + I)th place is less than 5, leave the 
digit in the nth place unaltered. 

2. If the digit in the (7 + 1)th place is more than 5, increase 
the digit in the mth place by 1. 


Examples: To calculate /2 correct to 3 places: The fourth 
place has the digit 2, so we leave the 4 in the third place unaltered 
and write V2 = 1-414. 


To calculate V2 correct to 7 places: The eighth place has digit 
6, so we increase the 5 in the seventh place by unity and write 


V/2 = 1-4142136. 


3. If the digit in the (” + 1)th place is 5, then we normally do 
better by increasing the digit in the nth by unity. Two exceptions 
occur. (i) If the decimal fraction is finite and the 5 in the 
(n + 1)th place is the last non-zero figure in its exact expression, 
then it makes no difference whether we round ‘up’ or ‘down’. 
By convention we round ‘up’ and increase the digit in the nth 
place by unity. (11) If the expression we are given ends with the 5 
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in the (ἡ + 1)th place, and if this is not exact but the result of a 
previous rounding-off process, then we must calculate more 
decimal places until we know whether the digit in the (n + 1)th 
place was originally a 4, in which case we leave the digit in the 
nth place unaltered, or a 5, in which case we increase the digit in 
the nth place by unity. 


Examples: 

(i) To three decimal places, 3-14156... = 3-142. 

(ii) By convention, to three decimal places 3-1415 = 3-142. 

(iii) If we are given /2:2 = 1:5 to one decimal place, then 
before we can round off ν 2:2 to the nearest whole number 
we must calculate V2:2 to more decimal places, namely 
V/2:2 = 1.48.. .; and we then know we should round 
*down’ and put /2:2 = 1 to the nearest whole number. 


If this further calculation is not possible, then as a matter 
of convention we normally round ‘up’. 


Scalar 

By a scalar is meant a pure numerical quantity, the term being 
used in particular to distinguish such quantities from ‘vectors’ 
which have directions associated with them. 


Scalar product 

The scalar product of two vectors a =(a,,a,,a,) and 
b = (δ,. b,, b,) is the scalar a.b= a,b, + a,b, + a,b, (see 
Vector). 


Secant 

A secant 15 a straight line which intersects a circle in two points. 
Extension to other curves—a secant of a curve is a straight line 
which intersects the curve in at least two points (see Circle). 


Secant (sec) 

Sec a is the ratio of the hypotenuse to the adjacent side in a 
right-angled triangle. The function sec « is the reciprocal of cos « 
(see Trigonometry), 

hypotenuse 1 
adjacent side cosa 


sec ἃ = 
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Secant theorem 


If two lines passing through a point P (outside the circle) 
intersect a circle in the points A, B, and C, D we have 


PA:PC = PD:PB (Fig. 279). 


Semicircle 


A circle is divided by any diameter 
into two congruent parts, symmetrical 
with respect to the diameter. The parts 
are called semicircles. 


Sequence of numbers 


A sequence of numbers is of the form 
X1, Χορ» Xg3,..., Where the x’s are 
numbers following one another in 
some defined manner. The numbers x, 
are referred to as terms of the sequence. 
We can consider finite sequences or 
infinite sequences, according as the 

Fic. 279 sequences do or do not possess a 
finite number of terms. 

The rule according to which the members of the sequence are 
formed may be an explicit rule for calculation in which, apart 
from given constants, only the letter ~—the number of the term 
to be calculated—occurs; e.g. the formula: 


x, = : (n= 1,2,. . .) yields the sequence 

ἜΤ συ. 

9 x 3 4 5 3 n 9 
x, ΞΞ - (n = 1,2,. . .) yields the sequence 

1111 1 1 


xX, =1+2n(n = 1, 2, 3,.. .) yields the sequence 
3,05. 15.95 11,... 1 ἘΠ2η,.... 
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Properties of number sequences 


1. A sequence is said to be bounded if a fixed positive number 
can be found greater than the absolute values of each of its 
terms, that is, if K can be found such that 


|Ix,| << Κα or ~—K< x,< ἘΚ for n=1,2,3,.... 


2. A sequence is said to be bounded from below (or above) if a 
number K, (or K,) can be found such that 


x, > K, (or x, < K,) for n= 1,2,3,.... 


A bounded sequence is bounded from both above and below. 
3. A sequence is said to be monotonic increasing if 


Xn Xny, for n= 1,2,3,.... 
The sequence is said to be monotonic decreasing if 
Xe Neg for n= 152,35 ses 
Both types are referred to as monotonic sequences. E.g. 


(i) The sequence x, = 2” is monotonic increasing and bounded 
from below. 


" " : : 
(ii) The sequence x, = | is monotonic decreasing and bounded. 


4. A sequence a, is said to be a convergent sequence, with 
limiting value a, if the terms of the sequence approach the value 
ain such a way that if we select any positive quantity ¢, however 
small, then sooner or later all the terms of the sequence differ 
from a by less than ¢. We say: “The sequence tends (or converges) 
to a’. We write: 

a,—7>aasn—-> οὐ, or, lima, =a. 
n—-> © 
a is also called the limit of the sequence. 
For a, — a we say: ‘a, tends to a’. For lima, =a we say: 


n— © 


‘The limit of a,, as n tends to infinity equals a’. E.g. the sequence 
1 
a, = 1+ 5, converges to 1. 


5. A sequence with limit zero is called a null sequence; e.g. 
1 
a, = 5 
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6. Sequences which do not converge to a finite limit are said 
to be divergent; e.g. 

(i) The sequence of the natural numbers a,, = n is divergent. 

(ii) The geometric sequence (see art.) 2, 6, 18, 54, ... with 


initial term 2 and quotient 3 and general term a, = 
2 x 3515 divergent. 


(iii) The alternating geometric sequence 1, —2, 4, —8,..., 
a, = (—1)"1 2", . . . is divergent. 


7. If for sufficiently large n, a, and all later terms exceed any 
given number however large, the sequence is said to diverge to 
+0. We write: 


a,—> +0 as ἢ - οὐ, or lima, = ©. 


N-> CO 


Similarly we speak of sequences which diverge or tend to —0o; 
e.g. the arithmetic sequence (see art.) 2, ~—1, —4, —7,... 
diverges to — 00. 


Example: the sequence of natural numbers diverges to + 00. 


8. Sequences which neither converge nor diverge to +0 or 
— © are said to be oscillatory. E.g. 


the sequences 1, —2, +4, —8, +16,..., 


+2, —2, +2, —2, +2, oe ey 
are oscillatory. 


Series 


A series is the unevaluated sum of terms of a (finite or infinite) 
sequence. E.g. 


from the sequence a,, a, @3, d4,. . . we form the series 
Qtatatat. eo 8 


The series can be abbreviated by means of the summation sign > 
(see art.), 


φ 
αι Ἔα. Ἔα. ἘΠ... -«Ἔσ, Ἑ-. = 2% 
=1 
or, if the series has only ἢ terms, 
n 
Qa,+a,+a,+. . . Ἕ ἃ, = Σ αν. 
ΞΊ 
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Set-theory 

A theory founded and widely developed by Georg Cantor 
(1845-1918) which forms the foundation of the theory of point- 
sets, of real functions and of topology. A set is a collection of 
definite and distinguishable objects, either concrete or conceptual, 
e.g. the whole numbers. Sets are finite or infinite. The infinite set 
of the natural numbers is said to be enumerable, and other sets 
are said to be enumerable if their elements can be put into one- 
to-one correspondence with elements of this set. There exist sets 
which are neither finite nor enumerable, e.g. the set of real 
numbers between 0 and 1. 


Shear 


Shearing consists in a transformation in a plane or in space in 
which the area of a plane figure or the volume of a solid is un- 
altered. Since angles are (in general) changed, the original and 
transformed figure are neither congruent nor similar. 


Examples: 


1. ABCD is a given parallelogram (Fig. 280). In a shearing 


motion parallel to the direction of AB, the point D on the straight 
line DC passes to the final position D’ which depends on the 


distance apart of the parallel straight lines AB and DC. 


D o' ς ς! 


Α 8. 
Fic. 280 


2. Ina plane rectangular coordinate system a shearing motion 
in the direction of the x-axis can be described by the following 
equations: 

x =x+ay, 
Y=), | 
where x, y denote the coordinates of the original point P and 


x’, y the coordinates of the image-point P’, while a is a constant 
number + 0. 
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3. If ABCDEFGH is a given rectangular ‘solid, a shearing 
motion in any direction in the plane EFGH parallel to ABCD 
produces a parallelepiped ABCDE’F’G’H’ (Fig. 281). 

4. In a three-dimensional rectangular coordinate system, a 
shearing-motion in any direction parallel to the x, y-plane can 
be represented by the following system of equations: 


x =x-+ az, 

y=yt bz, 

7 = 2: 
where x, y, z denote the coordinates of an arbitrary point, 
x’, γ΄, 2 the coordinates of the corresponding image-point and 


a, b two constants specifying the direction and magnitude of the 
shear. 


Sickle of Archimedes (Archimedes, 287-212 B.c.) 


If the diameter of a semi-circle 27 = 271 + 2r, is divided into 
any two parts of length 2r, and 2r, and if further semicircles are 
constructed on these segments as diameters, the resulting sickle 
of Archimedes has the same area as the circle with diameter 


FC = h (Fig. 282). 


Fic. 281 Fic. 282 
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Sign 

The two signs used before numbers are ‘+’ (read: plus) and 
‘—’ (read: minus), positive numbers being indicated by the 
former, negative numbers by the latter. This use of + and — 
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must be carefully distinguished from their use as operations, when 
they serve to indicate which of two calculating-operations is to 
be carried out. 


Similarity 
Two geometrical figures are similar if they agree in respect of 


the main attributes of shape, viz. angles and the ratios of different 
linear measurements. 


1. Similarity of triangles 

Two triangles are called similar, if the angles and ratios of 
corresponding sides of one are equal to those of the other, 
symbol: ~ (see Triangle). 


2. Similarity of polygons 

‘Polygons are called similar, if they agree in respect of all angles 
and ratios of pairs of sides. The areas of similar polygons vary 
as the squares of corresponding sides (see Triangle, Polygon). 


3. Similarity transformations 

A similarity transformation transforms any plane figure into a 
similar figure. Conversely, given two similar figures, a similarity 
transformation can always be found which will send one figure 
into the other (see Similarity transformation). 


Similarity transformation 

The similarity transformations belong to the affine transforma- 
tions (see above). They comprise those affine transformations in 
which a figure (plane or solid) is transformed into a similar figure. 


Sine (sin) 

The sine function sin « is a trigonometric function, the ratio 
of the opposite side to the hypotenuse in a right-angled triangle 
(see Trigonometry), 
opposite side 


sin α = . 
hypotenuse 
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Sine theorem 
1. The sine theorem of plane trigonometry 


Ifa, b and c are the sides, and «, β and y the angles of a triangle, 
then a:b:c = sin «:sin B:sin y. The theorem can be used to 
solve a triangle if one side, the opposite angle and a further side 
or a further angle are given (see Trigonometry). For examples see 
Solution of triangle. 


2. The sine theorem of spherical trigonometry 

If a,b and ὁ are the sides, and «, 6 and γ the angles of a spherical 
triangle, then sin a:sin b:sine = sin a:sin B:siny. The sine 
theorem of spherical trigonometry can be used to solve a spherical 
triangle if one side, the opposite angle and a further side or a further 
angle are given (see Spherical trigonometry). 


Single-valued transformation 


A transformation of points of one space into points of another 
is called single-valued if there corresponds to each point one 
image-point and one only. The transformation is called one-to- 
one, or reversibly single-valued, if there corresponds to each 
image-point one inverse-image point and one only. 


Skew 


Two lines in space are said to be skew (with respect to one 
another) if they neither intersect nor are parallel. 


Solid 

A solid is a bounded part of space. The boundaries are surfaces. 
The bounding surfaces can be either plane or curved. If all are 
plane the solid is a polyhedron (see above). 


Solid angle 

The measure of a solid angle is specified in a way analogous to 
the radian- (or arc-) measure of an angle in a plane. An auxiliary 
unit sphere is used and every cone has a measure, the solid angle 
® associated with it. 
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We consider the intersection of the given cone with the sphere 
of unit radius which has the vertex of the cone as centre. The area 
on the sphere cut out by the cone is taken as the measure of solid 
angle of the cone. 


An octant of a sphere has solid angle 5: The complete space- 


angle is 47. A cone of revolution formed by rotating a straight 
line about an axis inclined to it at an angle « has solid angle 


ᾧ = 4π sin? 5. 


Solid of revolution 

A solid of revolution can be regarded as a curve y = f(x) 
rotated about the x-axis. The cross-section of such a solid for 
abscissa x is a circle with area wy” = 7(f(x))?. Thus the volume 
of the solid of revolution between xy and χ + Ax is 


a+ Ax 
| 75 dx. 
% 
Example: Ellipsoid of revolution; y = : Va? — x* is the 


equation of the ellipse referred to its principal axes. The volume 
of the solid of revolution is obtained by integrating from —a 
to +a: 


+a f2 B x3\ |[+* 4ab'xr 
So Fs =: Ὄπ ΒΝ oe = . 
an κε (α3 --- χϑ)άχ =a -- (« x— 3 = 3 
(Fig. 283) 
y ds 
y 
Fic. 284 
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The surface of a solid of revolution is obtained by the integration 


b 
2n | yv 1 + γα. 


, Example: Paraboloid of revolution; equation of parabola, 
y* = 2px, 
surface-area = 27 { V2px [1 + ᾿ dx 
0 
anv p 
a P [ῳ + 2x)? — pr?] 
(Fig. 284). 


Solution of the triangle 
Elementary solution of the triangle 


Sides of a triangle can be calculated by means of Euclid’s 
theorem (theorem on altitudes), the theorem of Pythagoras, the 
projection theorems for triangles, the various extensions and 
generalisations of the Pythagorean theorem, and the proportion- 
ality relations obtained from the theory of similar triangles (e.g. 
theorem of Apollonius). But it is not possible by these means to 
calculate the angles of a triangle from a knowledge of its sides. 


Trigonometrical solution of the triangle 


A solution of the triangle with the help of the trigonometrical 
functions relies on the following theorems: sine theorem, cosine 
theorem, Mollweide equations, tangent theorem, half-angle 
theorem, and the relations between angles of a triangle. See 
references to individual words and Trigonometry, and below. 


Solution of triangle, trigonometrical 

The general triangle can be solved by means of the trigono- 
metrical functions, the relations holding between these functions, 
and the relations between the angles and sides of the triangle, 
provided that three independent elements of the triangle are given. 
Tables of the trigonometrical functions and their logarithms are 
needed for the solution of triangles by trigonometrical functions 
and for other calculations with these functions (see Trigono- 
metrical Tables). 
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Formulae for the general triangle (sides a, b, c, angles «, B, y, 
radius of inscribed circle p, radius of circumscribed circle r, 


altitude ἢ, area Δ) 


Relations between angles: 
a+ B+ y = 180°, therefore: 


sin (B + y) = sin (180 — «) = sin α, 
cos (8 + y) = cos (180 — a) = —cos«, 


_ pty ; a) o 
sin = sin [90 — 5) = cos 7 


2 
Bry _ a). & 
cos 5 = COS 90 — 5 = sin 5° 


Altitude formulae: 

h, = bsiny = csin β, 

h, = asin y =csin @, 

h, = bsin« = asin β. (Fig. 285) 
Sine theorem: 

a:b:c = sin «:sin B:sin y. 
Chord formulae: 

a:2rsin a; ὃ = 2rsin B; 

c:2r sin y (Fig. 285). 


Tangent theorem: 


pice Oe tae We ne -: 
ee ta ame tan Ὁ τς“ “τὺ απ F 
Mollweide equations: 

ja OE cee Se οἷν Ὅς 
a sing 7 Pin sin? 


SOLUTION OF TRIANGLE, TRIGONOMETRICAL 


Cosine theorem: 
q? = δὲ + c? — 2be cos a, 


δὲ = οἷ + a? — 2ca cos β, 
c? = αἢ + δ — 2abcos y. 
Radius of inscribed circle: 


. a , . 
p=4r in da aia a 


2 2 2 
Perimeter: 
β γ 
L = 8rcos - 5 τ 668 = 5 cos 5" | 

Area: 

ab abe 

vias -- 2,3 weyers 

A= 5 sin y = 27’ sin α sin β sin y = rr 


Fic. 286 


Examples: (i) The angle of elevation of a tower of known 
height (60 metres) is measured as 5° 20° (Fig. 286). How far is the 
point at which the measurement is taken from the top of the 
tower ? 


h 
We have — = sin a, or c = ---- 
Ο sin a’ 


log 60 = 11-77815 — 10 
log 5° 20’ = 8-96825 — 10 
logc = 2-80990. 
That is, c = 645-5 metres (Fig. 286). 
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(ii) Given a = 15, β = 77° and y = 35°. 
Required: «, ὃ and c. 
First we have: « = 180° — 8 — γ; that is, 
α == 180° — 77° — 35° = 68°. 
By the sine theorem we have: 
a sin β 15 sin 77° 


b= , that is, b = 6s” = = 15-763, 
c= a Y that is, ὁ = edd = 9-2792. 
Computation: ᾿ 
log 15 = 1.17609 log 15 = 1-17609 
log sin 77° = 9:98872 -- 10  logsin 35° = 9-75859 — 10 
11-16481 — 10 10-93468 — 10 
log sin 68° = 9-96717—10  logsin68° = 9-96717 — 10 
log ὃ = 1-19764 loge = 0:96751 


ὃ = 15-763 c= 92792 


(iii) The distance between two points A and B on the bank of 
a river is measured and the directions at A and B of a tower on 
the other side of the river with respect to the base-line AB are 
determined. How far is the tower from A? (Fig. 287). 


We have Τ 
y= 1805 -αἀ--β 
and 
AT _ sin B 
ἽΒ siny 
so that 
AT = AB a 
sin y Fic. 287 
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Sphere 

Definition: a sphere is the locus of points in space having a 
given fixed distance from a given point O. O is called the centre 
of the sphere, the fixed distance its radius (r). If a sphere is inter- 
sected by a plane they meet in a circle (Fig. 288). 

The greater the distance a of 
the plane from the centre of the 
sphere the smaller is the radius p 
of the circle of intersection; we 
have p = rsin φ. 

If the plane passes through the 
centre of the sphere (a =0, 
¢ = 90°), it intersects the sphere 
in a great circle. If the distance a 
of the plane from the centre is 
, r(¢ = 0) the plane touches the 

Fic. 288 sphere, and is then called a tan- 
gent plane. If a>r the plane 
does not intersect the sphere. 

A segment is cut off by the sphere on a straight line which 
passes through the centre of the sphere. The segment is called a 
diameter of the sphere and its length is twice the radius. 


Volume of the sphere 


The volume of the sphere may be determined if we sat 
volumes of the cylinder and the cone as already known. We use 
a cylinder whose height and radius of base are each equal to the 
radius of the sphere. Within the cylinder is placed a cone, whose 
vertex is at the centre of the base-circle of the cylinder and whose 
base is the upper surface of the cylinder. If this cone is bored out 
of the cylinder, there remains a solid (of known volume) which 
we show to have the same volume as the upper half of the sphere, 
as follows. If both solids are cut through at height h the area laid 
open on the half-sphere is a circular area and on the other solid 
it is an annulus (circular ring). The inner radius of the annulus 
is h (isosceles right-angled triangle) and the outer, r. The area of 
the annulus is therefore 4: = 7(r? — h®). 

The area of the section of the half-sphere is A, = 7p, where 
p? =r? — h®; that is, A, also equals a(r? — 3). Since the two 
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surfaces are at equal height and are equal in area, it follows by 
Cavalieri’s principle that the half-sphere and the bored-out 
cylinder have the same volume. That is, the volume of the half- 
sphere is 


1 2 
Tr . r _— “ Tr Φ r _— ΠΡ . 
oo 3 


| 4 
The volume of the whole sphere is therefore V = 3 ar’, 


Corollary: the volumes of a circular cylinder of height r and 
radius r, of a half-sphere of radius r, and of a circular cone with 
height r and radius r, are in the ratio 3:2:1. 


Calculation of the surface area of the sphere 


Imagine the interior of the sphere to be filled by a large 
number of congruent pyramids, whose vertices lie at the centre of 
the sphere and whose base-curves lie on the inner surface of the 
Sphere, the pyramids touching one another. Then the sum of the 


h 
volumes of these pyramids is W = 3 Bn, where B = area of base of 


a pyramid and h = height. The larger n becomes, the nearer does 
nB come to the surface of the sphere (8 — S), the nearer does 
h come to the radius r of the sphere (ἢ -- 7), and the nearer 


4 
does W come to the volume of the sphere (w— γε: nr), 


Suppose the process is carried out to the limit; then 


4 r 
eae, pal 
3 aT 3 Χ 5. 


That is, the area S of the surface of the sphere is S = 4. 


Parts of the sphere 


(1) Spherical segment. If a sphere is cut by a plane, we have on 
either of the plane segments of the sphere. The one segment has 
height h = r—a (Fig. 289), the other has height h, =r + a. 
If p is the radius of the bounding circle, then: 


pP=r—a@=(r+a)(r—a), 
or, if we put r — a = h, p? = (2r — Ah. 
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By adapting our method for determining the volume of the 
sphere we can easily show that the volume of the segment of 


h? | 
the sphere with height ἢ is V =a ΕἸ (3r — h), or, in terms of the 


radius p, V =7 ; (3p? + h*). 


(2) Spherical sector. If a spherical segment is extended by 
including in the volume the cone whose vertex is the centre of 
the circle and whose base is the base of the segments, we obtain 
27h 


3 r?, where 


a spherical sector. The volume of the sector is V = 


h is the height of the segment. 


Fic. 289 Fic. 290 


(3) Spherical segment with two bases (Fig. 290). If a sphere is 
cut by two parallel planes, distance h apart, between the planes 
there is a spherical segment of height A with two bases. Let the 
radii of the bounding circles be p, and p,. The volume of the 
figure is the difference of the volumes of two spherical segments 
of the type discussed above: 


h 
V = 75 3p} + 3p} + Fi). 


(4) Spherical cap. A spherical cap is that part of the surface 
of a sphere bounded by a circle lying on the sphere. The curved 
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part of the. surface of a single spherical segment is a spherical 
cap. The area is: 
S = 2πγῆ. 


(5) Spherical zone. The curved part of the surface of a spherical 
segment with two bases (of height ἢ) is called a spherical zone. 
Its area is: 


S = 2nrh. 


(6) If two planes intersect at an angle 
α in a diameter of a sphere of radius r 
they divide the sphere into 4 ‘spherical , 
wedges’, two of which have internal angle Ι 
a. The volume of such a wedge (Fig. 291) 8: Ἃ 


-ςᾷ-ῳῸ 


area, ; 
V= 570 (α measured in degrees). 


- aan oe “Ὁ 


Fic. 291 


Spherical trigonometry 

The branch of mathematics concerned with geometry on the 
sphere is of special interest for problems of mathematical geo- 
graphy, of navigation and of astronomy. Mathematically 
speaking, the geometry of a curved surface is a non-euclidean 
geometry. Practical calculations are carried out with the trigono- 
metrical functions, using logarithmic and numerical tables. 

Great circles. If a plane contains the centre of a sphere, it 
intersects the sphere in a great circle; if not, it intersects the 
sphere in a small circle (or not at all). Great circles on a sphere 
afford the shortest distance between two points, and correspond 
to straight lines in plane geometry. Each point on a sphere may 
be associated with a great circle (e.g. the North or South pole on — 
the earth may be associated with the equator). This makes possible 
‘polar formulae’, i.e. formulae in which the ‘sides’ and ‘angles’ 
of a triangle on the surface of the sphere (spherical triangle) 
changes places. A great circle is the line of intersection of a plane 
through the centre of the sphere; the diameter of the sphere 
perpendicular to this plane cuts the sphere in two points, which 
are the poles of the great circle and lie at ‘opposite positions’ on 
the sphere. 
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Spherical triangle (Fig. 292). Consider a sphere of unit radius. 
Three planes each passing through the centre of the sphere cut 
the sphere in three great circles. Two great circles intersect in 


5 
¥ 


Fic. 292 Fic. 293 


two opposite points of the sphere; the planes determined by the 
great circles form the angle between the great circles, equal to 
the angle of inclination of the planes. 

The figure bounded by the two great circles is referred to as a 
spherical lune. However, three further spherical lunes are deter- 
mined by the two planes, namely two each of which when taken 
together with the first forms a hemisphere, and one which lies 
opposite to, and is congruent to, the first. 

The third great circle divides each of these four spherical lunes 
into two spherical triangles, those belonging to opposite lunes 
A being centrally symmetric in pairs. Notation 

for spherical triangles is as in the plane: 
vertices A, B, C; sides a, b, c; and angles 
c  , B, y. In what follows we shall only consider 
triangles which lie wholly on a hemisphere. 


ο The derivation of the formulae of spherical 
trigonometry follow from consideration of the 
Fic. 294 trihedral angle concerned (Figs. 293 and 294). 


Sine theorem of spherical trigonometry (Fig. 295) 
We drop the perpendicular from the vertex A of the triangle 
onto the plane determined by the two other vertices, B and C. 
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This perpendicular, AD, is the line of intersection of the planes 
through A perpendicular to OAC and OCB on the one side and 
to OAB and OCB on the other side. The first of these two planes 


cuts the plane OAC in the line AF. The segment AF is the opposite 
side of the angle AOF in the right-angled triangle OAF with 


Fic. 295 


hypotenuse 1, and thus is of length sin δ. Similarly, the line of 


intersection AE has length sinc. The triangles ADF and ADE 
are right-angled and the angles at F and E in them are respectively 
the angles y and β. AD can be calculated from both of these two 


triangles: AD =sinBsine and AD = sin y sin δ. Equating 
these two expressions we have the sine theorem: 


sin β sin c = sin y sin b, 


which can be written attematively as: 


See SS ene 


The last term is obtained by cyclic permutation. 


Cosine theorem of spherical trigonometry (Fig. 295) 
To derive the cosine theorem of spherical trigonometry we drop 


the perpendicular from F onto the edge OB; the distance OG of 
the foot of this perpendicular from O is cos bcosa. We have 


OE = cos ¢, since OF is adjacent to the angle at O in the right- 
angled triangle OAE (hypotenuse 1). But the segment GE must 
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have length sin bcos γ sina, since 7 OFD = 90° and 2 OFG 


= 90° — a; consequently 7 GFD = a, and FD = sin ὃ cos γ as 
adjacent side i in the right-angled triangle AFD whose hypotenuse 


AF is the length sin δ, as has already been shown in the proof of 
the sine theorem. OF = OG + GE gives then: 


cos c = cos bcos a + sin b sin acos y. 


By cyclic permutation we obtain analogous formulae for-cos a 
and cos ὁ. The polar formulae 


cos y = —cos β cos « + sin β sin a cosc 


and corresponding formulae for cos « and cos £ follow from the 
correspondence of pole and great circle mentioned above. 

Combining the known theorems, we can obtain further for- 
mulae, of which only the cotangent theorem, 


cos c cos « = cot bsin ὁ — cot # sin «, 
and the sine-cosine-theorem 
sin Ω 008 β = cos ὦ sinc — sin bcos c cos ἃ 


are specially named. From these further formulae can be obtained 
by cyclic permutation (Fig. 296). For a complete collection of 
these formulae, see p. 532. 


Fic. 296 Fic. 297 


Right-angled spherical triangles. The general formulae for 
spherical triangles take a simple form if one of the angles or one 
of the sides is 90°. If « = 90°, formulae obtain which can be 
derived mechanically by Napier’ s rule. The cosine of any element 
in Fig. 297 is equal to the product of the sines of the elements 
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separated from it, and to the product of the cotangents of the 
adjacent elements, as follows: 


cos a = cos bcosc 
and cosa = cot β cot y; 
cos 8 = cos ὃ sin y, etc.; 


where of course we use the relations sin (90° — x) = cos x, 
cot (90° — x) = tan x. 


Square 


A square is a quadrilateral with four equal sides and four right 
angles (see Quadrilateral). 


Square numbers 
Square numbers are the squares of the natural numbers: 
1, 4, 9, 16,. . . (see also Polygonal numbers). 


Standard deviation 

Expression for the average measure of a number of errors or 
deviations. We understand by the standard deviation, o, the 
square root of the mean of the squares of deviations. If Συβ is the 
sum of the squares of deviation from the arithmetic mean, then 


Lv? 
σ ΞΞΡ | —- 
n 


Example: Given observations a, = 8, ας = 9, a3 = 13, a, = δ, 
a, = 12, a, = 10, then the arithmetic mean is: 
8+94+134+8+12+10 60 
σε ἸΝΩ͂Ν: δὼ 


whence: 
Fee in wi ia ge a 
aa a σα; ΣΙΝ {erro 


6° 
and so c= ΙΞ = 1-91 


(see also Error). 
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Statistics 

In statistics we study a set or population of objects, persons, 
events, etc., and a basic problem is to determine a population’s 
essential attributes (variates), and to describe its Distribution 
according to one or more of these attributes. The distribution 
relative to a single attribute can be specified by dividing the 
population into a sequence of classes according to the size and 
character of the attribute as it occurs in the individuals in the 
population. Where there exists only a limited sequence of possi- 
bilities (e.g. children in a marriage, pips on a die) the distribution 
is said to be discontinuous; if an unlimited number of possibilities 
exists, it is said to be continuous (e.g. physical measurements, 
height, weight). We may represent continuous distributions by 
means of a continuous curve; but in the case of discontinuous 
distributions such a curve is, strictly speaking, not permissible 
(see Frequency curve). 

The notion of relative frequency helps us in describing statistical 
populations. A relative frequency is the ratio of the number of 
objects with a particular attribute to the total number of objects 


under consideration. 


Example: In a cross between two varieties of garden pea (Ist 
variety: yellow seeds; 2nd variety: green seeds), the second 
generation yielded 8,023 plants, 6,022 with yellow seeds and 2,001 
with green seeds (Mendel, 1865). 


; . 6 
The relative frequency of plants with yellow seeds is 8023 and 
that of plants with green seeds is 3003" 


Step-angles 

Step-angles arise at parallel lines which are intersected by a 
transversal. They lie on corresponding sides of the parallel lines 
and on the same side of the transversal, and are equal (see Angle). 


Stereometry 

Stereometry or solid geometry is the study of geometrical 
objects in three-dimensional space. The term stereometry is 
frequently confined to that part of solid geometry considered 
with the measurement of solid figures. 
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For some simple cases the volume can be calculated from a 
knowledge of the lengths of the edges of the solid, or of the radii 
and altitudes. But in general the Integral calculus (see Infinitesimal 
calculus) is required for the determination of the volume of a 
solid. 

‘(For particular solids, see: Cube, Rectangular solid, Prism, 
Pyramid, Cone, Conical frustrum, Sphere, Polyhedra, Platonic 
solids.) 


Stirling’s formula 
Stirling’s formula provides the means for approximate evalu- 
ation of n! for large n: 
πὶ w ne" Inn. 


Straight line 

The straight line is one of the basic elements of plane and of 
solid geometry. Properties of the straight line: a straight line is 
uniquely determined by two points. If three points lie on a straight 
line then we can say of one of the three points that it lies between 
the other two. A straight line is divided by any one of its points 
into two parts. A straight line is unbounded in two directions. 
Two straight lines which lie in one and the same plane have 
either one point (point of intersection) in common, or none; in 
the latter case they are said to be parallel. A straight line divides 
a plane into two parts. A straight line which does not lie wholly 
in a plane either has exactly one point in common with the plane 
(point of intersection, trace) or none at all; in the latter case the 
line is parallel to the plane. 

Two straight lines which are not coplanar have no point in 
common. Such lines are either parallel or ‘skew’ with respect to 
each other. 


Straight line segment 

The totality of points which lie between two fixed points A and 
B on a straight line, together with the points A and B, form a 
straight line segment. A and B are called the end-points of the 
segment (Fig. 298). 


Ce  ..  ο  . -... 
Α 8 


Fic. 298 
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Straight line segments, ratios of 


The ratio of two straight line segments a and b (which need not 
: ᾿ : ; a ; 
lie on the same line) is written a:b or Τ᾽ If two such ratios a:b 
and c:d are equal to one another we have a relation of proportion- 
ality, a:b = στα. 

1. First theorem on rays(first proportionality theorem). 

Given two rays deriving from a single point and cut by two 
parallel straight lines, the ratio of segments on the one ray is 
equal to the ratio of corresponding segments on the other (Fig. 
Ω ὁ : es ; 
299, σα ). Conversely, if two rays deriving from a single point 
are cut by two straight lines in such a way that segments cut off 
on one line bear the same ratio to one another as do corresponding 
segments on the other line, then the lines are parallel. 

2. Second theorem on rays (second proportionality theorem). 
Given two rays deriving from a single point and cut by two 
parallel straight lines, the ratio of segments cut off on the two 
parallels is the same as the ratio of segments cut off on either of 
the two rays, reckoned from the origin of the rays. 


» atb ; P 
Fig. 299) — = ; (Fig. 300) - = 
ee ge τ ἢ ee 


Fic. 299 Fic. 300 
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Given two parallel lines cutting three rays which proceed from 
the same point, the ratio of segments cut off on the one parallel is 
equal to the corresponding ratio on the other. 
AB _ A,B, 
(Fig. 301) = = ==. 
BC 4.0, 

Constructions = 

To divide a segment AB in the ratio m:n. 


Fic. 301 Fic. 302 


(a) Inner division. First solution (Fig. 302). Through A draw an 
arbitrary line; mark off on this, from A to E, m equal segments, 
and from E to F, n equal segments. If through Ε is drawn the line 


parallel to the join FB of F and B then 
CA:CB = m:n. 


Second solution (Fig. 303). Draw parallel lines through A and 
B and mark off on them from A and B respectively, in opposite 
directions, m and n segments of equal length. Then the join of 


E and F, the resulting end-points, divides the segment AB at the 
point C in the ratio m:n. 


ε 
Α Β ς 
τὶ 8 
ς ῃ »» 
F 
A F 


Fic. 303 Fic. 304 
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(b) Outer division. First solution (Fig. 304). Draw a ray with A 
as origin, and on this mark off, first m equal segments reaching to 
F, and then, from F, n equal segments in the opposite direction 
(towards A). Draw the line through F parallel to EB. This cuts 


the extension of AB in the point D. We then have 
AD:BD = m:n. 

Second solution (Fig. 305). Draw parallel lines through A and B, 
and on them mark off respectively m and n equal segments, on 
the same side of AB. The intersection, D, of the join of the end- 
points E and F thus formed with the extension of AB, is the outer 
point of division. We have AD: BD = min. 

Harmonic division. If a segment is divided internally and extern- 


ally in equal ratios m:n we say that the segment is harmonically 
divided in the ratio m:n (Fig. 306). Draw through the end-points 


Fic. 305 Fic. 306 


A and B two parallel lines, and mark off from A on the line 
through A m equal segments reaching to E. On the other line, 
mark off from B on each side n equal segments reaching to F and 
G. The line EG intersects the segment AB in the inner point of 
division, C. EF intersects the extension of AB in the outer point 
of division, D. 


Division of a segment into n equal parts (Fig. 307) 

Draw a ray, with the end-point A as origin, and on this mark 
off consecutively n equal segments, of arbitrary length, with end- 
points E,, E,,.. ., E, = F. Then draw through &, Ἐς, E3,.. ., 
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lines parallel to the join FB. The segment AB is divided by these 
lines into n equal parts. 


Construction of the fourth proportional (Fig. 308) 


The fourth proportional of three given segments a, ὃ and c is 
that segment, d, which satisfies the proportionality relation 
a:b = c:d. Take a double ray with origin S. Mark off on one 
ray, each measured from S, the segments a and ὦ, and on the 


SS Σιρ ασεμοιησα ἢ 8 


ὌΝ 
πες ἢ 
τὸς, 


Α 
1. Ε,2 Ε3 3. Ὲ, 4 6 5 Ε, 6 


Fic. 307 Fic. 308 


other ray, again from S, c. Join the end-point A of the segment a 
to the end-point C of the segment c, and draw through B the 


line parallel to AC. This line cuts the other ray in the point D. 


D is the end-point of the required fourth proportional SD of 
a, band ce. 


Subtraction 


Subtraction is the second fundamental operation of arithmetic, 
the inverse of addition. The following terminology is used: 


17 9 8 
Minuend — Subtrahend = Difference 


Subtraction can be carried out within the domain of the natural 
numbers only if the minuend is greater than the subtrahend. To 
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make subtraction universally possible, negative numbers must be 
introduced. In this way we arrive at the domain of Integral 
numbers (see art.). 


Subtraction of relative numbers 


The rules for the subtraction of positive numbers are the same 
as those for the subtraction of absolute numbers. 


5—(+2)=5—-2=3, 3-ι7- —4. 
The rules for the subtraction of negative numbers are as follows 
(+a) — (—b) =a + δ, ($5) —(—3) = 5 +3 =8, 
(—a) — (—b) = (—a) + (+5) = ὃ —a, 
(—5) — (—3) = (—5) + (+3) = 3 —5 = -2. 


For the subtraction of powers and roots and for the subtraction 
of complex numbers, see Addition. 


Summation sign = 2 


The summation sign (capital sigma in the Greek alphabet) is 
used for the abbreviated representation of sums containing terms 
which are all of the same type; e.g. for the sum 


S=14+24+34+4+5+6+...+ 100, 


we can write 


Thus the sign & here means that all numbers must be added 
which can be derived from the expression k by replacing k 
successively by all values lying within, and including, the sum- 
mation limits 1 and 100. 


1:.. 2. 3 n ; 
Example: S = 5 +3 +Zt..- + ai 72 be abbreviated 
as 
Κα 
= 2 e+T 
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x e e 
Here > means that values of k between 1 and x inclusive are to 
k=1 
be successively substituted in the expression to be summed, 


kat and the resulting fractions added. 


The summation sign can also be used to represent the sum of 
so-called infinite series (see Infinite series). In such cases, the 
upper summation limit will be oo. 


Example: The geometric series (see art.) 
1 1.1 
S=1l+5+ gtgt--- 


can be written 


Supplementary angles 

Two angles which add up to 180° (two right angles) are said 
to be supplementary angles, e.g. neighbouring angles in a parallelo- 
gram are supplementary. See Fig. 309. 


a+ β = 180°, B+ y = 180°, y+ ὃ = 180°, 6+ a = 180°. 


Surfaces 


A surface is a geometrical construct in space which can be 
regarded as derivable from a plane by a reversible transformation. 
If's and t are two variables which independently range over the 
intervals a<t<b,c<s<dand u(s, ἢ, v(s, ἢ and w(s, 2) are 
three functions of s and t which are defined (and continuous) in 
the intervals given for s and t, we can make a point of space 
correspond to each pair of values (5, 2) by means of the equations 
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x= u(s, ἢ, y = v(s, ἢ, z= w(s, ὃ. The totality of all these 
points is called a (continuous) surface, and the three equations 
x = u(s, ἢ, y = v(s, ἢ, z = w(s, A are called a parametric repre- 
sentation of the surface. If in the above definition the intervals 
are bounded, the totality of points is called a surface-segment. 


Example: If a,, ας, 3, by, be, bg, Cy, Cg, 9 are any real numbers 
and s and ¢ are two variables the functions 


xX = αι + a5 + agt, y = b, + Bos + Det, 2 = Cy + CoS + Cot 


for —c0 <s< +0 and ---οῦ <t< + represent a plane. 

A sphere is a closed surface. Every set of points in space which 
can be obtained as the uniquely reversible and continuous image 
of a sphere is a closed surface. 

The sphere with centre O(Xims Ym» Zm) and radius r has para- 
metric representation 


X= Xp, ey res Y=Ym t+ rsindAcos ¢, 
z=Z,+trsing; 


where O<A<2mand —F<$<5 


Surfaces of the second order 
A surface of the second order is represented by a functional 
equation of the form 


F(x, γ, Z) = QyyX® + Aggy” + dgg2" + 2ayaxy + 26. ΧΖ 
+ ag, yZ + 2αμκχ + 2g Y + 2dg4Z + ἀμ = 0. 


The set of all surfaces of the second order can be divided into the 
following groups, with a characteristic form of equation for each. 


1. Ellipsoid (Fig. 310) 


Special cases: 
(a) If a? = b? = c? = ΚΞ, the equation becomes 
x2 4 y2 + 22 = R’, 
i.e. the ellipsoid is a sphere. 
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2 2 2 
(Ὁ) If a? = b?, the equation becomes ᾿Ξ, + - + “5 = 1. This 


2 72 
ellipsoid arises by rotation of the ellipse ᾿Ξ + _ = 1 about the 


z-axis, and is called, therefore, an ellipsoid of revolution. 


Special case: if b? = c? we have a hyperboloid of revolution in 
two sheets, 


2 


2 
This arises from the rotation of the hyperbola τς - a= 1 about 
the x-axis. 


3. Hyperboloid of one sheet (Fig. 312). 


x? γ3 gt 
at aml. 


Special case: if a? = b? we have a hyperboloid of revolution in 
a νγἂ 
one sheet; it arises by rotation of the hyperbola τ - “5 =] 


about the z-axis. 
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Fic. 313 


4. Elliptical Double Cone (Fig. 313). 


x2 y z2 
gata a=o 


The vertex of the cone is the origin, and the cone intersects the 
a. 
plane z = c in the ellipse 3 + - = 1. 
Special case: the right circular cone has the equation 


x2 γ3 ze 
ata-aq% 


5. Elliptical Paraboloid (Fig. 314). 
x2 ya 
γε Ἔ Ba 22 Ξε. 
Special case: If a = b, we have a paraboloid of revolution which 


arises by rotation of the parabola y? = 2b7z about the z-axis. 
6. Hyperbolic Paraboloid (Fig. 315). 


x2 2 

a BP 
(often referred to as a saddle-surface). 
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SURFACES OF THE SECOND ORDER 
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7. Elliptical Cylinder (Fig. 316). 


x2 2 


y 
atp-i=0. 


Given an ellipse in the xy-plane, an elliptical cylinder is formed 
by the straight lines perpendicular to the xy-plane and passing 
through the ellipse. These lines are called generators or rulings of 
the cylinder. 
Special case: the right circular cylinder whose generators run 

parallel to the z-axis, has the equation 

x2 ΤᾺ 

me τι —1=0. 


8. Hyperbolic Cylinder (Fig. 317). 


x2 y" 


mpl =9. 


The generators of this cylinder are parallel to the z-axis and pass 
2 2 


through the hyperbola τι - +5 = 1 lying in the xy-plane. 
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ῃ 
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9. Parabolic Cylinder (Fig. 318). 


x* — 2py = 0. 
The generators of this cylinder pass through the parabola 
x? — 2py = 0 lying in the xy-plane, and are parallel to the z-axis. 


JS 


<—— 
ΓΝ 
Nay 
AS 


Vane 
Peto 
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Symmetry 


The concept of symmetry includes various properties which 
can belong to plane or solid geometrical figures. We distinguish 
between (see individual articles) 
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A. In the plane: 
1. Axial symmetry 
2. n-fold symmetry 
3. Central symmetry (Point-symmetry) 
B. In space: 
1. Symmetry with respect to a plane 
2. Symmetry with respect toa point (Central symmetry). 


Symmetry, n-fold 
n-fold symmetries are properties of special plane figures. A 
figure which is n-fold symmetric coincides with itself when 


ο 


rotated through an angle of = 


symmetry. n must be an integer. 


about a point, its centre of 


Fic. 319 Fic. 320 


Example: 1. An equilateral triangle is 3-fold symmetric with 
respect to its centroid, O. Thus if the triangle is rotated through 
120°, 240° or 360° about O it becomes superposed on its original 
position (Fig. 319). 

2. A parallelogram is 2-fold symmetric about the point of inter- 
section of its diagonals (Fig. 320). Rotations through 180° and 
through 360° produce superposition. 

3. A regular n-agon is n-fold symmetric with respect to the 
centre of its circumcircle O. Rotations through the angles 


360° 2.360° 3. 360° (n — 1). 360° πῃ. 360° 
and = 


4 Ἢ 3) oe »  .ττ.τ’’--- 


n n n n 
produce superposition. 
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SYMMETRY WITH RESPECT TO A PLANE 
n is the largest integer with the property that the figure is 
° 
superposed on itself by rotation through στ - In such cases, 


2. 360° 3. 360° (n — 1)360° 
oe sama ace | 


rotations through angles nd 


“ . 360° also produce superposition. 


2-fold symmetric figures are also said to be centrally symmetric 
(see Central symmetry). 


Symmetry with respect to a plane 

Symmetry with respect to a plane E (the plane of symmetry) 
is a property which a solid geometrical figure may possess. The 
plane of symmetry E divides the figure into 
two halves such that the one part is 
obtained from the other by reflection in E. 


Example: A square pyramid is symmetric 
with respect to each of the planes which 
pass through the vertex S and the 
line of intersection of the mid-points of 
two opposite sides of the base (Fig. 321). 
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Tangent 


A tangent is a straight line which has a point in common 
(point of contact) with a given curve (of arbitrary form) and at 
this point has the same slope as the curve (see Gradient, Circle). 


Tangent (tan) 

The tangent function is a trigonometrical function. tan « is the 
ratio of the side opposite to the angle « to the side adjacent to « 
in a right-angled triangle (see Trigonometry): 

__ Opposite side 


aon adjacent side” 
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Tangent hexagon 

A tangent hexagon is a hexagon which circumscribes a circle 
or conic, its sides being tangents to the circle or conic (see 
Brianchon’s theorem). 


Tangent quadrilateral 

A quadrilateral which possesses an inscribed circle is called a 
tangent quadrilateral. The four sides of the quadrilateral are 
tangents to the incircle. A quadrilateral is a tangent quadrilateral 
if and only if the sum of two opposite sides is equal to the sum 
of the other pair of opposite sides (Fig. 322). The isosceles kite- 
shaped quadrilateral, the rhombus and the square possess this 
property; in general isosceles trapeziums, parallelograms and 
rectangles do not. 


atc=b+d 
®Q=b αι Ἔ α5 “Ἔα -Ἔ 5 τῷ ὧς -Ἑ δ. - ὃς +d, 
Rae, oe πὸ — 
Co = d, a+ co b +d 
2 = οἱ 
Tangent theorem (geometry) 


If a secant and a tangent of a circle intersect in a point P then 
the length of the tangent PB is the mean proportional (geometric 
mean) of the segments from P cut off by the circle on the secant. 


PC:PB = PB:PD or (PB)* = PC. PD (Fig. 323). 


Fia. 323 
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Tangent theorem (trigonometry) 

The tangent theorem is a theorem of plane trigonometry. If 
a, ὃ and ς are the sides, and «, β and γ the angles of a triangle, 
then 


a+ B | Boy 
a+b tan —> b+e tan —> 
L— = ------.-:- Π.- = or - 
a—b Pai b—c A bat 
scene ae) 
γτα 
tan —— 
m ft2%= 2 
c—a PY det 
2 


Taylor’s series | 

The Taylor series can be used to determine the development in 
power series of given functions. The Taylor series can be obtained 
from Taylor’s theorem. By Taylor’s theorem we can put 


fa) = ft) +f Oe - a +P wears... 


θα — a)" + R,. 


Taylor’s formula gives f(x) with increasing accuracy, the larger 

the n chosen, provided the remainder term R,, of the Taylor 

theorem for f(x) at a fixed point x = a tends to Ὁ asn—> © (or, 

in symbols, lim R, = 0). The given function f(x) can then be 
nr» © 


represented by the power-series 


fo) =f + 2p @ + Pu-art..-. 


This power-series converges for all values of x if lim R, = 0. 
The Taylor series can be used to “develop a given function f(x) 

in powers of (x — a)’. 
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Putting a = 0 in the Taylor series we obtain as a special case 
the Maclaurin series: 


"κι τ f" x! ἀεί. O13 


ee ee oe 


I Ξ ΚΟ) +> 


Example: To develop f(x) = οὗ in powers of x (that is, with 
a =0): 


fe) = e, FO) = 1; 
70) = 6", 70 ΞῚΙ; 
I’) = 5, f’(0) = 1; and so on, 


so that 
foe) =14+5 axa 2+ 5 ΕΝ 


Taylor’s theorem 


Taylor’s theorem concerns the error which appears if a function 
is approximated by an integral function of the nth degree. 


fi) =f) +O & — ες. ae + 
(n)(q) a SMH) 
+! re (~ — a) +. + 1)! 


(x πὰς @) ἮΝ 


where b=a+ θα -- a) (0 -:θ --Ξ 1) is a number between a 
and x, f(x) the given papa te and Κ΄ (ὦ, f"(@), ... f'™(@), 
f'™ Yq) the Ist, 2nd, .. (2 + 1)th derivatives of the given 
function at a. The term 


fe) 


Rn “(Ἢ ἢ] 


(x -- ΟὟ 


is the remainder term. 
427 


TEN, POWERS OF 


Ten, powers of 


Very large and very small numbers can be conveniently repre- 
sented with the help of powers of ten. We have 


101 = 10 

10? = 100 
10? = 1,000 
104 = 10,000 


105 = 100,000, and so on. 
The number 36,000,000,000 can be written briefly in the form 
36,000,000,000 = 36 x 109 = 36 x 1010 = 0-36 x 10". 


In general the factor in front of the power of ten is taken to lie 
between 1 and 10. Powers of ten with negative exponents can be 
used to represent very small numbers. We have 


1 
—1 — (). a eam 
107? = 0-1 10 
10 = 001 -- τῖς- 
- ~ 100° 
1 
10° = 0:001 = 1,000” and so on. 


Example of a small number: 
Mass of the hydrogen atom: 1-67 x 10-* gm. 


Without using powers of ten this would have to be written: 
0-000,000,000,000,000,000,000,001,67 gm. 


Tetrahedron 


A four-sided polyhedron. A regular tetrahedron is a regular 
three-sided pyramid in which the base-edges and side-edges are of 
equal length (see Pyramid and Platonic solids). 


Thales, circle of (Thales of Miletus, probably 624-546 B.c.) 


Theorem of Thales. If the vertex of an angle moves on a semi- 
circle, and the end-points of its arms remain at the end-points of 
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the diameter, then the angle remains unaltered as a right angle. 
The semicircle or also the complete circle is referred to as the 
circle of Thales. The circumference angles on the diameter of a 
circle are right angles (see Triangle). 


Third proportional 
The solution of the proportional relation δια = a:x is referred 


to as the third proportional between the line-segments a and b. 
2 


The third proportional is x = = and can be constructed with the 


help of the first theorem on rays. By Fig. 324 we have: 


Fic. 324 


Trace (trace-point, piercing point) 
The point of intersection of a straight line and a plane is 
referred to as the trace of the line on the plane. 


Trace-line 
The line of intersection of two planes is referred to as a trace- 
line. 


Transcendental curves 


A curve is said to be transcendental if it is not an algebraic 
curve, i.e. if no algebraic equation can be found which represents 
the curve. 
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Transcendental curves are represented by transcendental 
functions. 


Examples: Cycloid, Archimedes’s spiral, logarithmic spiral, 
catenary, logarithmic curves, exponential curves, trigonometrical 
curves. 


Transcendental equations 

All non-algebraic equations are called transcendental. The 
simple transcendental equations either contain the unknown as 
an exponent (exponential equations) or the logarithm of the un- 
known (logarithmic equations) or a trigonometrical function of 
the unknown (goniometric equations). 

No general procedure can be given for the solution of tran- 
scendental equations. Either the special properties of the tran- 
scendental functions concerned must be used, or one must fall 
back on numerical and graphical methods. 


Transcendental functions 


All functions which are not algebraic are said to be transcen- 
dental. Transcendental functions are represented by transcendental 
curves. 

The transcendental functions used in elementary mathematics 
are 


1. The exponential functions. The variable x occurs in the 
exponent, e.g. y =a", y =e, γ =e". 


2. The logarithmic functions (inverse functions of the ex- 
ponential functions), e.g. y = log x, y = In x, y = log (x* — 1). 


3. The circular or trigonometric functions: 
y = sin x, y = cosx, y = tan x, y = cot x, y = sec x, 
y = Cosec x. 
4, The inverse trigonometric functions: 
y = sin“ x, y = cos x, y = tan x, y = cot’ x, 
y = sec! x, y = cosec x. 
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5. The hyperbolic functions: 
y = sinh x, y = cosh x, y = tanh x, y = cothx, 
y = sech x, y = cosech x. 


6. The inverse hyperbolic functions: 
y = sinh x, y = cosh x, 
y=tanh"x, y=coth'x, 
y=sechx, y=cosech x. 


Transcendental numbers 


All non-algebraic real numbers (see Algebraic numbers) are called 
transcendental numbers, e.g. e = 2-718,281,828,459,045.. ., 
τ = 3-141,592,654. . .. The existence of transcendental numbers 
was first proved by Joseph Liouville (1851). Georg Cantor showed 
(1874) that there are more transcendental than algebraic numbers; 
the set of all algebraic numbers is enumerable (like the integers), 
the set of transcendental numbers is not (see Number). 


Transformation 


A rule which associates with each point P of a space one or 
more points P’ of the same space is said to be a transformation 
or mapping. The points P’ are image points of P, and P is an 
inverse image point of P’. 


See Affine transformation Central perspective 
Area-preserving transformation Central projection 
Conformal transformation Parallel translation 
Continuous transformation Parallel projection 
Length-preserving transformation Reflection, affine 
Linear transformation Reflection in a line 
Perspective transformation Reflection in a plane 
Projective transformation Reflection in a point 
Similarity transformation Rigid motion 
Single-valued transformation Rotation 

Shear 
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Transversal 

A straight line which intersects the sides of a triangle or their 
extensions is called a transversal of the triangle. If it passes 
through a vertex of the triangle it is called a vertex-transversal. 


Trapezium 

A quadrilateral with two sides parallel is called a trapezium. 
If the two non-parallel sides of the trapezium are equal, it is 
said to be isosceles (for further properties, see Quadrilateral). 


Triangle 
Nomenclature, numerical relations between sides and angles. 


Definition and nomenclature 

If three points in a plane which are not collinear are joined in 
pairs by straight-line segments, we obtain a triangle (Fig. 325). 
The three given points are called vertices (corners) of the triangle. 
The vertices of a triangle are usually denoted by capital letters of 
the Roman alphabet: A, B, C. The order of labelling is arbitrary, 
but the vertices are usually labelled alphabetically in anti-clock- 
wise order (Fig. 326). The three-line-segments joining vertices are 
called the sides of the triangle. The sides of the triangle are 
denoted by small letters of the Roman alphabet a, ὃ, c in such 
a way that the side labelled a lies opposite the vertex A, the side 
b opposite the vertex B, and the side c opposite the vertex C. 


Exterior 


Fic. 325 Fic. 326 
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Each pair of neighbouring sides of a triangle form the arms of 
an interior angle of the triangle. The interior angles of the triangle 
are usually denoted by the small Greek letters «, 6, y, the angle 
a being at the vertex A, the angle β at the vertex B and the angle 
y at the vertex C. If the sides of the triangle are extended beyond 
the vertices there are formed at each vertex three further angles. 
One of these three new angles is vertically opposite to the interior 
angle at the vertex. Both of the other angles are angles adjacent 
to the interior angle of the triangle, and are called exterior angles 
of the triangle. Each vertex has two exterior angles, equal to and 
vertically opposite each other. The exterior angles at the vertex A 
can be denoted by αἰ and ας; at the vertex B by f, and β,, and at 
the vertex C by y, and y». Thus the same letters are used as for 
the interior angles, but with suffixes, although obviously other 
labellings are possible. If we proceed round the triangle in the 
anti-clockwise sense then the interior of the triangle lies to our 
left and the exterior to our right (Fig. 326). 


Numerical relations between the sides of a triangle 
Two sides of a triangle are together always longer than the 
third: 
a+b>c, (‘>’ means greater than) 
b+c>a, 
c+a>b. 


Numerical relations between the angles of a triangle 
1. The sum of the interior angles of a triangle is 180°: 


a+ B+ y = 180° (Fig. 327). 


Os 


as ia τὰν 
δε ὩΣ 
yode¢e2180° 

Fic. 327 Fic. 328 
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2. (Consequences of 1.) Two angles of a triangle determine 
the third: 
y = 180° — (« + A). 


A triangle can possess at most one right angle (right-angled 
triangle). A triangle can possess at most one obtuse angle (obtuse- 
angled triangle). A triangle always has two acute angles. 

3. Every exterior angle of a triangle is equal to the sum of the 
two interior angles not adjacent to it (Fig. 327). 

4. The sum of the exterior angles of a triangle is 360°: 


te + Bo + Yo = 360° (Fig. 328). 

For ato t B+ fPoety ty. =3 X 180°, 
that is, atPB+ytoa,+ B+ y. = 540°, 
or 180° + ας + By + γώ = 540°, 
so that a, + Bo "γὼ = 360°. 


Numerical relations between the sides of a triangle and its angles 


I. The larger of two sides lies opposite the larger angle. 
Ifa> b then « > β. 
2. Conversely, the larger of two angles lies opposite the larger 
side. 
Ifa> PB thena> b. 


3. (Following from 1. and 2.) 


(a) The largest side of a triangle lies opposite the largest angle. 
(b) The largest angle of a triangle lies opposite the largest side. 


(c) A triangle with three equal angles has three equal sides; 
conversely a triangle with three equal sides has three equal 
angles (of 60°). 


(d) A triangle with two equal angles also has two equal sides. 
(Such a triangle is called isosceles; the unequal side is 
called its base and the angles lying at the base are called 
base-angles.) Conversely, a triangle with two equal sides 
has two equal angles (the base-angles). 
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(ec) In obtuse-angled triangles the largest side lies opposite the 
obtuse angle. 


(f) In a right-angled triangle the side opposite the right angle 
is called the hypotenuse. The hypotenuse is the largest side. 


(g) The angles adjacent to the largest side of a triangle must 
be acute. 


Classification of triangles 
(a) Classification according to size of angles 


Acute-angled triangles Triangles with three acute angles 
are called acute-angled (Fig. 329). 


Right-angled triangles Triangles with a right angle are 
β called right-angled. Both the other 
angles must be acute (Fig. 330). 


Tigi 


FIG. 329 Fic. 330 Fic. 331 


Obtuse-angled triangles Triangles with an obtuse angle are 
called obtuse-angled. Both the 
other angles must be acute (Fig. 
331). 


(b) Classification according to size of sides 


Equilateral triangles ‘Triangles with three equal sides are 
called equilateral (Fig. 332). 


Isosceles triangles Triangles with two equal sides are 
called isosceles (Fig. 333). 
Scalene triangles Triangles with three unequal sides 


are called scalene (Fig. 334). 
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(c) Classification according to number of axes of symmetry 


No axis of symmetry Triangles with no axis of sym- 
metry are scalene (Fig. 335). 


One axis of symmetry ‘Triangles with one axis of sym- 
metry are isosceles (Fig. 336). 


More than one axis of Triangles with two axes of sym- 
symmetry metry also have a third; such 
triangles are equilateral (Fig. 337). 


Fic. 335 Fic. 336 Fic. 337 


Construction given sides and angles; congruence theorems 


(a) Three sides given (abbreviation: SSS). If one side c is 
given, the two vertices A and B are determined. We know C is 
at distance b from A and a from B. Consequently the vertex C 
lies on the circle with radius b and centre A, and also on the circle 
with radius a and centre B. Since a+ b>c and b+c>a 
these circles have two points of intersection, C, and C,, and 
either will serve as the third vertex C of the triangle in question. 
The triangles ABC, and ABC, are the mirror-images of one 
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another in the line AB (Fig. 338). If the vertices of the triangle 
are described in alphabetical order then the triangle ABC, is 
described in the anti-clockwise sense and the triangle ABC, in 
the clockwise sense. The two triangles are differently ‘orientated’. 


ς, 


(Ὁ) Two sides and an angle given 


6 -——— -.. 


A ς 
Fic. 339 


Fic. 341 


(i) Two sides and their included angle given (abbreviation: 
SAS). If the sides given are ὃ and c, the included angle is «. The 
side c determines the positions of the vertices A and B. The angle 
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a is now brought up to the side AB and given vertex A. The side — 
b is drawn on the free arm of «. In this way the vertex C is also 
fixed (Fig. 339). In the drawing of the angle « there are two 
possibilities, since it can be drawn on either side of AB (Fig. 340). 
Both possibilities yield triangles. The triangles are axially sym- 
metric with respect to the axis AB and are distinguished by their 
orientations. 

(ii) Two sides and opposite angle of one given (abbreviation: 
SSA, Fig. 341). If the given sides are ὃ and ὁ and the given angle 
is B, then the positions of the vertices A and B are determined by 
the side c. The angle # can be constructed on the side ὁ with 
vertex B. The vertex C must lie on the free arm of β; further, 
the vertex C must be distant ὁ from the point A, and must thus 
lie on the circle with radius b and centre A. Under certain con- 
ditions this circle and the free arm of β have common points 
which will serve for the vertex C in question. 


Fic. 342 Fic. 343 


(«) The radius ὦ is smaller than the perpendicular from A on 
the free arm of β. In this case there is no point of intersection of 
the circle with the arm of β, and so there is no triangle with the 
given properties. Ὁ 

(β) The radius b is exactly the same size as the perpendicular 
from A on the free arm of B. In this case, E (see Fig. 342) is the 
third vertex of the triangle. The triangle has a right angle at E. 

(y) The radius ὃ is longer than the perpendicular from A on 
to the free arm of 8, but smaller than c. The circle cuts the free 
arm of β in two points C, and C,, and so in this case there are 
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two different triangles ABC, and ABC, distinguished by the size 
of a (Fig. 343). | 

(6) The radius ὁ is longer than c. In this case again, the circle 
has two intersections with the straight line which has the direction 
of the free arm of 8. These two points of intersection are separated 
by B. Only one point of intersection C, = C comes into question, 
since the triangle must have the angle β. In this case there is 
exactly one triangle of the required type (Fig. 342). 

(c) ὃ =c. The point of intersection differing from B gives a 
unique point C. 


(c) One side and two angles given 


(i) One side and the two angles adjacent to it given (abbrevia- 
tion: ASA). If the side c with vertices A and B is given, then an 
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angle which lies on this side yields a geometrical locus on which 
the third vertex must lie. The other adjacent angle yields a further 
locus for the vertex C. Thus the intersection of the two free arms 
of the angles is the third vertex. Provided the sum of the two 
given angles is less than 180°, there is always a point of inter- 
section C (Fig. 344). 

(ii) One side, one adjacent angle and the opposite angle given 
(abbreviation: SAA, Fig. 345). The third angle of the triangle can 
be calculated from the fact that the sum of the interior angles of 
the triangle must be 180° (Fig. 346). The sum of the two given 
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angles must be less than 180°. When this is the case the triangle 
can be constructed as in (a) above (Fig. 347). 

But the construction can also follow Fig. 345. The side ς with 
end-points A and B is fixed, and the angle « is drawn adjacent 
to c and with vertex A. An arbitrary point C, is chosen on the 
free arm of «, and the angle y is constructed with vertex C, 


a+y 


RR 
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adjacent to the line AC,. Now the free arm of the angle y does 
not pass through B, and so a line parallel to the free arm of y is 
constructed so as to pass through B. This line cuts AC, in the 
third vertex of the triangle, C. 


t-—-——-—— -ποπτ:τιι 
ς 


ΠΝ 
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(d) Three angles given (abbreviation: AAA). If two angles of 
the triangle are given, say « and #, the third is determined by 
equation y = 180° — (a + β). What we know of the three 
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angles is therefore equivalent to a knowledge of only two inde- 
pendent elements. If « and β are given, let « be first laid out. An 
arbitrary point B can now be taken on one arm of a, and the 
angle 6 be constructed adjacent to this arm and with B as vertex. 
In this way arbitrarily many triangles can be constructed (Fig. 
348). All such triangles possess the three given angles. As we see, 
the three angles are not sufficient to determine completely the 
construction of a triangle; for this at least one side must be 
given. 

Summary: Three independent elements must be given for the 
construction of a triangle from sides and angles. The four 
principal cases which lead to unique solutions are set out below: 


Given: Conditions: 


eee tr rrr RE Ya tS a ST TY SASS, gprs SSD 


1. SSS | 3 sides, a, δ, α atb>c,b+e>a 


2: SAS | 2 sides and the in- | « < 180° 
cluded angle, e.g. 
b, C, οἷς 


3. SSA | 2 sides and an oppo- | β < 180° 

site angle, e.g. b>c_ 1 triangle 

b, c, β. b=c 1 triangle 
b<c, b> I, 2 triangles (/ 
the perpendicular from A 
on the arm of β) 
b<c,b=1 1 triangle 
b<c,b<l no triangle 


4(a)| ASA 1 1 side and 2 angles | « + β < 180° 
(adjacent angles), 


e.g. c, a, f. 


Sc στα σωκιανηκα ναι tiene 


(b)| SAA | 1 side, 1 adjacent | « + γ < 180° 
and 1 opposite angle, 
6.5. C, α, Y. 
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Congruence of triangles 


A triangle ABC is said to be congruent to a triangle A,B,C, 
if corresponding sides and angles can be made to coincide; if 
this is so we have 


AB = A,By, AC = A,C,, BC = B,C, 
a= / CAB=ay= 2 C,A;B,, 
B= LZ ABC=£2,= 2 A,B,C, 
y= £BCA=y,= Z BCA. 
Symbolically: A ABC A A,B,C; read: ‘triangle ABC con- 
gruent to triangle A,ByC,.’ 


(Congruent triangles coincide in shape and size.) 
We have the following congruence theorems for triangles: 


First congruence theorem for triangles 


The triangle ABC is congruent to the triangle A,B,C, if two 
corresponding sides and their included angle coincide: 


A ABC & A A,B,C, if AB = A,B,, AC = A,C,, and α = %. 


Second congruence theorem for triangles 


The triangle ABC is congruent to the triangle A,B,C, if one 
side and its two adjacent angles coincide: 


A ABC = Δ A,B,C, if AB = A,B, α = αἰ and β = fy. 


The same is true if one side, one adjacent and one opposite angle 
coincide: 


A ABC & AA;B,C, if AB = A,B, « = αι and γ = γι. 
Third congruence theorem for triangles 


If for two triangles ABC and A,B,C, all three pairs of corre- 
sponding sides coincide, then the triangles are congruent. 


A ABC A A,B,C, if AB = A,B, AC = A,C, and BC = B,C\. 
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Fourth congruence theorem for triangles 

If for two triangles ABC and A,B,C, two corresponding sides 
and the angle which lies opposite the larger of the two sides 
coincide, then the triangles are congruent. 


A ABC A A,B,C, if AB = A,B, AC = A,C, and (if AC> 
AB) B = βι. 


Transversals of a triangle 

A straight line which cuts the sides of a triangle or their exten- 
sions is called a transversal. If the transversal passes through a 
vertex it is called a vertex-transversal. 

Theorem of Menelaos (1st century A.D., Alexandria). Every 


Fic. 349 Fic. 350 


transversal cuts the sides of a triangle in such a way that the 
product of the three resulting division-ratios (see above)—taken 
in the same sense—is 1 (Figs. 349 and 350): 


BZ CX AY 


The proof is by means of ray-theorems. 
Theorem of Ceva (1647-1736). Three concurrent vertex- 
transversals of a triangle cut the sides of the triangle in such a way 
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that the product of three non-adjacent directed segments of sides 
equals the product of the three other segments (Figs. 351, 352): 


AY.BZ.CX = AZ.BX.CY. 
The proof is by means of the sine-theorem. 


Theorem on the joins of the mid-points of sides of a triangle 


If a line is drawn through the mid-point of one side of a triangle, 
parallel to a second, then it passes through the mid-point of the 


Fic. 353. Fic. 354 


third side, and is half the length of the second side. If the mid- 
points of two sides of a triangle are joined by a straight line, then 
this line is parallel to the third side of the triangle and is half its 
length (Fig. 353). (Proof is by means of congruent triangles.) 


Euler’s line 
In any triangle the orthocentre H (the point of intersection of 
altitudes), the centroid S (the point of intersection of lines joining 
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vertices to mid-points of opposite sides), and the circumcentre O 


lie on a straight line, Euler’s line, and we have HS:SO = 2:1 
(Fig. 354). 


Mid-perpendiculars of a triangle 

A mid-perpendicular of a triangle is a straight line which is 
perpendicular to one side of the triangle and passes through the 
mid-point of that side. A triangle has three mid-perpendiculars 
m,, m, and m,, one for each side (Fig. 355). The mid-perpen- 
diculars of a triangle are concurrent in the centre of the circum- 
scribed circle of the triangle (see below). 


Bisectors of the sides of a triangle 

The bisector of a side of a triangle is the line joining the mid- 
point of a side to the opposite vertex. A triangle possesses three 
side-bisectors, 8.» S,, δ (Fig. 356). 


ς 
ς 
Α Β 
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The three side-bisectors of a triangle are concurrent in a point 
S, the centroid of the triangle; the side-bisectors are therefore 
also called centroid-lines. The centroid divides the side-bisectors 
in the ratio 2:1. 


Altitudes of a triangle 
An altitude of a triangle is perpendicular to a side of the triangle 
and passes through the vertex of the triangle opposite to that 
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side. An altitude need not necessarily lie inside the triangle. 
Every triangle has three altitudes, which are concurrent (see Figs. 
357-9). In an acute-angled triangle the altitudes and their 
point of intersection lie inside the triangle (Fig. 357). In obtuse- 


aN 
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8 
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angled triangles, two altitudes lie outside the triangle, and accord- 
ingly the point of intersection of altitudes also lies outside (Fig. 
358). In right-angled triangles the altitudes belonging to the 
shorter sides coincide with those sides, and only the altitude ἢ,» 
belonging to the hypotenuse, lies within the triangle. In a right- 
angled triangle the point of intersection of altitudes is the vertex 
C of the right angle (Fig. 359). 
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Angle-bisectors of a triangle 

The angle-bisectors of a triangle are the lines joining vertices 
to the opposite sides and bisecting the angles at the vertices. A 
triangle possesses three angle-bisectors, w,, wz, W,, one for each 
angle. The angle-bisectors of a triangle are concurrent in a point 
O which is the centre of the inscribed circle (see below) of the 


ς 
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triangle (Fig. 360). An angle-bisector divides the opposite side in 
the ratio of the sides adjacent to the angle bisected (Fig. 361): 


The bisector of an exterior angle of a triangle divides the opposite 
side externally in the ratio of adjacent sides (see Circle of Apol- 
lonius) Fig. 361: 


The bisectors of an angle of a triangle and its exterior angle 
divide the opposite side harmonically (see Harmonic ratio). 


Isosceles triangles, equilateral triangles, right-angled triangles 
The isosceles triangle. A triangle with two sides of equal length 
is called isosceles. The unequal side is called the base of the 
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triangle. The vertex opposite it is called the apex of the triangle. 
The angles adjacent to the base are called base-angles. The 
perpendicular from the apex onto the base is called the axis of 
the triangle (Fig. 362). The base-angles are equal. 


Base, Qu β 
Fic. 362 Fic. 363 


The external angle at the apex of an isosceles triangle is double 
the base-angle. 

The point at which the perpendicular from the apex of an 
isosceles triangle cuts the base is the mid-point of the base. The 
perpendicular itself is the axis of symmetry of the triangle, it 


Fic. 364 


bisects the angle at the apex, is the altitude associated with the 
base, the mid-perpendicular of the base, and its side-bisector. 
The perpendicular from the apex of an isosceles triangle onto the 
base divides the triangle into two congruent right-angled triangles. 

The equilateral triangle. A triangle with three equal sides is 
called equilateral (Fig. 363). The interior angles of an equilateral 
triangle are all 60°, the exterior angles all 120°. The foot of the 
perpendicular from one vertex of an equilateral triangle onto the 
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opposite side is the mid-point of that side. The perpendicular is 
an axis of symmetry of the triangle and divides the triangle into 
two right-angled triangles. The perpendicular from one vertex 
onto the opposite side bisects the angle at the vertex and is side- 
bisector, altitude and mid-perpendicular of the opposite side. 
An equilateral triangle possesses three axes of symmetry, viz. the 
angle-bisectors of the three interior angles of the triangle. An 
equilateral triangle is centrally-symmetrical with respect to the 
point of intersection S of the three axes of symmetry (= angle- 
bisectors) with angle of rotation 120° (i.e. a rotation of the triangle 
about S through an angle of 120° brings it into coincidence with 
itself). 

The right-angled triangle. A triangle with one right angle is 
called a right-angled triangle (Fig. 364). The side of the triangle 
which lies opposite the right angle is called the hypotenuse. The 


ς 


A 4 F P B 
Fic. 365 


y=90° 
a @ B= 45° 


AM, = M, B=M.C€ 
a 
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hypotenuse is always the largest side of a right-angled triangle. 
Since one angle of a right-angled triangle is 90° the remaining 
angles must add up to 90°, i.e. are complementary angles (Fig. 
364). The perpendicular CF from the vertex C of the right angle 
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divides the hypotenuse of the right-angled triangle into two parts 
p and g which are called the projections of the two shorter sides 
on the hypotenuse (Fig. 365). 

The right-angled isosceles triangle. A triangle with one right 
angle and two equal sides is called right-angled isosceles. The 
angle at the vertex must be the right angle (Fig. 366). The foot, 
M,, of the perpendicular from the apex onto the hypotenuse of 
the triangle bisects the hypotenuse. The perpendicular is half the 
length of the hypotenuse; it divides the triangle into two further 
right-angled isosceles triangles (Fig. 366). 


Triangle and circle 


1. The circumcircle. A circle which passes through the three 
vertices of a triangle is called the circumscribed circle or circum- 
circle of the triangle. The mid-point of the circumcircle is the 
point of intersection of the three mid-perpendiculars of the triangle. 
The lines joining each vertex to the centre are radii of the circum- 
circle. The radius of the circumcircle is usually represented by r 
and its centre by Ο. All triangles possess a circumcircle (Fig. 367). 
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Circle of Thales. The circumcircle of a right-angled triangle has 
as its centre the mid-point of the hypotenuse, and as radius half 
the length of the hypotenuse. It is called the circle of Thales 
(Thales of Miletus, c. 600 B.c.). The circle of Thales (half-circle 
of Thales) is the locus of points which are the vertices of right- 
angled triangles with the same hypotenuse c (Fig. 368). 
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All points C, C,, C,, etc., on the circle, taken together with the 
base, form right-angled triangles with a right angle at C, C,, C,, 
etc. 

Proof: Since D is the centre of the circumcircle, AD = DB = 
DC,; since ADC,, BDC,, are isosceles triangles, « = y, and 
γῳ = β; since δ᾽ is an external angle of triangle BDC, 0, = γα + B, 
and similarly ὃ, τε «+ y,. That is, δὶ =2y, and ὃς = 271. 
Therefore, 4(6, + 6.) = γι + yg. But δὶ + 6, equals two right 
angles, and so y, + 75 equals one right angle, as required (Fig. 
369). 3 
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2. The incircle. A circle is said to be inscribed in a triangle, or 
to be in the incircle of a triangle, if it touches all three sides of 
the triangle. The centre O’ of the incircle is the intersection of 
the three angle-bisectors of the triangle. Each perpendicular from 


Fic. 372 


the centre O’ onto a side of the triangle yields a radius of the 
incircle, which is generally denoted by p (Fig. 370). 

3. The escribed circles (Fig. 371). A circle which touches one 
side of a triangle and the extensions of the two other sides is 
called an ecircle or escribed circle of the triangle. Every triangle 
has three escribed circles. Their designation is as follows: 


Centre Radius 
Circle touches on the 7 Os Pa 
outside of the side: ὃ Po 
ς Ο, Peo 


Circle of Apollonius (Apollonius of Perga, c. 200 B.c.). The 
circle of Apollonius is a circle which serves to construct a triangle 
if one side and the ratio of the other two sides is given (see 
Harmonic ratio), Fig. 372. 

Nine-point circle (Feuerbach’s circle (Fig. 373)). The nine-point 
circle is a circle on whose perimeter lie the following nine points: 


1. The three feet of the altitudes of the triangle H,, A, A 
2. The three mid-points of the sides of the triangle M,, M,, M,; 
3. The three mid-points of the line-segments be- 

tween the vertices of the triangle and the inter- 

section of the altitudes (orthocentre) A,, By, Cy. 


The radius is equal to half the radius of the circumscribed circle. 
The centre is the mid-point of the line OH (O = centre of the 
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circumscribed circle; H = orthocentre of the triangle; S = cen- 
troid) and forms with H, S and O four harmonic points. The 
nine-point circle touches the incircle and the three escribed circles. 
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Construction of a triangle from given information 


For the construction of a triangle from given information 
about sides and angles, see above (Fig. 374). 


Individual problems 


1. Altitudes given. An altitude divides a triangle into two right- 
angled triangles, and these triangles can be used to construct the 
required triangle. 

2. Bisectors of sides given. The given bisectors form with the 


ς 
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halves of the associated sides sub-triangles which can serve for 
the construction of the complete triangle (Fig. 375). The sub- 
triangle which has as one vertex the centroid of the triangle can 


ς 


Ἐ͵Ὰ 
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also be used (Fig. 376). A parallelogram can often be used as an 
auxiliary figure (Fig. 377). 
3. Angle-bisectors are given. The sub-triangles created by the 


Fic. 379 Fic. 380 


angle-bisectors can be used (Fig. 378), and so in many cases can 
the circle of Apollonius (see Triangle and Circle). 

4. Sum or difference of two sides given. An auxiliary triangle 
can be used with one side equal to the given sum or difference 
(Figs. 379 and 380). In the one case an isosceles triangle is to be 
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cut off from this triangle; in the other case an isosceles triangle 
is to be added. 

5. Sum of two angles given. Note here that an exterior angle 
of a triangle is always equal to the sum of the non-adjacent 
interior angles (Fig. 381). 

6. Side and opposite angle given. In these cases the opposite 
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angle can be treated as circumference angle in a circle which has 
the side as chord. The sub-triangle 4OB can be constructed by 
using the centre-angle (= double the circumference angle) and 
the given side (Fig. 382). 

7. Ratio of sides and an angle given. Construction of a triangle 
by similarity-method. The shape of | 
a triangle is determined by two 
ratios of pairs of sides, by two 
angles, or by one ratio of sides and 
an angle. If one of the above con- 
ditions is given for the construction 
of a triangle a triangle can first be 
constructed which is similar to the 
required triangle. For the construc- 
tion of the triangle itself another 
linear measurement is then needed (Fig. 383). 


Fic. 383 


Similarity of triangles 
Two triangles A,B,C, and A,B,C, with sides a,b,c, and ayb,e, 
are called similar if their angles and ratios of corresponding sides 


455 


TRIANGLE 


coincide. That is, the statement ‘two triangles are similar’ implies 
the following six relations: 


ty = ἄς, By = Bo, γι = Yo» 

Q,:b, = dg:by, by:c, = byicy and σι τα] = Coty. 
Symbolically: A,B,C, ~ A,B,C,. Read: triangle A,B,C, similar 
to triangle A,B,C,. 

The congruence of triangles is a special case of similarity, in 
which the ratio of corresponding sides is 1:1, i.e. the triangles 
are equally large. In the case of similarity they need only be of 
the same shape, having equal angles. 

Theorems concerning the simi- 
larity of triangles. If a line is drawn 
parallel to one side of a triangle 
within that triangle, the smaller tri- 
angle thus cut off is similar to the 
complete triangle. 

Proof: Fig. 384. Since DE is 
parallel to AB the angles at A and 
D are step angles and so are equal, 

Fic. 384 as are the angles at Band E. The 

triangles ABC and DEC therefore 

have equal angles. Again, since DE is parallel to AB, by the 

first and second ray theorems (see below) applied to the double 
ray with vertex C: 


CA:CD = CB:CE, 


so that CA:CB = CD:CE; 
similarly CA:CD = AB: DE, 
and also CB:CE = AB: DE, 
so that CA:AB = CD:DE, 
and CD: AB = CE: DE. 


The triangles ABC and DEC therefore coincide in respect of 
angles and ratios of sides and so are similar. 

First Similarity Theorem. Two triangles A,B,C, and A,B,C, are 
similar if they coincide in respect of two angles. That is, 


A A,B,C, iad A A,B,C, if a= Xo and py = Bo. 
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Proof: Fig. 385. Since the sum of the angles of a triangle is 180° 
the angles y, and y, must also coincide. 

ς, 

aS 


ς; 


{N 


se 
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Mark off now the segments C,D and C,£ on C,A, and C,B, 
such that C,D = C,A, and C,E = C,B,. The triangles A,B,C, 
and DEC, are congruent, and to establish the similarity of the 
triangles A,B,C, and A,B,C, we need only verify that the triangles 
A,B,C, and DEC, are similar. This follows immediately from the 
last result, since DE is parallel to A,B,. 

Second Similarity Theorem. Two triangles A,B,C, and A,B,C, 
are similar if they coincide in respect of the ratio of two sides and 
the angle included by these sides. That is, 


A A,B,C, rw A A,B,C, if A,C,:A,B, = AoC,: ApoB and αι — Ap. 
Proof: Fig. 386. Given: a, = a, AyC,:A,B, = A,C,: A,B. 


Ὁ, 


C2 


Fic. 386 
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Mark off on the side A,B, the segment A,E = A,B, and on the 
side A,C, the segment A,D = A,C,. The triangle A,ED is con- 
gruent to the triangle A,B,C, (2 sides and included angle coinci- 
dence), and we need only verify the similarity of the triangles 
A,B,C, and A,ED. We are given 

A,C,: A,B, -- 4,(,:...8.: 
50 that A,C,: AC, = A,B,: A,Bo, 
and so by construction 


A,C,:A,D = A,By: AE. 


Therefore, by the converse of the first theorem on rays, DE is 
parallel to C,B,, and so, as in the first similarity theorem, triangle 
A,ED is similar to triangle A,B,C,. 

Third Similarity Theorem. Two triangles A,B,C, and A,B,C, are 
similar if they coincide in respect of the ratios of their three sides. 
That is, 


A A,B,C, ~ A 4,8,0, 


if A,B,:4,Cy = A,B,: AgCo, 
| B,C: AyC, = B,C,: An, 
and A,B, ° BC, = A,B, : B, C,. 


Fourth Similarity Theorem. Two triangles A,B,C,and A,B,C, are 
similar if they coincide in respect of the ratio of two sides, and 
the angle opposite to the larger of these sides. If 


A,B, > 4,0,, γι = γε and A,B: 4,C, = 4,8,:4,0, 
then 
A A,B,C, — A A,B,C. 


Similarity of triangles with equal sides. All triangles with equal 
sides are similar, since they coincide in respect of their three 
angles. 

Similarity of isosceles triangles. isosceles triangles are similar 
if they coincide in respect of (a) the angle at the apex; or (b) the 
base-angles; or (c) the ratio of lateral side to base. 

Similarity of right-angled triangles. Right-angled triangles are 


458 


TRIANGLE 


similar, if they coincide in respect of (a) one angle adjacent to 
the hypotenuse; or (b) the ratio of any two sides. All right-angled 
isosceles triangles are similar, since they coincide in respect of 
three angles. 

Similarity within right-angled triangles. The altitude of a right- 
angled triangle divides the triangle into two sub-triangles which 
are similar to one another and to the original triangle (Fig. 387). 
Because of the similarity of these triangles we have the following 
proportionalities: 

(i) In a right-angled triangle the altitude is the geometric mean 
of the intercepts it makes on the hypotenuse (i.e. of the projec- 
tions of the smaller sides on the hypotenuse): g:h = h:p, 
h=vV pq (Fig. 387). This relation is a consequence of the simi- 
larity of the triangles AFC and CFB. 


Fic. 388 


(ii) In a right-angled triangle each of the smaller sides is the 
geometric mean of the hypotenuse and the projection of the side 


onto the hypotenuse. a = Vpc, b = qc. These relations result 
from the similarity of the triangles ABC and ACF (or CBF) (Fig. 
387). 

Transversals in similar triangles. In similar triangles the ratios 
of any two corresponding lengths (such as altitudes, side-bisectors, 
angle-bisectors, radii of in- and excircles, mid-perpendiculars) are 
equal to the ratio of two corresponding sides. 

Perimeter- and area-ratios in similar triangles. In the same way 
the perimeters of similar triangles are to each other as corre- 
sponding sides: 74: Zo = αι: ας = by:be = Cy: Cg. 

The areas of similar triangles are to each other as the squares 
of corresponding sides: Δι: Ap = at:a3 = δὲ: δὲ = οἵ: οὗ. ; 
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Ratios of segments in the triangle. Each side-bisector of a triangle 
is divided by the centroid in the ratio 1:2 (i.e. the segment 
adjacent to the vertex is twice as large as the segment on the 
opposite side). (See above, side-bisectors of a triangle.) The three 
altitudes of a triangle intersect in a single point, the orthocentre; 
they are to each other inversely as the sides on which they fall 
(see above, altitudes of a triangle): 


hth, == δια; hy:h, = c:b. 


The segment of an altitude adjacent to the vertex is double the 
length of the perpendicular from the centre of the circumcircle 
onto the corresponding side (Fig. 388). 

The bisector of an angle of a triangle and the bisector of the 
associated external angle divide the opposite side of the triangle 
externally and internally in the ratio of the adjacent sides (see 
Harmonic division). 


Fic. 389 Fic. 390 


Area of a triangle, theorem of Pythagoras, etc. 

The area of a triangle is calculated from the base g and the 
altitude h of the triangle as A = $gh. Here the base can be taken 
as any of the three sides of the triangle; the altitude is the altitude 
projecting onto the chosen base. Thus we have 


A = ἔοι, = 4bh, = gah, (Fig. 389). 
From these formulae we at once get the theorem: triangles with 
equal base and equal altitude are equal in area (Fig. 390). See 


Area, calculation of. 
Heron’s Formula (Alexandria, 1st century A.D.). If 


s=ia+b+ ὦ 
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then the area of the triangle is 
A=Vs.(6—@).(s—5).(6— ὁ. 
Further formulae for calculating the area of a triangle: 
1. Given the radius p of the inscribed circle and the sides: 
Δ Ξξρ. 5. 
2. Given the radius r of the circumscribed circle and the sides: 


_abe 
“ 4° 


3. Given two sides and their included angle 


_ab.siny  be.sine _ ca. sin B 
la τ a δ 
4. Given the three angles and the radius of the circumscribed 


circle: 
A = 2r* sin « sin β sin y. 


Euclid’s Theorem (Alexandria, 300 B.c.). In every right-angled 
triangle the square on one of the lesser sides is equal to the 
rectangle formed from the hypotenuse and the projection of the 
same side on the hypotenuse: b? = cq, or a? = cp. 

Proof (Fig. 391): Triangle ABH is congruent (and so equal in 
area) to triangle ACD since: 


1. AH = AC 

2. AB = AD 

3. 2 HAB=90° + a= Z CAD. 
__ The triangle AHC has the same base, AH, and the same altitude, 
AC, as the triangle AHB. These triangles are therefore equal in 


area. The triangles ACD and AFD have the same base AD and 


the same altitude AF. These triangles too are therefore equal in 
area. We therefore have 


A HAC = A HAB= A CAD = A FAD. 


Now the area of the square HACG is twice that of the triangle 
HAC, and the area of the rectangle AFED is twice that of the 
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triangle AFD. But these two triangles are equal in area, and so 
the square and the rectangle are also equal in area. 

The theorem of Pythagoras (Pythagoras of Samos, 6th century 
B.C.). In every right-angled triangle the square on the hypotenuse 
equals the sum of the squares on the other two sides; a? + b? = c?. 

Ist proof: by Euclid’s theorem a* = cp, δὲ = cq (see Fig. 392), 
and so a? - δὲ = cp + cq = c(p + 4) = ’, as required. 

2nd proof: In the left-hand half of Fig. 393 the large square 
has area (a + b)*, that is a? + δὲ + 2ab. The four triangles on 


ΣΕ 
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the perimeter have together the area 2ab, and so the i inner square 
(of area οὗ) has area a? + 57. That is, a? + 5b? = c’?. 

Altitude Theorem (Euclid). In a right-angled triangle the square 
on the altitude is equal to the rectangle formed by the segments 
of the hypotenuse cut off by the altitude: h? = pq (Fig. 394). 

Proof: By eee s theorem, 


= "5 + 4; 
by Euclid’s theorem, 
P=cq=(p+qq=pqt 7. 
Therefore, 15 + 45 = pg + q?, 


that is, h? = pq, 
as required. 
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Applications of the theorem of Pythagoras. By means of the 
theorem of Pythagoras, a square can be constructed whose area 
is the sum of the areas of two other squares. In particular a 
square can be constructed whose area is double that of a given 
square. The theorem can be also used to construct line-segments 
whose lengths are V/2, V3, etc. (Fig. 395). 

Calculations: 

(a) Diagonal of square with side a: 


a® + α = 45, by Pythagoras’s theorem, 
that is, 2a? = 45, 


or aV2=d (Fig. 396). . 
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(b) Altitude and area of equilateral triangle with side a (Fig. 
397): By Pythagoras’s theorem, 


2 2 (2) 3-2 
h? =a (2) - ξ ὁ 


that is h= 


Therefore A= 


Ὁ Σ Σ 
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Generalised theorem of Pythagoras. The square on a side of 
(any) triangle is equal to the sum of the squares on the other two 
sides plus or minus twice the rectangle formed by one of these 
sides and the projection of the other on it; the plus or minus 
sign is taken according as the first side lies opposite an acute or 
an obtuse angle. 

Proof: 

(i) for acute-angled triangles (Fig. 398). 
By the theorem of Pythagoras applied to the triangles AFB and 
BFC: 
c= 5 + ρ5 and a = "3 + ¢’, 
therefore 
ch = a — αἰ + p= αὐ + p+ φ' + 2pq — 265 — 2pq, 
that is, 
οὗ = a + (p + gq)? — 2η(ᾳ + p). 
But gq + p = ὃ, so that c? = a? + δὲ — 2bg, as required. 
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(ii) for obtuse-angled triangles (Fig. 399). 
In the triangle AFB we have by the theorem of Pythagoras 
ct ht (b+ gh =? + b+ 4 + 264. 
But in the triangle BFC we have a* = h? -ἰ g?, so that 
οἷ = δ5 + α + 2b¢. 


Fic. 398 Fic. 399 


Projection theorem, theorem of Pappus, extension of theorem of 
Pythagoras 

Projection theorem for triangles. The rectangle formed by one 
side of a triangle and the projection on it of a second side is 
equal to the rectangle formed by the second side and the pro- 
jection of the first on the second. "ΜῈΝ 

Proof: (Fig. 400). The rectangle ADEF has the same base AD 
and the same height AF as the parallelogram ADMB. These two 
figures therefore have equal areas. The parallelograms ADMB 
and ACNG are congruent (since they coincide in respect of two 
neighbouring sides and their included angle) and so have equal 
areas. The parallelogram ACNG has the same base, AC, and the 
same height, AK, as the rectangle AKHG. The rectangle thus has 
the same area as the parallelogram ACNG. We therefore have 
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area ADEF = area ADMB = area ACNG = area AKHG, that 


is, the rectangle ADEF is equal in area to the rectangle AKHG. 

Theorem of Pappus (Pappus of Alexandria, c 300 a.p.). Con- 
struct on two sides of a triangle ABC arbitrary parallelograms, 
ACDE on the one and BCFG on the other; continue the sides 


DE and FG until they intersect in the point H; draw the lines 
through A and B parallel to HC, and join the points K to L in 
which DE and FG are cut by these parallels, so forming a third 


parallelogram ABLK. The area of this parallelogram is equal to 
the sum of the areas of two original parallelograms. 


ὭΣ 
ISS 


Fic. 400 


Proof: We have AK = CH = BL; and these three segments 
are parallel (Fig. 401). Therefore ABLK is a parallelogram. The 
area of the parallelogram ACDE is equal to the area of the 


parallelogram ACHK (base AC in common and height equal). 
Similarly, the area of the parallelogram BCFG is equal to the 
area of the parallelogram BCHL; the area of the parallelogram 
ACHK is equal to the area of the parallelogram AJMK; and the 
area of the parallelogram BCHL is equal to the area of the 
parallelogram BLMJ. That is, area ACDE = area AJMK, and 
area BCFG = area BLMJ, and so the parallelograms ACDE and 
BCFG are together equal in area to the parallelogram ABLK. 
Extension of the theorem of Pythagoras. If similar figures are 
constructed on the three sides of a right-angled triangle the area 
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of the figure on the hypotenuse is equal to the sum of the areas of 
the figures on the other two sides (Figs. 402 and 403). The proof 
of this extension follows from the original theorem together with 
the similarity theorems, according to which the areas of similar 
figures vary as the squares of corresponding sides. 

In particular we can take as similar figures the semicircles on 
the sides of the right-angled triangle. In this case the two smaller 
semicircles together are equal to the semicircle on the hypotenuse. 
It follows from this theorem that the two shaded crescents 
(crescents of Hippocrates) together have the same area as the 
triangle itself. 


Fic. 402 Fic. 403 


Trigonometric equations 


Trigonometrical (conditional) equations contain the unknown 
as the argument of one or more trigonometrical functions. E.g. 


e Φ 3 
sin? x - sinx = 7 


cos x = 5» 
A trigonometrical equation may have infinitely many solutions: 
᾿ 
COs xX = 5 has solutions x = ᾿ + 2k 
| 5 
and C= 37 + 2k, 
where k=0, +1, 4+2,.... 
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There are also trigonometrical equations which have no real 
solutions, e.g. sin x = 2. 

In general only numerical or graphical methods can be used 
for the solution of such equations. 


Examples: 


1. sin (x + 30°) = 0°81. From the tables of the sine function, 
we obtain: 


x, + 30° = 54° 6’ +k. 360° (kK = 0, +1, +2,.. .). 
Further, since sin « = sin (180° — «), we have 
χα + 30° = 125° 54 + k . 360°. 
2. sin? x + sin x = 0-75. Putting sin x = z, we obtain 
22 -- 2 -- ΟὙ75 =0; 
this quadratic equation has solution 
21.9 = —0°5 + V0-25 + 0-75. 


For Ζι =0°5 For Zo = —1°5 
we have sin x = 0°5, we have sin x = -- 15, 
that is x, = 30° + k . 360° which has no solutions. 
and χα = 150° + k . 360°. 


3. x— ; = sinx. We solve this equation graphically by 


determining the point of intersection of the curve y = sin x and 


2 
the straight line y = x — 3 We read off x, = 2:6 (Fig. 404). 


Fic. 404 
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4. If different trigonometrical functions are contained in the 
equation, then with the help of the fundamental trigonometrical 
identities we attempt to modify the equation so that only one 
angular function occurs in it. It may still happen that the same 
angular function with different arguments occurs; we then use 
the addition theorems to make all arguments equal. 


Example 1: 
2 tan 
tan 2x = —3tanx. Since tan 2x = εξ ςς we have 
1 — tan*x 
2tanx : 
Τ--ταπὲχ = -«3ίδη χ. The equation is certainly satisfied when 


tan x = 0, i.e. forx =O0+k.180°; k=0, 1, 2,. 
If tan x ~ 0, we may divide the equation through by tan x to 
obtain: 
2 = (—3)(1 — tan? x), 


which gives after reordering: 
tan? =>, ie tanx= +3 S VIS = 41-291. 


From the tables we have 
ὅπ. 14΄ -+k.180°, k=0, +1, +2,..., 
and = 127° 46’ + k. 180°. 


Example 2: 


sin 2x + sin x = 0. We use the identity sin 2x = 2 sin x cos x 
to transform the equation to 2 sin x cos x + sin x = 0. The left 
hand side can be written as a product: 


sin x (2 cos x + 1) = 0. 


The equation is satisfied if either the first or the second factor is 
zero. 


I. sin x = 0 gives the solutions x, = kz. 
Il. 2cosx+1=0Q0orcosx = — : 5 gives the solutions 
y= 25+ lke, k=0,+1,42,..., 


and X3 = 43 + 2Κπ. 
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Trigonometrical series 


The developments of the trigonometrical functions in power- 
series are known as trigonometrical series. E.g. 


x3 xd x? 2k+1 


ink XMS 5 Fee a »Ὲ (Ὁ = + 

Sree δὲ τὰ ὙΠ λον Oe? 
on a τ 

οο5Χ Ξ 1 τ Ἔχ δι {πη σι Ἐ- τ 


Both series converge for all values of x. The argument x is 
here in angular measure. 


Trigonometrical tables 

Trigonometrical tables contain the function values of the ᾿ 
trigonometrical functions sin x, cos x, tan x and cot x. The values 
of the argument are given either in degrees or radians, and 
additional tables are often provided for transforming from 
degrees to radians. 

Tables of the logarithms of the trigonometrical functions are 
of use when frequent calculations are necessary. These contain 
the logarithms of sin x, cos x, tanx and cot x. For technical 
reasons the tables have the peculiarity that the characteristic is 
increased by 10 with the exception of values of log tan from 45° 
to 89° 59’ 59” and of log cot from 0° to 44° 59’ 59”. For actual 
tables, see Table 3. 


Trigonometry (Greek, measurement of triangles) 

Trigonometry is the part of mathematics which has to do with . 
the calculation of elements of the triangle using the angular 
functions. At the basis of all such calculations is the right-angled 
triangle. All other triangles can be divided into two right-angled 
triangles by dropping an altitude from one vertex. Now if two 
right-angled triangles coincide in respect of one acute angle they 
are similar in shape; more precisely, the ratio of two correspond- 
ing sides in such triangles is the same. The ratio of two sides in 
a right-angled triangle is thus dependent only on the size of the 
acute angle and not on the lengths of the sides, i.e. it is a function 
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of the angle (angular function). The various possible ratios of 
sides have individual names: sine (sin), cosine (cos), tangent 
(tan), secant (sec), cosecant (cosec), and cotangent (cot). 

Explanation: 

1. In a right-angled triangle ABC with angles «, β, y = 90°, 
AC is called the side adjacent to «, BC is called the side opposite 
to «, AB is the hypotenuse (Fig. 405). 
opposite side 


2. We define: sina = : 
hypotenuse 


adjacent side 


aes hypotenuse * 
| opposite side 
ἴδῃ α = PO τ τς, 
adjacent side 
adjacent side 

cote = τ ὠτὸς 


~ Opposite side 

3. These are the most common angular functions. But the 
following are also frequently used: 
| hypotenuse _ hypotenuse 


ScC 4 = -------- cosec ἃ = --- - τ 2“Ὁ 
adjacent side’ opposite side 


Fic. 405 


Sine function and cosine function 


The best insight into the manner in which the numerical value 
of a trigonometrical function varies with the angle « is obtained 
by means of the unit circle. An arbitrary radius of the unit circle 
is chosen as direction from which angles are measured, conven- 
tionally in the anti-clockwise sense. A second radius of the unit 
circle is drawn making the angle « with the initial direction. 
From the end-point of the second radius the perpendicular is 
dropped onto the first radius. This is to be taken as the side of 
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the right-angled triangle opposite to the angle «, and the projection 
of the second radius on the first is to be its adjacent side. Since 
the hypotenuse is of unit length, in this figure the length of the 
perpendicular is equal to sin « and of the projection of the radius 
is cos « (Figs. 406 and 407). 


Fic. 406 Fic. 407 


Graphical representation of sine and cosine functions. Taking 
an arbitrary unit distance we mark off values of the angle « on 
the abscissa axis of a coordinate system in degrees or (better) in 
angular measure (see art.) and, taking as ordinate successive 
values for sin «, we obtain the curve for the function sin « (Fig. 
408). Similarly we obtain the curve representing cos « (Fig. 408). 


Fic. 408 


The values of the sine function run from 0 to 1 as the size of the 
angle advances from 0° to 90°. In particular, sin 0° = 0 and 
sin 90° = 1. The values of the cosine function run from 1 to 0 
as the size of the angle proceeds from 0° to 90°. In particular, 
cos 0° = 1 and cos 90° = 0. 


Tangent and cotangent functions 
The values of the tangent and cotangent functions can also be 
, represented by means of the unit circle. 
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We draw the unit circle, choose the initial direction, lay out the 
radius which makes the angle « with the initial direction (measur- 
ing in the anti-clockwise sense) and draw the tangent at the 
end-point of the radius specified by the initial direction. On this 
tangent the extension of the second radius cuts off a segment 
which can be taken as the opposite side corresponding to the 
angle a (Fig. 409). Since in this case the adjacent side is of 
unit length, the segment of the tangent is equal to tan «a. 


90° Cot ἃ 


aN ok | 
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ὌΣΩ 


In order to represent the cotangent, we draw the tangent to the 
circle at the end-point of the radius which is perpendicular to the 
initial direction, thus obtaining a right-angled triangle in which 
the opposite side of the angle « is of unit length. The segment 
cut off on the tangent is cot « (Fig. 410). 
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Graphical representation of tangent and cotangent functions. 
The graphical representation of the tangent and cotangent 
functions is obtained as in the case of the sine function. As the 
angle « runs from 0° to 90°, the value of tan « passes from 0 to 
οὐ, and of cot a from oo to 0. Here when we write tan 90° = oo 
we mean that larger and larger function values are obtained for 
tan « the nearer « approaches 90°, and similarly for cot « as « 
approaches 0°. 


Relations between trigonometric functions of the same angle (Fig. 
412) , 

In a right-angled triangle whose hypotenuse is of unit length, 
the side opposite the angle « is equal to sina, and the side 
adjacent to it is equal to cos «. It follows from the theorem of 
Pythagoras that 

(sin «)? +- (cos «)? = 1. 


In the case of powers of trigonometrical functions, so as to 
avoid ambiguity, it is customary to put the exponent next to and 
above the function symbol. Thus we write 


sin? « +- cos? « = 1. 


Hypotenuse = | 


Fic. 412 


Likewise from Fig. 412 the following relations can be obtained: 


sin ἃ COs & 
tan o = ——, cote = ——,, tanen = . 
COs % sin ἃ cot a 


| The signs of the roots in the following table are given by the table 
of signs for trigonometrical functions (see p. 478). 
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COs tan cot 
: Ξε τας tan ἃ 1 
sing = 1— cosa | Ξεξξξξξξξξβ [ - ξξξξξξξξξξξ 
V1 + tan?a | V1 + cot? « 
Fy aR τον 1 cot a 
cos Kx = 1 — sin? « SS --ΞΞ ]..5------Ξ--- 
ΝΊ - tan?a! νΊ - cot? α 
; sin & V1 — cos? x 1 
anQ= ἜΞΞΞΞΕΕ πο τον... 00... 
V1 -- sin? « COS α cot α 
V1 — sin? a COS αὶ 
cota = | -—— | 
sin α V1 — cos? « 
y [+tanza} 
V I Ἤτοι αἱ 
Ι sina / Ϊ /—cos2a tana j 
Visita cos a Ι cot a 


Fic. 413 


Relations between functions of the angles « and 90° — α 
The angles « and 90° — « are said to be complementary with 
respect to one another. From Fig. 412 we get 
sin (90° — α) = cos ἃ, 
cos (90° — α) = sin a, 
tan (90° — «) = cota, 
cot (90° — «) = tan a. 


Thus, in passing from an angle « to its complementary angle 
90° — «, we pass from a trigonometrical function to its cofunction. 
Cosine is an abbreviation for ‘complementary sine’, i.e. sine of 
the complementary angle, and cotangent an abbreviation for 
‘complementary tangent’, i.e. tangent of the complementary 
angle. 
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Easily calculated function values 


From the isosceles and right-angled triangle of Fig. 414 we 
obtain 


a 


sin 45° = lV ian 45° Se l, 
2 a 


Fic. 414 Fic. 415 


From the equilateral triangle of Fig. 415 we get 


a ap 
a Oe ee 
sin "5-2 sin Ξ- 5. 5, 
103. 5 
cos 30° = — ~ 73, cos 60° = - = = 
a 2 a 2 
a a 
5 cn sal 1 1 ; 1.3 
tan 30° = —— = --- -- - V3, tan 60° = = V3, 
ay V3 3 eZ 
2 2 
5 V3 a oe 
cot 30° = = V3, cot 60° = —— = --- = 5 V3 
ud 1/3 ν3 5 
2 2 
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These results are summarised in the following table: 


0° 30° 45° 60° 90° 
; 1 1 l 
sin 0 2 5 /2 2 ν3 1 
cos 1 : V3 V/2 i 0 
2 2 
tan 0 ; V3 1 ν3 co 
cot 00 V3 1 : V3 0 


Lrigonometrical functions for arbitrary angles 

In order to extend the definition of the trigonometrical functions 
to angles of any size we again use the unit circle, as in the case 
of the definition for acute angles. We again fix an initial direction, 


and then lay out the angle from this in the anti-clockwise sense 
(Figs. 416 and 417). We now drop the perpendicular from the 
end of the second radius we have obtained onto the diameter 
containing the initial direction. The length of this perpendicular 
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(positive or negative) is then sin a, and the length of the pro- - 
jection, cos (Fig. 416). The length of the intercept of the second ᾿ 


radius on the tangent at the end-point of the initial direction is” ; 


tan «; the length of the intercept on the tangent parallel to the 
initial direction is cot « (Fig. 417). 


Fic. 417 


The following are the signs of the trigonometrical functions 
corresponding to angles in the 4 quadrants: 


Quadrant 


Function 


From the definition, we obtain a function value for each of the 
trigonometrical functions corresponding to every angle. Angles 
can be given in either degrees or radians, the latter being best 


478 


TRIGONOMETRY 


suited for graphical representation. The angle is plotted on the 
abscissa axis in radians and corresponding function values appear 
as ordinates (Figs. 418, 419, 420). 


sing 


fana (cot a ᾿ 
\ cof a fon a 


= > ow ae τ oe ap ae τὰ oe ww ταν ow oe os 


--- oo ee «αι op “ὦ fee oe oe «Ὁ — = 


wewae ee wep em wo es 


90° 


ΘΦ 
Θ 
ο 
& 
ο 
ὃ 
Ὁ 
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Periodicity of the trigonometrical functions 


The trigonometrical functions can be defined in the same way 
for angles greater than 27 = 360°. We then have 


sin (a + 2. 360°) = sin «, 
cos (a Ἔ 7. 360°) = cos «, 
tan (« +”. 180°) = tan α, 
cot (« +7. 180°) = cot «. 


The sine and cosine functions have the period 360° (= 27). 
The tangent and cotangent functions have the period 180° (= 7). 
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Relations between trigonometrical functions of the angles α, 
90° + a, 180° + α and 270° + « 


90° ~ « 90° + @ 180° — « 


sin (90° — αὐ = cosa sin (90° + «) = cosa |sin (180°°—~a)= sine 
cos (90° — a) == sin a cos (90° - a) = —sin« | cos (180° — αὐ = —cos« 
tan (90° — a) = cot x tan (90° - αὐ = —cota | tan (180° — a) = —tane 
cot (90° — αὐ = tana cot (90° + «) = —tana | cot (180° — a) = —cota 


180° + « 270° -- « 270° + « 


sin (180° - «) = —sin « | sin (270° — a) = —cos ἃ | sin (270° + a) = —cosa& 


cos (180° + «) = —cos « | cos (270° — a) = —sina | cos(270°+a)= sine 
tan (180° - αὐ) == tana] tan(270°—«)= cota | tan (270° + «) = --οοἵ α 
cot (180° + a) = cota] cot(270°— αὐ = tana | cot (270° + a) = —tanae 


Functions of compound angles 
(1) Addition theorems. It follows by elementary geometry that 


sin (« + β) = sin «cos β + cos « sin β, 
sin (« — £) = sina cos βὶ — cos « sin B, 
cos (« + β) = cos «cos β — sin « sin β, 


cos (« — β) = cos «cos β + sin « sin β, 


tan a + tan β _ tana — tan B 
tan(a+A)=7 natn 82-8 = Te tana tan β᾽ 

cot «cot B — 1 cotacot B + 1 
cot (α ++ β) = τος β τ cota? cot (a -- β) = cot B — cota 


(2) Consequences of the addition theorems 


sin 2x = 2sin «cosa, cos 2% = cos? « — sin? a = 2cos?a — 1 
== 1 — 2 sin? «, 
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2 tan « cot? « ~— 1 
tan 20 Ξξξττ ΣΦ: -’ οοΐ 2a — τ τ. 
1 — tan* « 2 cot « 


᾿ 1 — cos 2α 1 + cos 2α 

sing = ,{ —> 3 cos ¢ =, |—3-—"} 
2 2 

; = 1 — cos 2« _ sin 2% 

an% = 1+ cos2« 1+ cos 2a 


sin 3a = 3 sina — 4sin? α; cos 3a = 4cos* « — 3 cos a; 


Similarly, 


ἘΣ _ βδἴδηα -- tan? a a _ cot? a — 3 cot a, 
ee 1 —3tanta ᾿ te 3cota—1l ’ 
and 


.ϑ n 1 . n n—3 eee | 
sin πα = i cos" «sin « — 3 COs a sin’ « 
n n—5 + 5 
+ 5 cos” °asin° a —.. 4, 
Ἢ n n—2 » cin? 
cos na = cos” a — 2 cos asin“ α 
n n—4 εἰ, 
+ 4 cos”* « SIN* ἃ —. 2 oe 


Sums and differences of the trigonometrical functions: 


eae ἢ Pree i 


sin a + sin 8 = 2 sin 


2 2 
ΠΥ 5.1... 

2 2 
cos α + cos 6 = 200822 οο95 Σ ὅν 
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TRISECTION OF AN ANGLE 
a+ Bp 


cos a — cos βὶ = —2 sin 5 . sin —7—> 


cos « + sin β = 2 sin (45 eat ‘) sin (45 + “Ὁ δὲ, 


cos ἃ -- sin αὶ = 2 sin (45 - Ἐ-: 1 sin (45 + == "), 


cos (« + β) 


cot « + tan β = ai GCOS 


cos « + sina = V2 sin (45° + «), 
cos ἃ — sina = V2cos (45° + a), 


cota -+ tana = cot « — tan « = 2 cot 2«, 


sin 20” 
] + tan « . cota + 1 Z 
1 =e == tan (45 + “), ποῖα el = cot (45 - a). 


Trisection of an angle 

The trisection of an angle of arbitrary size is not possible by 
use of ruler and compass only, although special angles can of 
course be trisected in this way (e.g. the angles 45°, 90° and 180° 
can be so trisected, since the angles 15°, 30° and 60° can be 
constructed by means of ruler and compass). Approximate con- 
structions for the trisection of an arbitrary angle are however 
possible. 


Truncated pyramid 

The volume of a truncated pyramid is V = ΣΗ͂(Ο + GG, + σὺ 
where G is the area of the base-surface and G, is the area of the 
upper-surface (Fig. 232). 
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Vertical projection oP" 


of correspondence 


Ground line 


Ι 
Horizontal! plane Gp 


Fic. 421 


Two-plane projection (Biorthogonal projection) 

Two-plane projection is a mapping procedure of descriptive 
geometry. A given solid figure is projected by orthogonal parallel 
projection onto two mutually perpendicular image-planes, the 
top-view or horizontal projection plane, and the front-view or 
vertical projection plane. The line of intersection of the two 
image planes is called the ground line. Every figure thus has two 
image-figures. That in the horizontal plane is called the plan, and 
that in the vertical plane is called the elevation. 

If we wish to carry out the construction of the two images in a 
single plane, we must rotate one of the planes about the ground 
line through 90°. This is generally done so that the part of the 
vertical projection plane lying above the ground line coincides 
with the part of the horizontal projection plane lying behind the 
ground line. The image of a point P in the plan is denoted by P’ 
and the image in the elevation by P”. P’P” is perpendicular to 
the ground line and is called the {πὸ of correspondence of the two 
images (Fig. 421). 


Unit fractions 
: ; 11 
Fractions with numerator 1, e.g. toa 1, ok 


hood 


Unit vector 
A vector whose length is 1 is called a unit vector. For any 
vector a, a unit vector can be found which has the same direction 


as a, viz. the vector Tal (\a| is the absolute value of a (see Vector)). 
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Variable 


A variable is a quantity whose value can change, in contrast to 
a constant (see art.). In the functional equation y = 7x — 1, x 
and y are variables. We often speak of ‘independent variables’ 
and of ‘dependent variables’. This usage implies that the value 
of one variable (e.g. x) is regarded as arbitrary, that is, x is an 
independent variable, and that the values of another variable 
(e.g. y) can be calculated from that of x by means of a functional 
equation, that is, y is dependent on x. E.g. y = 7x — 1. 

For x =1,y=7x 1— 1 = 6 (see Function). 


Vector 


A vector is a line-segment, in a plane or in three-dimensional 
space, which has a definite direction-sense and which can be 
arbitrarily displaced parallel to itself. Vectors are denoted either 
by letters of the alphabet in bold type or by placing an arrow 
over the line-segment concerned. If P, is the point of origin, and 
P, the end-point of the vector R, the length of the segment P,P, 
is called the absolute value, or magnitude, of the vector and is 
written R = |R|. If the point of origin and the end-point of a 
vector are the same, the vector is the null-vector. The null-vector 
has length zero and is regarded as having no definite direction; 
it is written as 0. If (x, y,, 2,) and (Xp, ye, Z2) are the rectangular 
coordinates of the given points P, and P,, the vector R = P,P, 
is uniquely specified by the coordinate-differences 


Xo = Xy, Vo — Vis 2g τ 24. 
These differences are the components of the vector, and we write 
R = ἡ — χ» Yo — Vs 25 — %)- 


The null vector has components (0, 0, 0) = 0. 

Vectors regarded as in a plane have only two components. 

Vectors in space have three components. 

The length of a vector is calculated from its components by 
Pythagoras’s theorem as follows: 


R= |R| = νὸς — x)? + Oa — yd? + Ge — 2 )3. 
eo 


VECTOR 


Multiplication of a vector by a real number 

To multiply a vector R = (χς — X41, Yo — Vi, 22 — 24) by a 
real number c, we multiply its length by c, leaving its direction 
unchanged if c is positive, and reversing it if c is negative. If the 
components of the vector are given, then 


cR = [c(X%_ — x1), C2 — V1), C22 — 24)I. 


Thus multiplying a vector by c merely involves multiplying each 
component. The vector —R in particular, has the coordinates 


—R = [—(x, — x), —(ve — »ὺὺ, τ Ως — 2)). 
If a vector is divided by its length we obtain a vector of length 1. 


R 
Any vector of length 1 is called a unit vector. The vector ΠῚ has 


length 1, and is the unit vector associated with the vector R. It 
has the same direction as R. 

A vector whose point of origin is fixed at a definite point is 
called a bound vector. In particular, so-called ‘position vectors’ 
are bound vectors, their initial positions being bound to the point 
of origin of the coordinate system. A position vector has as its 
components the coordinates of its end-point. The vectors whose 
points of origin are at the origin of the coordinate system and 
whose end-points are at the unit-points on the axes are called 
the unit coordinate vectors. In a plane these vectors are 


i = (1, 0), j = (0, 1). 
In three dimensions they are 
i = (1, 0, 0), j = (0, 1, 0), k = (0, 0, 1). 


Addition of vectors (Fig. 422) 


If A = (@,, a,,a,) and B = (5,, b,, b,) are two vectors, the 
vector with components (a, + δ,» a, + ὃ,» a, + 5,) is called the 
sum, A + B, of A and B. 

To construct the sum A - B of two vectors, we move each 
vector parallel to itself till its point of origin coincides with the 
origin, O, of the coordinate system. A and B then form two sides 
of a parallelogram. The diagonal of this parallelogram which 
passes through the origin represents the vector A + B, O being 
taken as its point of origin. 
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Addition of vectors is commutative and associative. The 
difference A — B of the vectors A and B is obtained by adding 
(—B) to A. It can be constructed by means of the same parallelo- 
gram used in constructing the sum, the difference being repre- 
sented by the diagonal which does not pass through O (Fig. 423). 


Fic. 422 Fic. 423 


Representation of vectors by means of the vectors i, j, k 

Any vector in three dimensional space can be represented by 
the sum of multiples of the unit vectors, i, j, k. The procedure in 
a plane is illustrated in Fig. 424. We have A = α,ἱ + a,j. The 
corresponding procedure in three dimensions is given in Fig. 425, 
A = a,i + a,j + a,k; a,, a, and a, are the components of the 
vector A in the directions i, j and k. 


ay. Ny 
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Scalar and vector products in two dimensions (Fig. 426) 

Let A = (a,,a,) and B= (b,,5,) be two plane non-null 
vectors forming angles ¢, and ¢, with the positive x-direction. 
Then the components of these vectors are 


a, = |A| cos ¢,, b, = |B] cos φι; 
a, = |A| sin ¢,, 5, = |B| sin ¢,. 
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VECTOR 
The angle between the two vectors is ᾧ = 4, — $,. Then 
cos $ = cos (¢, ~ ¢,) = cos ¢, cos d, + sin ¢, sin d, 
sind = sin (?, - φ,) = sind, cos ¢, — sin ᾧ, cos ¢,, 


or, in terms of the components of the vectors, 


ab, aa a,b, 
a ΑΙ. [8] ᾿ 
. a,b, ae a,b, 
eS [A]. |B] 


The expression a,b, + a,b, = [4] |B| cos ¢ is called the scalar, 
or inner, product of the two vectors. It is written (A . B), AB or 
A .B. The scalar product of two vectors is a numerical quantity 
(a scalar, or scalar quantity), and has no direction. The expression 
a,b, — a,b, = ΑΙ [B sind is called the vector, or outer, pro- 
duct. It is written [A, B] = [AB], AaB or A xX B. As we are 
considering vectors in a single plane this product also is a scalar. 


x 
Fic. 426 Fic. 427 


Geometrical interpretation of the scalar product. From the 
definition AB = |Aj |B| cos ¢ = |A| . (|B| cos 4) it follows that 
the scalar product of two vectors is equal to the product of their 
magnitudes and the cosine of the enclosed angle, or (equivalently) 
to the magnitude of one of the vectors multiplied by the length 
of the projection of the second vector on the first (or on the 
extension of the first). 

Geometrical interpretation of the vector product. The vector 
product of two vectors A and B is equal to the area of the paral- 
lelogram associated with them. The result is positive if the vectors 
A and B follow one another in the anti-clockwise sense (Fig. 427). 
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Properties of the scalar product 

1. Commutative law, A.B = B.A. 

2. Linearity, (c,A) . (ῳΒ) = c,c,(A . B). 

3. Distributive law, (A + B).D=A-D+B.D. 

4. Product of unit coordinate vectors,i.i = [5 = j.j = j? = 1, 
i.j=0. 

5, The scalar product of two vectors is zero if the vectors are 
perpendicular to one another or if one vector is the null vector. 

6. The scalar product of a vector with itself is equal to the 
square of its length, 


A.A=A? = |Al2 


Properties of the vector product 

1. Alternating law, Aa B = —(Ba A). 

2. Linearity, (c,A) A (c,B) = c,c.(A A B). 

3. Distributive law, (A + B)AD = AaD-+ BaD. 

4. Product of unit coordinate vectors, iai=0, iaj = 1, 
jai=-—1. 

5. The vector product of two vectors is zero if the vectors are 
parallel or if one vector is the null vector, 


CGAAcA = 0. 


Products in three dimensions 


Scalar product of two three-dimensional vectors. If A = (dy, 4,,4,) 
and B = (6,, δ.» b,) are two vectors in space then the numerical 
quantity a,b, + a,b, + a,b, = [Α| |B] cosd is defined as the 
scalar product of the vectors A and B. Here ¢ is the angle 
between the two vectors. The scalar product of two vectors in 


space has the same properties as the scalar product of vectors 
in a plane. 
For the unit coordinate vectors we have 


i.i=j.jok.k=1,j.k=k.i=i.j=0. 
Vector product of two three-dimensional vectors. The vector 


product of two three-dimensional vectors, A = (a,, a,,a,) and 
B = (b,, δ.» ,), is the vector with components 


(a,b, — a,b,, a,b, — a,b,, a,b, — a,b,), 
ΑΔΒ = (a,b, — a,b,, agby — α,0,. a,b, — ayb,). 
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Geometrical interpretation. The vector product of two three- 
dimensional vectors A and B is a vector which is perpendicular 
to the plane formed by the two vectors and whose magnitude is 
equal to the area of the parallelogram specified by A and B. 


Difference between plane and three-dimensional vector product 


As long as only plane vectors (vectors with two components) 
are considered, the vector product of two vectors is taken to be 
a scalar. With three-dimensional vectors (vectors with three 
components) the vector product is a vector. 

The properties of the vector product in the plane set out above 
hold also for the vector-product in space, and in addition we 
have for products of unit coordinate vectors in space the equa- 
tions: 

iai=jaj=kak =O, 


iaj=k,jai=—kjiak =—j,kai=j;jak =ikaj=—i. 


Vector calculus 


Vector calculus is the branch of mathematics comprising the 
mathematical theorems relating to calculation with vectors (see 
Vector). 


Vertical 


The vertical direction at a point on the earth’s surface is the 
direction passing through the earth’s centre. It may be determined 
by means of a plumb-line. In geometry two lines are said to be 
vertical or perpendicular with respect to one another if they form 
a right angle (see Angle). 


Vertically opposite angles 

Two angles which have a common vertex and whose arms 
together form in pairs two straight lines are said to be vertically 
opposite. In Fig. 428 «, y and β, ὃ 
are pairs of vertically opposite angles. 


Vertically opposite angles are equal. y B ‘s 
Thus in Fig. 428 a=y, β- ὃ ὁ 
(see Angle). 

Fic. 428 
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Volume, measurement of 
In the metric system the theoretical unit of volume is the stere 
(one cubic metre = 1 kilolitre), the unit in common use being 
the litre which, for all practical purposes is one cubic decimetre. 
In English measure the unit of volume is the (Imperial) gallon 
which equals 277-42 cubic inches = 4.546 litres. The U.S.A. 
gallon equals 231-00 cubic inches = 3-785 litres. Other English 
measures are related as follows: 
4 gills = 1 pint 
2 pints = 1 quart 
4 quarts = 1 gallon 
8 gallons = 1 bushel. 


Weight, measurement of 
The unit of weight in the metric system is the kilogramme, the 

standard kilogramme, established in 1889, being a solid cylinder 
of platinum-iridium preserved in Paris. The British and American 
pounds, though differing very slightly in their exact definition, 
can each be taken equal to 0-4536 kg. The definitions of some 
subsidiary units differ in British and American usage. We have 

lton = 20 hundredweight 

1 cwt. = 4 quarters 

1 qr. = 28 [Ὁ (British), 25 [Ὁ (American) 

110. = 16 ounces 

loz. = 16drams. 
Thus 1 cwt. (British) = 11218.  1cwt. (American) = 100 lb. 


1 ton (British) = 22401b. 1 ton (American) = 2000 lb. 


Zero 
Zero is the number which can be added to (or subtracted from) 
another number a without a being altered thereby: a + 0 = a. 
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If a number is multiplied by zero, the result is zero: a Χ 0 = 0. 
Division of a number by zero must be excluded if contradictions 
in the operation of the basic rules of arithmetic are to be avoided. 

A zero symbol is used in all place-value systems. Number 
systems without place-values, e.g. the Roman, need have no zero 
symbol. See Axioms of arithmetic, Division, Differential coefficient. 
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MATHEMATICAL FORMULAE 
I ARITHMETIC 


1. Types of number 

We distinguish the following types of number: 

(1) Natural or positive integral numbers, e.g. 2, 6, 11. 

(2) Integral numbers (positive and negative), e.g. —3, —1, 3, 8. 

(3) Rational numbers, i.e. numbers which can be represented 
as the ratios of integral numbers. 

(4) Algebraic numbers, i.e. numbers which are solutions of 
algebraic equations with integral coefficients (see p. 498 ff.). 

(5) Transcendental numbers, i.e. numbers which are not solu- 
tions of algebraic equations with integral coefficients. 

(6) Real numbers, which comprise all the above types of 
number. Every real number can be represented by an infinite 
decimal fraction. Non-rational real numbers are referred to as 
irrational. 

The absolute value (modulus) of a number x, written |x|, is 
x if x is positive and —x if x is negative. 

For imaginary and complex numbers, see p. 497. 


2. Addition and subtraction 
(1) at+b=b+a 
(+a) +(+b)=a+b 
(-—a) + (+6) = -a+b=b-a 
(+a) + (—b)=a—b=-—b+a 
at+(b+c)=(a+b)+c 
a+(b—c)=(atb—e 
(2) a—b=—(b—a) 
(+a) -- (ἐδ) Ξε α -- ὃ 
(+a) —(—b) =at+b 
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(—a) —(+4)=-a—b=-(@+5) 
(—a) —(-—b)=-a+b=b-—a 
a—(b+c)=a-—b—c 

Ω -- (Ὁ ποτα --δις- 

| [αἹ --- [δ] | <a -Ὁ δ] < [αἱ + δ) 

| [αἱ — |b] | <a -- δ] < [αἱ + [δ] 


2. Multiplication and division 


(1) 


(2) 


(3) 


(4) 
(5) 


a.b=b.a 
(+a) .(+b)=a.b 
(+a).(—b) = —a.b 
(—a).(+b) = —a.b 
(—a).(—b) = +a. 
(a+ b).c=a.ct+b.c 
(a—b).c=a.c—b.c 
(a + b\(c + d) = ac + be + ad - bd 
(a + δ)ίς — 4) = ac + be — ad — bd 
(a — δὺς + d) = ac — ὃς + ad — bd 
(a — bc — d) = ac — bc — ad + bd 
(a+ b(at+b)=(at+ bP =a + 2ab+ Bh 
(a— ba — b) = (a— bP? = αϑ — 2ab + δ3 
(a+ b(a—b=a2— δ8 
la. δ] = |al . [δ 
(a+ b)+c=at+c+bd+ec 
(a—b)+cz=a+~c~—b=ec 
(+ab) + (+a) = +5 
(+ab) -- (—a) = --ὃ 
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(—ab) + (+a) = —b 
(—ab) + (—a) = 
(6) la] + [Ὁ] = la + 6 


4. Ratios and fractions 
The equation a:b = ¢:d is a proportion. 


If ad = be 
then 
(1) a:c=b:d 
d:b=c:a 
b:a = 4:6 
(2) am:bm == οἱ 


am:b = cm:d 
(a:m):(b:m) = οἱ 
(a:m):b = (e:m):d 
(3) a:(a + δ) = οἵ(ς + d) 
b:(a + δ) = d:(c + d) 
a:(a— b)=c:(c — ὦ) 
b:(a — b) = d:(c — 4) 

(4) (ma + nb):(mec + nd) = (pa + gb):(pe + gd) 

The following are special cases of proportionality: 
Continued proportion: a:b = δὶς 
Harmonic proportion: (a— b):(c —d)=a:d 
Continued harmonic proportion: (@ — δ):(Ὁ — d) = a:d 


We may write a:b asa fraction © 5 thus, for example, 


(0+ διοτεα τ 8) τ -- tte 
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The following rules apply to calculation with fractions: 


(1) δ᾽ bxm δ b=+m 


. aa a : : 
(2) If the fractions ~ a = have different denominators, 
1 *°2 k 
a common denominator h may be found, namely, the (least) 
common multiple of n,,.. ., m,. 
(3) Addition and subtraction: 


a ὁ ad+ecb 


; + or (bd is the common denominator) 
a,c _e_ adf + bef — bde 
bta—f baf 


(4) Multiplication and division 


a ας 
δ᾽“ Ὁ 
4 ἃ a 
b ὦ ῥά 
a, «ἃ 
ΤΣ 
a.c_ad 
δ᾽ 4 be 


5. Powers and roots 
(1) If m is a positive integer then we define 


a™=axaxX...Xa (m factors), 


1 : 
a-™ = —., a’ = 1. (a is the base, m the exponent, a™ ‘a to 
a 
the power m’.) 


(2) For any integers m, r, it follows that: 
aq’ = αἴ }7) 


a’ — a’ τῷ αν τ 


495 


FORMULAE 
(a x δ)" = a™ x b™ 
(a + 0)" = a” = δῖ 
(a™)" — qg™ 
(3) Fractional exponents are defined so as to preserve relations 


1 
(2): if m, n are integers, a” = Wa, the nth root of a. Then 
m 
a® = Wa" = (Wa)". 


If m, n, r, 5 are positive or negative integers, roots are related as 


follows: 
Va.b= Wa. Wb: 
Va = (Way = "Va: 
VWVa=Va=VWVa; 
Va=WVar; αὖ = Va". 
mi of mf 
(4) Further: a" .at=a"*; 
moor mf 
a" —~qQ’= αἴ 2: 
(α. δ)" τι αἰ. δ5 


6. Binomial coefficients 
(1) By a! (a-factorial), we mean the product 
ni=z1.2.3...(a—1).n, na positive integer, 
and define 0! = 1. 
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(2) By the binomial coefficient (”) (n over r) we understand 
the fraction 


n nn—1)...€a2—r+) _ n!\ 
(7) " Σ =@—nirl 


(r and n integers, 1<r<n), 


and define (5) oz I, Ν =Oifr>n. 


(3) Then: 


(n) = 


(7) = (G23) "wen t= 
HOC) " σευ 
{1ὴ-Ὁ τ-(2)- a 
("7") =(7) y+ (na) (ἢ +: +(62 1) 


(4) The binomial theorem for positive integral n is as follows: 
(at δ)" τ (3) a” + (7) anh +... 4+(4+1)" (") b” 


7. Imaginary and complex numbers 
(1) The imaginary unit i is defined by the relation #? = —1. If 
a and ὃ are real numbers we refer to 
y = ib as an imaginary number, 
z =a- ib as a complex number, 
and Zz = a — ib as the associated conjugate complex number. 
497 


FORMULAE 


a is called the real part (a= R(z)), ὃ the imaginary part 
(ὃ = I (2)) of z. 


(2) Then 


= --ἰ #=+1 εὶ 
jant2 — —] 


5 τς πὶ 4 = +1 131 = j 
(3) If z, = a, + ib,, Z, = a, + ἰδ.» then 
Z, + 2 = (αι + a) + (δι + 4,) 
21.2, = (a,a, — δ.) + i(ayb, + ayb,) 
Ζ,; 44, + Dyby ας}. — aby 
oe ee a κδ Ὁ δὲ 
(4) Further, 


z.Z=(a+ iba — ib) =a + δὲ = |z|*, 
Also, if r= +V a? + δὲ and tang = ᾿ then 
z=a+ib=r(cos¢ + isin 4), 


Z=a—ib=r(cos¢ — isin φ). 


r = |z| is called the absolute value of z, 6 = arg z the argument 
of z. 


(5) De Moivre’s Theorem: if m and n are integers (n + 0) then: 
(cos φ + isin φ)" = cos— (2kn + Φ) + isin = (Qkm + ¢), 


k =0, +1, +2,.... 
In particular 


(cos d + isin d)™ = cos m¢ + isin md, 


ae $a? 
and (cos ¢ + isin ¢)" = cos = i sin ᾿ 
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An equation of the nth degree (n > 1) in the unknown x is an 
equation of the form 
AX” - αἰχ 1 + ax"? +... 4a, χα +a, = 0. 


Ay, 4,.. ., a, are called coefficients of the equation; the  solu- 
tions x = x,,.. ., x, are called roots. 
If the equation is brought into the form 

f@&) = χη 4+ bx71 +...4+06,=0, 

where b, = ee 
QB 

then Sx) =(* — x(x — %). . «(x — x,). 
The coefficients b, and the roots of the equation f(x) = 0 are 
related as follows: 


by = —( + xg. ee Ἔ χρ), 
by = χιχς + XyXy Hb. .. HXyXg Ἐν... EX Xn 
ὃς = -π-(χιχοχα + Χιχοχα τ. . τ XeX%yXyt... 
+ Xn -2Xn-1¥n); 


δ. = (—1)"x1x2X3 eee Xn 


Each of these expressions is a symmetric function of the roots, 
i.e. each remains unaltered under permutation of x4, Χο». . .» Χη" 

An algebraic equation with m unknowns, }}» Voy» + +» Vm» iS an 
equation of the form 


ΓΟ» Yes +8 > Vm) ἘΞ 0, 
where Εζ»» . . .» Ym) is the sum of terms of the form 


Gapy .. rece 7 . Vm» 


the coefficients ἄκρον... being arbitrary, and a, 8, . . ., p positive 
integers. The largest value taken by a+ P+...-+ is the 
degree of the equation. 
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1. Equations with one unknown 


(1) Linear equations. An equation of the first degree in one 
unknown is of the form 


ax+b=0, a0, 


: —b 
and has solution x = a 


(2) Quadratic equations. An equation of the second degree in 
one unknown is of the form 


ax*?+bx+cec=0, a0. 


It has two solutions x, and χα: 


—b + Vb? — 4ac 
---- aaa 


*1,2 
The solutions x, and x, are 
real and different if b> — 4ac > 0, 
real and equal if b? — 4ac = 0, 
conjugate complex if b? — 4ac < 0. 


(3) Cubic equations. A cubic equation is an equation of the 
form 
ax® + bx? +ex+d=0, a0, 


which, by the transformation 


sce eae 


can be brought to the standard form 
y? + 3py + 2q =0, 


1 (δὰ «ὦ 2 (δ᾽! I1be ἃ 
p= -3(7) +3 24 = 3 (0) —3ata@ 


The cubic equation has 
three real and different roots if φῇ + p® < 0, 
three real solutions, of which at least two are equal, if 
g+p=0, 
one real and two conjugate complex solutions if g? + p* > 0. 
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Then if 
(a) g? + p? > 0 (Cardan’s formula), putting 


μ-- ὕ τᾷ Vet Pp 
v= v =o = Vg? + p’, 
where the real roots are taken, we have as the solutions of the 


standard equation: 
N=uty, 


Co s 


(8) φ' + p®? 3:0 and g # 0, p > 0, putting 


Zo ee an 5 


tang = 
vin vie TT 77 
where —5<¢<5 -4G<?<7 
we have the solutions 
yi —2Vp cot 2y, 
iV3 
Vo = Vp (cot 2y + x) 


iV3 
Ya= Vp (cot 2y — a) 


3 


(y) @ +p? 0 and g +0, p < 0, putting 
VF αν ς 
4 an wy — tan oi 


sind = 


h td ὧ ὠ oe 
where —5 <<>> —-4<9?<p7 
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we have the solutions 


yg = V—p (a 2. + iV3 cot 2y), 


1 ; 
y3 = V—p - rh iV3 cot 2v). | 
(6) 45 + p? < 0 (irreducible case), putting 


cos Φ = TS 
we have the solutions 


γι = 2V—p cos . 
= —2V—p cos (5 αν 60), 


78 = —2V —p cos (5 - 60]. 


(4) Biquadratic equations. A biquadratic or quartic equation is 
an equation of the form: 


χα + ax® + bx? + cx +d=0. 
By the transformation | 


a 
sl ear 


this can be reduced to the standard form 
+ pH +qétr=0. 
If we form the cubic resolvent 


pe 4 q _ 
y+ 5y*+ ΠΕ ΝΣ S64 


and determine its solutions }.» Ve, 75 (see p. 500), we may obtain 
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the four solutions of the reduced equation from 


E=4Vy + Vy + Vas 


where the signs are chosen so that 


ναι νυν - -ἶ 
2. Equations with more than one unknown 
(1) Determinants 


(x) A matrix with m rows and n columns is a system of n Χ m 
numbers a,, written in the rectangular array 


Qy, Ao. «ἄχη 
Qo, ρα ee . Aan 


ΑΞ [[᾿ ° = (4,,). 


m1 Ame - e -a,, 


The a,, are called the elements of the matrix. If ἢ =m, the 
matrix is said to be square. In what follows we confine ourselves 
to square matrices. 

Product: If A = (a,,) and B = (6,,) are matrices with n rows 
and columns, the product matrix A.B (in that order) is the 
matrix C = (c,,) such that 


nm 
Cx. = 2 AD op 


Sum: If A = (a,,) and B = (6,,) are matrices with n rows and 
columns, the matrix D is called the sum of the matrices A and B, 
D=A +B, if 

di, = Ary, + Diy. 


(8) The determinant A of the matrix A = (a;,), written 
Ωιι Ω15 613 .ο.ἅυνο.6 ain 


Qo, Agq ὥς. + + Aan 


A=| - - |= Al, 


ani ang ang eee Ann 
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is the sum of all the products 


+4}, 20 © Any 


which arise when «, β, y, . . ., p are allowed to range through 
all permutations of the numbers 1, .. ., 2. The positive or 
negative sign is taken according as «, β, y,. . ., p is an even or 
odd permutation of 1, 2,. . ., 2. In particular: 


Qy, Ae 
= ἀιγᾶρ» τ΄ AyoMe 


Qo, Goo 
and 

ἄτι Aq AAs 
Q11A52033 ~F Ao1430013 + Ω516115725 


Qz, Aq Aog 
- 43199013 στ G11A30Q03 πο A141 033. 


431 439 3g 

(vy) We have the following theorems for determinants: 

(i) If A’ = (αι) is the matrix obtained from A = (a,,) by 
interchanging rows and columns (the transposed matrix) and |A| 
denotes the determinant of A, then: 


[A] = [ΑΊ. 
Thus 1, Ar 1:1 Ωρ; 
Qe; Ade αι» Ago 


(ii) If two rows or two columns of a determinant are inter- 
changed, odd permutations of «, β, y, . . ., p, become even and 
vice versa, and so the sign of the determinant is altered. 


E.g. 


ἄμ Ue 
Aq, oo 


Qo Ay ; 


95 ay 


(iii) If all the elements of one row or of one column are multi- 
plied by the same number, each term of the determinant and 
hence the determinant itself is multiplied by that number. Thus 
for example 
CQy1 Aj 44, ἄχ 
ἄι Ag9 

(iv) If two rows or two columns are equal, interchange of these 
rows or columns leaves the value A of the determinant unaltered. 
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That is, by (ii), A = —A, and hence A = 0. By (ili), the same 
applies when two rows or columns are proportional. 
E.g. Q1, Cay, 


Ag, CA, 


(v) If every element of one row or column is the sum of two 
numbers, the determinant can be written as the sum of two 
determinants, e.g. 


αι + %y Ay 
As, + Xo Aas 


Q, ἄχ 
οι] Ae 


| 11 Ae 
ho, Ago 


(vi) By (iv) and (v), the value of a determinant is unaltered if 
to each element of a row (or column) is added a constant multiple 
of the corresponding element of another row (or column). 

E.g. Ay A. + Cay 4, Ae | 
Ax, 5 “Γ (ἄρ Ay, Age 

(vii) Product theorem. It follows from the way A . B is defined 

that 


|A.B| = [A] x |BI. 


(viii) By the cofactor A,, of the element a,, of a determinant 
is meant the determinant, prefixed by the sign (—1)***, obtained 
by deleting the ith row and the kth column of [4]. We then have: 


n n 
A => avAy = > AA ix 
i=] k=1 


(ix) If all elements of a determinant of the (” + r)th degree 
common to 7 columns and r rows vanish, the determinant can 
be separated into the product of two determinants of degrees 
nandr: 


ay e Ain bu ο ὁ δι, 
Ω,.1 ΓῚ ann baa oe @ De. ay eee ain C31 ee @ Cir 
0 eeoeeeveae 0 | Cy ° @¢ @ Cir ani eee Ann Cy e°¢ 8 Cry 
9 9 ἡ 9 ὁ 999 9 9 ὁ 9 | @eee7#ns#¢e#8s ὃ 
0 oesoeesne 0 | Crt e @e Cur 
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(2) Systems of linear equations ; 
(x) The system of linear equations of the nth order 


Ay Xy Ἔ yg X_ bee . Ὕ Xn = αχ 
gy Xy + AggXq t+ Ὕ αξηχῃ = Me 


eeeoeeveeve vee eovewveveesweeeeoes eee eee ee @ 


ani*1 + anoXe —- * # @ + aAnnXn = δ, 


with unknowns x;, Χο» . + +» Xn, possesses exactly one set of 
solutions if 


a a a. 
A ἘΣ, 21 22 2n ΞΕ 0, 
any Qno Qnn 
namely 

n 

Σ Ants 

(= 

"πὰ δ (ἀ Ξε 1,2,.. .,. 5). 


(8) If the system of equations is homogeneous, i.e. if 
Ot... = a, = 0, 
then a necessary and sufficient condition that the only solution is 
Χι τα X=... =x, =0is A £0. 
(y) The system of m equations in n unknowns: 
AyyXy A AygXy ee 0. ἀγηχῃ = αἢ 
AnyXy “Ὁ AagXy Fe .. Ὁ AanX, = My 


eeeevwveeoeuveeesesvseevneeentreveeneeeeseeeseeaee ® 


Amy Xy + AmaXq Fe 9. Ὕ AmnXn = Sm 


is soluble if and only if the two matrices 


Ani> « «Amn a Anis + - am 


have the same rank. A matrix A has rank r if all determinants of 
the (r + 1)th order, but not all determinants of the rth order, 
formed by elimination of rows and columns of A, vanish. 
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iil, APPLICATIONS 


1, Compound interest 
(1) The ratio of two numbers a and ὃ can be expressed as the 


percentage p = 100 3 We say that a is p per cent (or p%) of b; 


91 is 26% of 350. 

(2) The proportional increase of an initial capital sum a during 
an interest period is referred to as the interest-rate p (expressed 
as a percentage). The factor g by which the initial capital must 
be multiplied to obtain the final capital is therefore 


“= Ρ 
45:1 709 
The capital sum resulting after ἡ interest periods is 
b=a(1+i)° 


(3) If the capital is increased or diminished at the end of each 
interest period by the amount r, we have 


pr ἜΤΕΙ Mees 
ὃ = aq ar as | 


(4) If the amount contributed by r is paid at the end of each 
interest period, the sum arising at the end of the nth period is 


R, = r(q” — 1) 
ᾳ--[ἰ 
If r is paid at the beginning of the interest-period 
ge C al 
R, = 1g q—1 


(5) The initial capital required for an annuity r paid at the 
end of each of n interest-periods is 


" -- 1 r ( | 

A, =P = —— (1 -—]}. 
~"@-)g 4--ἰ 
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For a perpetual annuity 

r 
4-- 

(6) A capital sum a is to be amortised in η interest periods by 
payment of a fixed instalment at the end of each interest period. 
If p is the rate of interest (as a percentage) and p, is the amortisa- 


tion rate (as a percentage), then the condition for the capital to 
be extinguished after n interest-periods is 


p\"_p 
(+4) - =Fat. 


4. = 


2. Probability and Statistics 


(1) The notion of probability. If A, B are definite events and 
A A B (both A and B), A ν B (at least one of A and B) and 4 
(not A) are associated events, the probability P(A) of the event 
A may be introduced through the following axioms: 

(i) P(A) is a real function with 


0< P(A) <1; 
(ii) If E is an event which invariably occurs, then: 
P(E) = 1; 
(iti) If the events A and B are exclusive then 
P(A ν B) = P(A) + P(B); 


(iv) If A,, Ag, . . » Aw are events which are pairwise exclusive 
then: 


P(A, V 4, V...) => P(A,). 


(2) Elementary theorems 


(i) P(A A B) + P(A ν B) = P(A) + P(B), 
(i) _ P(A) =1— P(A), 
(tii) P(A A B) = P(A)P(B), 


if A and B are independent events. 
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(iv) Let A and B be events such that if B occurs, A always 
occurs; then if P(A) and P(B) are the probabilities of the indi- 
vidual events, the probability of the occurrence of B given that 
A has already occurred is: 


P(B) 
P(A) 


(3) Statistics. Suppose an individual event can occur in k 
different ways as A;,. . ., A; with probabilities P(A,),. . ., P(A,), 
and that N independent trials take place. The probability that of 
the N resulting events, , are of type Aj, m, of type Ag, etc., is 

N! 


ae P(A,)™P(A,)™. . . P(A,)™, 


P(B|A) = 


P(r, No, © © 89 n,) -- 


k 
where N= pe Nj. 


In particular, the probability that of the N events πὶ are of type 
A, is 


P(n) = (*) p"g’—" (Newton’s formula), 


where P(A,) = p, andg=1-—p. 

If N is large compared with 1 (written N > 1), this gives 
_(n—Npy* 

2Npq = (Laplace’s formula), 


1 
P(n) = 
Ἰὼ 2aNpq 


and if p <1 and 5 <1, 


(Poisson’s formula). 
(4) Deviations. The quantities 


ἢ -- ἢ 
5 ΞΞ ἢ -- ἢ and αν τ; 


where i= = nP(n) = Np, 


are called the absolute and relative deviations. 
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(i) Average absolute deviation: 


ls] = 2P(v) (1 ΝΕ a 
where ν = [Π] is the largest integer less than or equal to 7 
(ii) Average relative deviation: 


-" 4 
13] = 2Ρ0) (1 = 3) 


(iii) Mean absolute deviation: 


st = η3 — ἢ = Npg = fig. 


(iv) Mean relative deviation: 
δὲ -- 5. 
n 


In particular, if p <1 and N> 1, and since pN = ἥ, 


e-"n™ ; 
P(n) = ar (Poisson’s Law), 


and we have 


s=fA and = 


wi] μιὰ 


If N and fi are so large that ὃ is effectively continuous, and 
without p <1, then the probability that ὃ lies between ὃ and 


6 + do is given by 
pth eee 
P(6)dé = J ong e dé (Gauss’s Law), 


and we have 
ΤΕ: Rad 
n 


3. Combinatory analysis 


(1) Permutations 
(i) The number of permutations of n different elements is 


p(n) =n! 
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(ii) If of the n elements groups of «,, %,. . ., ἄχ elements are 
indistinguishable amongst themselves, 


πὶ 
αχίαορὶ. ° . a! 


PUM; Hy» « .» αν) 


(iii) The number of permutations of π elements taken k at a 
time without repetition is 


p(n; k) = (7) κ' 


(iv) The number of permutations of n elements taken k at a 
time with repetition is 


Bin; k) = πῆ, 
(2) Combinations 
(i) The number of k-fold combinations of m elements taken 


without repetition is 
c(n; k) = (7) 


(ii) The number of k-fold combinations of 2 elements, with 
repetition allowed is | 


fn; k) = ( ε- = ἢ 


4. Interpolation formulae 


(1) The problem. Suppose n different values x,, x... ., X, of 
a variable x are given and associated with them are the numbers 
Vy, Yoo ++ +s Yn (not necessarily all different). We require a 
polynomial G(x) such that for each x = x,, y = G(x) takes the 
corresponding value y,. By the general theorems (see p. 499 ff.) 
there is exactly one rational integral function which is of at most 
the (1 — 1)th degree, and which, for the given values of x, takes 
the corresponding values of y. To determine this function for a 
given concrete problem either the interpolation formula of 
Lagrange or that of Newton can be used. 

(2) Lagrange’s Interpolation Formula. The function 


(x — X_)(x — X53). . . (x — x,) 
81.) = (x; Se . «(ἡ — x,) 
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takes the values 1, 0,.. ., Ο for x,, X.,.. ., X,, the given values 
of x. By cyclic permutation of the indices we can construct the 
functions g,(x), g3(x), . . .» Z,(x) which for the given values of x 
take the values 7 

0,1,0,...,0 


Φ9 09 ὃ ΦΦ ὁ 9 9 ὁ ὁ ὁ 


The function 
G(x) = yigi(x) + γωρι(χ) +. . . + ),5,(.) 


then has the property that it takes the values y,, yo, . . .. »Ὼὰ at 
the given values of x, and it is a polynomial of the ΟἹ — 1)th 
degree. 

(3) Newton’s Interpolation Formula. Let δι, Cg, . « +» Cay be 
constants. Then the function 


G(x) = yy + οὐ — x) 
+ C(x — xy)(X — Xp) 
+ g(x — xy)(X — X2)(x — χῷ 


Φῶ ὁ ὁ δ Φ 8 8 ὃ ὃ ὃ 9 ὃ ὃ 9 Ὁ 9 9 ὃ ὃ 9 9 ὃ 8 


is at most of the (n — 1)th degree, and for x = x, has the value 
y,;. We can now determine c, so that y, = G(x,), independently 
of the values of cy, . . «5 Cy_3, VIZ. 

}6 τ Ji 


ae Xe τ Xy 
The constant c, is determined so that y, = G(x3), and so on. 
Finally we determine c,_, by the requirement y, = G(x,). If the 
constants determined by this method are substituted in the 
function G(x), this function has all the required properties. 

The Newton procedure has the advantage that we can solve 
the problem step by step. If, for example, it is shown that in 
determining three constants c,, Cy, Cs, the function G(x) approxi- 
mates, with a sufficient degree of accuracy, to the values y, for 
the remaining n — 3 values of x, then we can cut short the 
procedure and put the remaining constants equal to zero, so 
using a polynomial of the 3rd degree. 
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IV. GEOMETRY AND TRIGONOMETRY 
A. Plane Geometry 


1. General theorems 

(1) The Triangle 

(i) «+ B+ y = 180° (Fig. 429). 

(ii) The angle bisector w, divides the side ¢ in the ratio 
p:q = a:b (Fig. 429). 

(iii) The altitudes h,, h,, h, and the sides a, b, c (Fig. 429) are 
related as follows: 


111 
haihy:h, = aha bc:ac:ab. 
ς 
B 
b ο 
Α 5 B 
Fic. 430 


(iv) In a right-angled triangle (Fig. 430) we have 


a* = pe, 
b? = qe, 
he = Pq 
and α + δὲ = οὗ, 


(the so-called Theorem of Pythagoras). 


(v) More generally, if similar figures with areas A(a), A(d), 
A(c), are constructed on the three sides of a right-angled triangle, 
then A(a) + A(b) = A(c). 
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(2) The Circle 7 

Notation: O = centre of the circle; t = tangent; α΄, 2’, «” = 
angles at circumference; μ = angle at centre; a, β = angles 
between chord and tangent (Fig. 431). 

We have the following theorems: 

(i) All angles at the circumference on the same arc are equal: 


ie ae a 


(ii) f= 2a’ = 20"; 

(iii) οἱ τὸ α΄, B= β΄. 

(iv) If 5 is a diameter, a’ = 90° (Theorem of Thales). 

(v) The sums of opposite pairs of angles in a quadrilateral 
inscribed in a circle are equal. 


(vi) The sums of opposite pairs of sides of a quadrilateral 
whose sides are tangents to a circle, are equal. 


Fic. 431 Fic. 432 


(vii) Secant-tangent theorem (Fig. 432): 
13 τῷὸ hl, = hh. 


2. Properties of polygons 

(2) Irregular polygons 

(i) Triangle: | 

Notation: a, δ, ὁ = sides; «, B, y = angles; h,, h,, h, = alti- 
tudes; r = radius of circumscribed circle; p = radius of inscribed 
circle; p,, Py, βο == radii of escribed circles; m,, m,,m, = medians; 
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γ᾽.» Wg, W, = bisectors of interior angles; wz, Ws, W, = bisectors 
of exterior angles; f,, t,, ἰς = intercepts formed on sides by points 


| b 
of contact of the inscribed circle; A = area; s = “τς 
Right-angled triangle (γ = 90°) 
b 
a+ Rac A=— 
2 
ab c 
h, ἘΞ δ᾽ ΓῸῈΞ 7 
_ate—b 
Pa = y) 5 
_b+c—a atb+e _atb—e 
Po = 2 3 ο͵ 2 3 saad 2 
ς 
b α 
Α 8 
ς 
Fic. 433 Fic. 434 


Isosceles triangle (a = δ) 


A=5V4a -- οἷ, 


_ c(2a -- c) __ (2a + ¢) a" 
PS Ah Pee aR? 2h, 
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General triangle 
If p is the projection of ὃ on a, q the projection of a on ὃ, then: 
ap = bq 
c? = gq? + b? +. 2bq, if y > 90° 
c= αδ + δὲ — 259g, if y < 90°. 
If a, and ὁ, are the projections of a and ὦ on ¢, then: 


αΣ --- b= qa — μὲ, 


Further, 
_#+BRP—? a? + 6? — ¢? 
" 2a : > 2b ‘ 
be abe ah, 
ἦς - or = AN’ A= “a? 


A=p.s=p,(s—a), A? = ppaPrPos 
Pa + py + pe =p + 4F, 


Ϊ 1 
— /~ [2 2-2], 
m= 15 (ὁ +c ; 2) 
2 2 2 3 2 2 2 
Ma + my + me = ἡ (a + b? + c?), 


Wy =I Vbcea+b+c\(—a+5+ 0c), 


1 
Oe ξ Σ ΣΣΣ aD — ᾿Ξ 
Wa =F ς ν δεία + ὃ ο)α --δ-λτλ ὦ 
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(ii) Parallelogram: 
Notation: a,b = sides; h,, h, = altitudes; d,, d, = diagonals; 
A = area. 


Then A = ah, = bh, 


and dig = Vai + b? + 2αν b? — hi. 


If a = δ then d, is perpendicular to d,. 


᾿ σ 

Fic. 435 Fic. 436 

(iii) Trapezium: 

Notation: a, b = parallel sides; c, d= non-parallel sides; 


ἢ = altitude; A = area; 5 = ape tets 
Then A= e + 


and h= a Vs(s -- a+ b\(s — οὐ — a). 


(iv) Inscribed quadrilateral: 
Notation: a, b, c, d = sides; r = radius of circumscribed circle; 


atb+c+d 


A = area; d,, d, = diagonals; s = 5 


Then A= νῷ -- als — bs — cs — a), 
r= 4 ν (ab +- cd)(ac + bd)(ad + be), 
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(ab + cd)(ac + bd) 


a= ad+be 
and d,d, = ac + bd (Ptolemy’s theorem). 
If a further circle can be inscribed in the quadrilateral, then 
A = Vabced. 


Fic. 437 


(2) Regular polygons 

Notation: a = length of side; r= radius of circumscribed 
circle; p = radius of inscribed circle; d = diagonal; A = area. 
If n is the number of sides, then the central angle associated with 


oO 


6 : 
= , and the interior angle is (180 - =) . 
(i) Triangle: 


a side is 


ἡ -- 5. ν3 -- Κ᾽ = 3 (h = altitude) 
2 a 

r= Zh=3V3=2 
ὦ -π-π 
2 h2 2. 
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᾿ς (ii) Square: 


(iii) Pentagon: 


r= = V50 + 10V5 = (V5 — 1) 


p= τὸ Ν 25 + 10VS = (V5 + 1) 


a= 5 ΝΟ — 2V5 = 2p V5 -- 2V5 
d=5(V5 + ἡ =5 V10 + 2V5 =p V10 — 2V3 
2 ne ἐπα, τς. -- 
= 5 ν25 + τὸν = ΝΊΟ + 2V5 = 5p? V5 — 2Ζν5 


(iv) Hexagon: | 


r=a=-5pv3 
3 
peaVas_V3 
2 2 
32 .. 2 
A= ν3-Ξ V3 = 2ρὴν3 


(v) Octagon: 
r=5V442V2 =p V4—2v2 
p=5(V2+ I=5V24 V2 
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a=rV2—V2 = 2,ρ(ν2 -- 1) 
A = 2a(V2 + 1) = 2r?V2 = 8p(V2 — 1) 
(vi) Decagon: 


r=5(V5 + ἡ =£ V50 — 10v5 
V5 42V5 V5 --  ΝΊΟ + 2V5 


arcs 

9 
sien man 10V'5 

r2 aan ears a 

4-- Ξ V5 423 = Γ΄ V0 — 2V5 = 2p V25 — 10V5 


(vil) Circle: 
r = radius; / = circumference; 7 = 3-1415.... 
[= 2πῦ 


A =r" 


The ee for angle £ is τος pi and the area of sector with 


[80 


angle β is = an B. 


B. Solid geometry 

A polyhedron is a body bounded by plane surfaces. It is convex 
if the interior angles formed by adjacent planes are less than 
180°. A polyhedron is regular if its surfaces are regular congruent 
polygons and if the same number of polygons meet at each vertex. 

If v is the number of vertices, s the number of surfaces, e the 
number of edges and a the number of angles between the edges, 
then for any convex polyhedron: 


υ τ δ τ ὁ - 2 (Euler’s polyhedron theorem) 
and 26 = a. 
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1. General polyhedra and other solids 


Notation: V = volume; S = total surface; A = lateral surface; 
δὲ = base surface; δ᾽, = upper surface; ἢ = altitude; r, = base- 
circle radius; r,, = upper surface-circle radius; R = radius of 
sphere; a, b, c= edges; d= diagonal; s = generator; m= 
median-section. 

(1) Prism 

V=hS, 


Regular prism (Fig. 438; base-edge a) 
= : ahv3 


S = a(5 V3 +31] 


ι 
͵ 
t 
t 
' 
' 
A 


Fic. 438 Fic. 439 


(2) Rectangular solid (Fig. 439) 
V = abe 
S = 2(ab + be + ca) 
d=VA@+R -Ὁ οἷ 


(3) Circular cylinder Fic. 440 


General circular cylinder: V = ar*h 
Right circular cylinder: A = 2arh 
(Fig. 440) 
S = 2nr(h + r) 
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(4) Pyramid 


h 
V - δ .3 
Regular four-sided right pyramid (Fig. 441; base edge a) 
“a 
= h 


2 
ΠΤ: 


δι 
Fe, a 
oy νιν 
pt Su τ»; 
Fic. 441 Fic. 442 © 
(5) Pyramid frustrum (Fig. 442) 
h ἜΞΕ τ ΝΣ 
V=35(S, + VSS, + δὼ 
. (6) Circular cone 
General circular cone: = smh 
Right circular cone (Fig. 443): A = ars 
S =ar(s +r) 
s=Vre4+ h 
(7) Frustrum of cone 
h 
General circular cone: V= τ Οὗ -Ἐ των, +72) 


Right circular cone (Fig. 444): A = (7, + r,)as 
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Fic. 443 
(8) Prismatoid 
V = 2(S, +S, + 4m) 


(9) Obliquely-cut right three-sided prism 


(10) Sphere 


v= “πα; S = 47 R? 


Spherical zone between two parallel planes (Fig. 445) at distance h: 
V= τ (Br? + 3,2 + Ὁ 


δ' Ξε πίγξ + 2RA+ Pr? 
A =27Rh 


~ “ 
~ www 
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Spherical segment with altitude h (Fig. 446): 
th 
V = = (37 + #) 


S == 7(2r? + h?) 
A = 27Rh = π(ὶ + h?) 
Spherical sector (Fig. 447; r = radius, h = altitude): 


2 
a mee 2 
| V= 3 aR*h 


\ Spherical wedge (« = angle formed 
by boundary planes): 


me 7 ἘΞ. 
Ν a ra {πη 
Se “a (11) Ellipsoid (semi-axes a, ὁ, c) 
aa 4 
Fic. 447 = 3 mabe 


(12) Ellipsoid of revolution 
V= 5 mab? (2a = axis of rotation). 
(13) Paraboloid of revolution 
V= ; ar*h 
(14) Truncated paraboloid of revolution 
V= Σ πρὶ + rh 
(15) Anchor ring (Torus) 


r = radius of rotated circle, R = distance of its centre from 
axis of rotation: 
V = 27*r?R 
S = ἀπ Κα 
524 . 


FORMULAE 
2. Regular polyhedra 


There are only 5 regular convex polyhedra, the ‘Platonic’ 
solids. Notation: R = radius of circumscribed sphere; r = radius 
of inscribed sphere; a = edge. 


(1) Tetrahedron (Fig. 448; 4 equilateral triangles) 


ya V3 5 -- εξν 3 


V= αϑ S = 6a? 
a a 
=5 V3 as, 


(3) Octahedron (Fig. 450; 8 
equilateral triangles) 


3 
=5 v2 S = 2εδν 3 


e 
6 Fic. 450 
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(4) Dodecahedron (Fig. 451; 12 regular pentagons) 


<i y=“ (15 + 7V3) 
S = 3a? V5(5 + 2ν 5) 
R=F(1 + V3)v3 


_a [50 + 22V5 
ce” 5 


Fic. 451 


(5) Icosahedron (Fig. 452; 20 equilateral triangles) 


: 543 
γ-- τς Θ Ὁ V5) 
S = δοῦν 3 
R=5V26 + V5) 


7+ 3ν 5 


ον 


Fic. 452 C. Trigonometry 


1. Plane trigonometry 


(i) The trigonometrical functions sine, cosine, tangent, secant, 
cotangent and cosecant of an (acute) angle « are defined by the 
following relations in a right-angled triangle (Fig. 453): 


sino = cos ἃ = Δ αὶ = 


Q 1g 
ΟἹ ἃ 


526 


c 
cosec ὦ = a sec ἃ = 


(See also p. 471 ff.) 


The angular functions sin «, cos «, tan «, cot « can be repre- 
sented by the segments marked in Fig. 454, where the circle has 
unit radius. The four quadrants are denoted by I, HU, Ill, IV. 


b 


Fic. 453 Fic. 454 


(ii) The signs of the trigonometrical functions in the 4 quad- 
rants are 
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The angular functions in the four quadrants are related as 
follows: 
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(iv) Relations between angle and arc-length in a circle of unit 
radius: 
The arc-length associated with the angle « is 


arc α = 27 τεῦ (α measured in degrees) 


are ἃ 


Numerical 


wale 0-017 | 0.524 | 0-785 | 1-05 | 1-57 | 3-14 | 4-71 | 6°28 


(v) In a general triangle, not necessarily right-angled (Fig. 
455), the following theorems hold: 


(1) Sine theorem 


Fia. 455 


(2) Cosine theorem 
a? = 03 +- c? — 2bc cos α, 
b? = a* + ε — 2ac cos β, 
ΟΣ = αϑ + δ5 — 2abcos y. 
(3) Tangent theorem 


a— B α -- 7 β-- 

5 Ἢ 5 c=. tan —— be tan 5 
ho ye yen τ ;---- 

ox tan +f are tan = pane tan SY 
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(4) Cotangent theorem 


If ga STO FE and p = a 


then: 


αι s—a s—b 
cot5 = ——; eee = : cot ὦ = 
2 p p 2 


s—c 
ρ 


(5) Area of triangle 


1. , oon 
A = 5. 4bsin y = 5 ca sin B = = be sin α. 


(6) Radius of circumscribed circle 


eee EP en Ὁ Ὁ 


~ 2sine 2sinB 2siny 
(7) Radius of inscribed circle 
B γ 


α 
p = (s -- a) ἴδῃ 5 = (5 — δ) ἴδῃ 5 = (5 -- c) tan. 


(8) Mollweide equations 


pl β--γ 
(ὁ + c)sin > = acos 5 
we . bay. 

(Ὁ — c) cos 5 = asin —> 


(9) Altitude formulae 
« “- Osiny = csin β, 
h, = csin« =asiny, 
h, = asin β = bsin a. 
(10) Projection theorem 
a=bcosy + ccos β, 
b=acosy + ccos a, 
c=acosf + b cos a 
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(vi) Connections between trigonometric functions: 


sin? a + cos? a = 1, 


sin a 1 
tana =-—— = 3 
cosa cota 
COS a 1 
cota = —— = --- 
sin α tan a 
—— = 1 + tan’ a: ee 1 + cot? «. 
cos* « > sin? « 


tan « 


tan ἃ 1 


/ mer 2 ---ΞΞΞΞῷὨὉΞΞ Ξ------.-- oo O==—======== = 
ce V1 + tan2«| V1 + cot? « 


1 cot « 


VA -- εηϑ ΞΕ ΝΘ ἘΠ (eee ᾿ς ρα ΘΒ 
: Beran V1+tan?a|/V1+cot?« 


sin α V1 — cos? « 
V1 — sin? « 


V1 — sin? « 


sin α 


(vii) Addition theorems for trigonometrical functions: 
(1) Addition theorems 


sin (a + 6) = sinacos 66 + cos « sin β 
cos (« + £2) = cos acos β F sin α sin β 
tan « + tan β 


tan (α ΞῈ β) τ TS tanatanB 
ἐδ ς΄ : 


cot β- cota 
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(2) Sums and differences of functions 


er ἘΠ ee apse οἰ 
2 2 
: , atp.a—f 
sin a — sin β = 2 cos 7 Sin τς 
ἘΠ. oe 
2 2 
ΠΕ ea i 
2 2 
cos « + sin f = 2 sin [15 - 5) sin (45° +2#4 
cos (« ΞῈ β) 
Ute sin « cos B 


2. Spherical Trigonometry (see p. 406; Figs. 292, 293) 
(1) The right-angled spherical triangle (c = hypotenuse) 


cose = cosacosb 
cos c = cot « cot B 90° < a + B < 270° 


wo ksi 90° <a — p< +90° 


cos 8 = cos b sin α 


e sin a sin b Φ ° 
smna=—s3; snp=- sina< sinc 
sin 6 sin ὁ 
tan ὃ tana] . : 
cosa = ——; cosf = --- ᾿ snb< sine 
tan ὁ tan c 
na tan ὁ 
tan ἃ = ——; =: 
sin ὃ sin a 


(2) The oblique spherical triangle 
(i) Sine theorem: 
sin a:sin b:sin c = sin %:sin B:sin y 
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(a) Side-cosine theorem: 
cosa = cos bcosc + sin bsinccos « 
cos ὦ = cosc cosa + sinc sin acos β 
cos c = cosacos ὦ + sinasin bcos y 


(b) Angle-cosine theorem: 


cos ἃ = — cos Bcosy + sin β sin y cosa 
cos β = — cosy 008 ἃ + sin y sin « cos ὃ 
cos y = — cosacos β + sina sin β cosc 


(ii) Altitude formulae: 
sina sin β = sinbsin« = sinh, 
sin ὦ sin y = sinc sin β = sinh, 
sinc sina = sinasiny = sinh, 

(iii) sin acos β = cos bsinc — sin bcos ccos ἃ 
sina cos y = cosc sin b — sinc cos bcos « 
sin a cos ὦ = cos β sin y + sin B cos y cosa 
sin a cos c = cos y sin β + sin y cos 8 cosa 


(iv) Delambre’s and Gauss’s equations: 


ὁ SOs c_ .a p-y 
sin 5 sin —,— = sin 5 cos —5— 
_% b+te a “πὰ 
sin 5 008 —5— = 008 5 cos —5— 
a, b—-c .a, β-- 
cos 5 sin —5— = sin 5 sin —5 
a b—c a, Bt+y 
COs 5 COS —5— = 008 5 sin —5 
(v) Napier’s equations: 
δὲς βιγ α΄ β--γ 
tan ---τ -- cos = tan 5 cos 5 
Bry δα... a b—e 
tan 5 cos 5» “- cot; cos 5 
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Se Pay oe ey, 
tan 5 sin 7 = tan 5 sin 5 
β-ν. b+e _ a. δε 
tan ΠΝ sin a Ξ- cot 5 sin ae, 
εὐ νεὸς ee 
2 2 
then 
pe [sin (s — δ). sin (s — ὦ SS) ος ὁ -- [sin s . sin (5 — a) 
DON Gb ee τ 75 sinb.sine Ὁ 


a — cosacos(o — a) a cos (o — f)cos(o — y) 
in== | ——_———,, cos = = [--------.---..--- ο΄. 
2 sin β sin γ 2 sin β sin y 
(vii) If S = Vsin s. sin (5 — a) . sin (s — ὃ). sin (s — ὦ), 


2S 


then sing = ----------- 
sin bsinc 


If Σ = V—cos σ. 008 (6 — a). cos (6 — f) . cos (σ — 7), 


x 
then sina= 5 em 
sin β. sin y 
ee sin (5 — a). sin(s — δ). sin (s — 6) 
(viii) fk = |/ ἘΠῚ 


+ 


a sin(s—a 
then cotx = uh ΞΟ 


2.5 k 
cos (σ — «).cos(o — B).cos(o — y) 
If κ- |, 
— cos ¢ 
+ 
ee gant Os (Oe) 
2 K 
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| s—b S—C 
» δ tan 5 tan 5 

and tan (:- ἢ) - ἘΞ ΞΞ 
tan 5 tan ------ 


If d = 360° — (a + ὃ + c) (spherical defect), 
then 


2 2 


ο σ-β α'. σι 
tan (45 ae Se ) tan (4s = ) 


d “ὦ 
tan 1 ha tan (45 Ἕ 4 tan (45 oe *) x 
+ 


o—Pp σ-- 


tan tan 
a 2 2 
an 2 an 5 


(x) Spherical in-circle radius p: 
given by tanp = k. 
(xi) Area of spherical triangle: 
given by A = R?arce =r*e (ε in radians). 
(xii) Area of spherical lune with angle « (radius of sphere R): 


given by A = 2R? arc a = 2R*%a (α in radians). 
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V. ANALYTICAL GEOMETRY 


A. Analytical geometry of the plane 


x,y are the rectangular cartesian coordinates of a point 
P = P(x, y), x being the abscissa and y the ordinate. 


1. Transformation of coordinates 
(i) Parallel translation of the (x, y)-system: 


x=at+x x =x— a; 
Ory yry—b. 
The (x, y)-system passes over into the (x’, y’)-system by parallel 
displacement of the axes so that the point (a, b) becomes the new 
origin. 
(ii) Rotations and parallel translation of the (x, y)-system: 
x=a+x'cosa—y' sing; 
= (x — a)cosa + (Ὁ — δ) sing; 
Pie eo 
= —(x — a) sin « + (y — δ) οο5 α. 
2. Relations between coordinates of points 
(i) The distance d between two points P,(x,, y,) and P(x», ν» 


is 
= V(x, ---- Χο)" + Or; — yo). 
(ii) The coordinates (x, y) of the point P(x, y) which divides 
--- 
the segment P,P, in the ratio m:n are 


_ aX, + Mx, _ Mt hea 
mtn ’ m+n 
where (x, y;) and (x2, y.) are the coordinates of P, and P,. 
(iii) The area A of the triangle with vertices P,(x,, v1), Po(Xo, γο), 
P(X, Vg) 18 
Δ = x12 — Ya) + Xs — YW) + 801 — Yad} 
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(iv) The area A of a polygon with n sides and vertices P,(x,, γι), 
«oy PalXas Yn) 15 


A = ἔΐχι» — Vn) + X23 — VD) + χορ τ Yd +-- - 
+ x AY 1—~y n-D}- 


3. Equation of a straight line 

Let m = tan ¢ be the gradient of the straight line relative to 
the x-axis and « the angle between the x-axis and the positive 
direction of the normal to the line. Let (a, 0) and (0, δ) be the 
points of intersection of the line with the x- and y-axes respec- 
tively. The perpendicular p from the origin onto the straight line 
is taken as positive or negative according as its direction is or is 
not that of the normal. 


(i) General form: 
Ax+ By+C=0 = (A, B not both zero) 


ΠΝ ae eee. eee ee 
OS TB OSS Bp OS Bp PS Tay Be 


; B A 
sin ἃ = ——=——==, cos ἃ = ----------- 
V A* + B V A? + B? 


(11) Hessian normal form: 
xcosa-+ysine—p=0 
(iii) Straight line through the point (xo, yo) with gradient m: — 
VAY = MX — %) 


(iv) Intercept equation: 
eer ee 


(v) Straight line through the points P,(x,, y,) and P(g, ye): 


A  .,)ι.. Tami 
Χ- Xy Xo — XxX 
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(vi) Equation of the straight line through the point P,(x,, ») 
and forming angle 6 with the straight line Ax + By + C = 0: 


BtanO.— A 
yi Gand BY 
(vii) Distance d, of the point P,(x,, γι) from the straight line 


Ax + By+C=0: 
ries Ax, + By, ἘΦ 
1 VAR BP 
- (viii) Point of intersection P,(x9, γο) of the two straight lines 
A,x + By + C, = 0, Ax + By + C, =0 (4.4, 4 AQBy): 


ee B,C, — BoC, = CA, ae CyAy 
0 3.8, --4,8, 2° A,B, — A2By 


Angle 6 between the two straight lines 
Axt+ By tC, =0; Ax+ By + C, = 0: 
A,B, — A,B, ΝΜ, -- Mm, 
A,A, + B,B, mm,+ 1 
(ix) Three straight lines | 
AnX + apy +4 3=0 (i= 1, 2, 3) 


are concurrent if 


tan 9 = 


1α, εἰ - 0. 


4. Conic sections 
(1) The general equation of the second degree. The general 
equation 
Ay X? + 2ayoXY + α,.}5 + 2aygx + ogy - zg = O 
represents a conic section (curve of the second order). We dis- 
tinguish the following cases: | 
(i) Proper conic-sections, when A = |a;,| 4 0: 
(a) Real ellipse: 435 > 0; a,, and A with same sign. 
(Ὁ) Imaginary ellipse: Agg > 0; a, and A with different 
signs. 
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(c) Circle: Agg > 0; @y, = dog; Qj, = 0 (rectangular co- 
ordinates). 
(d) Parabola: Aj, = 0. 
(e) Hyperbola: A,, < 0. 


(ii) Degenerate conic sections, when A = 0: 


(a) Real pair of straight lines, with finite point of inter- 
section: Az, < 0. 
(Ὁ) Pair of parallel straight lines: Aj, = 0, 
real if A,, <0 or 4,. < 0, 
coincident if A,, = 0 or Ag. = 0, 
imaginary if A,, > 0 or Ag. > 0. 
(c) Imaginary pair of straight lines with real, finite point 
of intersection: Aj. > 0. 


Fia. 456 


(2) The circle (Fig. 456) 
(i) General equation: | 
x? + y? + 24x + 2By + C=0 
(ii) Coordinates of centre (a, δ). radius r: 
α- οὐ ἘΠἠ Ο -- δ)3 ΞΞ γ 
(ii) Centre at origin: 
x? + γ ΖΞ r2 
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(iv) Centre he on x-axis at point (a, 0), origin lying on circle 
vertex equation): 
y? = 2ax — x7 


(v) Circle through the three points P,(x,, 1), Pale: 7)» 
P5(Xg5 Ya): 

x2 -+- y* x y 1 

sit yi my γι 1 

χξ ἘΣ Xo Yo 1 

χ ἘΞ χα ys 1 


(vi) Tangent through the point P,(x,, y,), where (a, δ) is the 
centre of the circle and r the radius: 


(x —alx,-a +(¥- Dy, -D =P 
(3) The parabola (Fig. 457). 
Vertex-equation: 
y® == 2px 


Equation in polar coordinates 


9 


ΝΕ Ρ 
P= ΤῊ ςοςθ 


(In this equation the focus of 
the parabola is the pole of the 
coordinate system.) 


Fic. 457 
(i) Tangents through the point P,(x,, y,): 
+ Vyi — 2px 
y-y,=4 Ji PY — x) 


2X4 


(ii) Tangent with gradient m: 


pore δὲ 
UN ae 
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(iii) Normal at the point P,(x,, y,): 
PY — yd +(x — x) = 0 
(iv) Length of the focal line from the point P,(x,, γι): 


r= xy εξ 
(v) Area of the segment cut off by the chord with end-points 
P(X, γι) and P(e, Yo): 


_Q — yo)" 
as τ 


(4) The ellipse (Fig. 458). Equation referred to principal axes: 
x 2 
at δὲ 

where the lengths of the major and minor axes are 2a and 2b 
respectively. 


= 1 


Fic. 458 


Polar equation, relative to centre as pole: 
δ' e 
== ——,—5,,_{e = numerical eccentricity = - 
Ρ T= & cos? 6 a 


(i) Tangents to the ellipse through the point P(x, y,): 
--χ νῷ & V δὲχξ + ay? — ab? 


aq? — x? 


D aha aed (x — x,) 


Tangents with gradient m = tan φ: 
yomx=+ Via + B 
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(ii) Normal through the point P,(x,, yp: 
y— n= θα τ 
(iii) Abscissae of the foci (linear eccentricity): 
ε; τ- τ να -- 5, g=—-Vae—B 
(iv) Focal lengths of the point (Ρ.(χ3, γυ): 
γι ΞΞα -Ὦ Χηδ, ΥὉῷ ΞΞ  -- Χχξ 


(v) Area of the elliptical zone between the minor axis and 
parallel chord at distance x,: 


b mcg 
= XV a — xi +a sin a 


(vi) Area of the whole ellipse: 
᾿Απε πα. 


Fic. 459 


(5) Hyperbola (Fig. 459). Equation referred to principal axes: 

x2 y 

a BP 

where the lengths of the major and minor axes are 2a and 2b 
respectively. 
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Polar equation, relative to centre as pole: 
b? 


ὅς a Ὁ ΄ 
1 -- εὐ cos” 0 


ρ 
6 e e 6 
€ = numerical eccentricity = ᾿ . 


(i) Tangents from the point P,(x,, y,) to the hyperbola: 
— Ἄγ) ὥ χὰ 2472 2h2 
V1 + b°xi + a*yi ta (x — x;). 


8 Soe 6 i ae — x 
Tangents with gradient m: 


y—mx = + ν μιβαἷ — δι 
(ii) Normal through the point P,Q, γυ): 


αϑ 
ΨΞΕΞΞ — Fie τ. 
(iii) Asymptotes of the hyperbola: 
~42=0; ~~2=0, 


α΄ * ab 
(iv) Abscissae of foci (linear eccentricity): 
6. Ξε να -Ὁ RP; ὁ, = —Va + 65. 
(v) Focal lengths of the point Ρι(α;, y):. | 
r= atxe; re = —(a— χιε). 
(vi) Area of the segment of the hyperbola cut off by the chord 
x=: 


A= xy, —abIn (24%) (x, > a). 


B. Analytical geometry of three dimensions 


x, y, 2 are the rectangular cartesian coordinates of a point 
P(x, y, z). The axes conventionally form a right-handed system, 
i.e. regarded from the positive z-axis, the y-axis stands at a posi- 
tive angle 90° relative to the x-axis. Where more suitable three- 
dimensional polar coordinates r, 0, ᾧ are used instead. 
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1. Transformation of coordinates 
(1) Parallel translation of the (x, y, Z)-system 


x=at+x x =x-—a 
ysbt+y 7γΞ»- 
z=c+z’ 2=z—C. 


The (x, y, z)-system passes over into the (x’, y’, z’)-system by 
parallel displacement of the axes so that the point (a, b,c) 
becomes the new origin. 

(2) Rotation and parallel displacement of the (x, y, z)-system. 
The (x, y, z)-system passes over into the (x’, γ΄, z’)-system by 
parallel displacement of the axes so that the point (a, b,c) 
becomes the new origin, followed by a rotation of the axes. If the 
cosines of the angles between the (x’, y’, z’) and (x, y, z) axes are 
denoted by 


then we have: 
X= A+ yx! + ay + az" 
y=bht By’ + Bay’ + B32’ 
z=et γιχ' + yoy + γ52᾽ 
x = a(x — a) + By -- δ) + γι( -- ὦ 
Y = a(x — a) + Bly — δ) + oz — ἡ) 
2! = a(x — a) + Bly — δ) + γί — ὁ). 
The «,, β;» γι are related as follows: 
Σ αἱ Ξε Σ βὲ Ξε δ γὶ τε αἱ Ἔ βὲ Ἔ y=, 
Σ 0,3, = Σ Biv, = 2 Veh, = α,α, + BP; + viv; = 0 


(i,j, k = 1, 2, 3) (i τε ἢ. 
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2. Relations between the coordinates of points 
(i) The distance d between two points P,(x,, γι» Ζ) and 
Po(X2, Yas 29) is 


d = V(x — %)? + ΟἹ — Yo)? + Gi — 29)”. 
(ii) The coordinates of the point P(x, y, z) which divides the 
--ὄ.».. . 
segment P, P, in the ratio m:n are 


P MX + nx, 7). + Nyy Σ MZ, + NZ, 
πο ——— "5 —_— oO? —o eee 


m+n m+n m+n 


(iii) The area A of a triangle with vertices P,(x1, y1, Z)); 
P (Xe, y 2? Za), P 3(%3> 3» Zs) is 


MM 4 
A=—57| %2 Ya 72} 
%3 Js %3 
where d is the distance of the plane of the triangle from the 


rigin. 
Ἵ Gv) The volume V of the tetrahedron with vertices P,(x,, ». 2,); 
i= 1, 2, 3, 4: 
3 γι Ζι 
X2 yo Ζς 
X3 V3 23 
Xa Ja %4 


ONL "αὶ 
— pt μὼ opt 
Φ 


3. The plane 

A plane is thought of as having a fixed normal associated with 
it. We regard the positive side of the plane as that side into which 
the positive direction of the normal is directed. «, B, y denote 
the positive angles (< 180°), which the normal makes with the 
axes. a, b, c denote the intercepts of the plane with the axes. 
The perpendicular p from O onto the plane is positive if it has 
the same direction as the normal, and negative if not. 

(i) General equation: 


Ax + By+Cz+ D=0. 
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Then 
A BB 


i οἷ -.--.} sy dole 
COS ἃ = 53: cos β = 58. cosy = Do 


The sign of the root establishes the direction of the fixed normal. 
(ii) Hessian normal form: 
xcosa-+ycosP +zcosy—p=0. 
(iii) Intercept equation: 
~+7+2—-1=0, 
(iv) Planes through the point Po(%9, Vo, Zo): 
A(x — Xo) + Bly — yo) + CZ — %) = 0. 
(v) Plane through the points P,(%, »»» 2); Pe(Xe Ye 29): 
P5(X3, Yas 23): | | 
x y 2 
χι )}ῖ 21 
Xg 2 %2 
x3 JVs 423 
The distance d, of the point P,(x;, y1, Z,) from the plane 
Ax + By + Cz+ D=0: 
fe Ax, + By, + Cy + D 
VA? + B+ C2 
The angle 0, in which the planes 
Ayx + By + Oz+ D,=0 
Agx + Boy + Caz + Dz = 0 


»ὶ μὸ μὰ νειν 


intersect: 
4.4. + B By, + CC, 


cos 0 = ----ΞΞΞ-ΞΞ--ΦΞΦΞε-- ΞΞΞΞ------Ξ--------- -Ξ -------- 
νΑΣ + Βὲ Ὁ Ci VAR Ὁ Βὲ Ὁ ΟΣ 
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The coordinates of the point of intersection of the planes 
A,x + By + Cz + D, = 0 
Ax + By + Cz + D, =9 
A;x + Buy + Caz + Dz = 0: 


; “δι. B GQ ' A, -D Ὁ, 

x= D —D, B, ς, J = D 4, —D, Cs 
—D; Bz ὦ A, —D; Cg 

1 A, B, = D, 4, Βι Ci 

Z= D Ay B, — D, D = Ag B, C, 
Ag B; —D 3 Ag B; C; 


4. The straight line 


A straight line is determined by two independent equations of 
the first degree in x, y, z. 
(i) General form: 


Ax+ By t+ OQz2+ D,= 
A,x + By + Cyz + Dy, = 0 
(straight line as intersection of two planes). 


(ii) Simple form: 
y=mx+b 
Z=nx+e 
(straight line as intersection of two planes, one of which is 
perpendicular to the (x, y)-plane, the other perpendicular to the 
(x, z)-plane). 
(iii) Straight line through the point P(x, yz, Ζι) with direction 
a, B, y: 


cosa cosf cosy’ 


(iv) Straight line through two points P,(%,),,2,) and 
Ρχ(χ 9, Yas Za): 


Se απτασαα μκις τοττιιιιιινν ..--ὅ- ὦ 
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Angles «, 8, y between the straight line defined by the planes 


Axx + By + Cyz+ D, =0 
Ax + Boy + Cyz + Dz = 0 


and the axes are given by: 


AG 1G 4 _ 1A B 
ee τῆν} 5. 6, WIC, A.) “8” ~ Nl Ay Be 
where 
N? =x BG)? |G AP, [41 8, τ 
BG) © | GA Ay Be 


and N may be either positive or negative. 
Angle 6 between two straight lines with directions α}, Ay, γι 
and ας; By, 72 is given by: 


cos θ = cos a COS ας + cos βὶ cos By + Cos γ1 COS Vp. 


Shortest distance d between the two straight lines 


wee eee es Ὁ LL I B 


d — -- cos COs e 
an ἢ Vi — Ja By Be 
Ζι aes 29 Cos γι Cos V2 


5. Surfaces of the second order 


(1) The general equation of the second degree. The general 
equation: 


QyyX? + ayyxy T+ Gog y® + 2aygxZ + 26,3} + A332" 
ΟΝ 2044X + 2ax,V Ἔ 2,42 + agg = 0 
represents a surface of the second order. 
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We distinguish the following cases: 


I. Proper Surfaces: A #0 


A>0 


— A<0O 
Aga, A Aggy 
not both >0 


Aas A’Agy > 0 


Au > 0 dis ciaie Scrat 
AyAr, > 0 Imag. ellipsoid Ellipsoid 
Ans #0 / “ 
Haw ἄμμε Hyperboloid | Hyperboloid 
not bo of one sheet of two sheets 
> 0 
Elliptical 
Au > 0 loi 
ΓΤ paraboloid 
Aq, # 0 Boon Hyperbolic 
44 < paraboloid 
II. Degenerate surfaces: A = 0 
A’ #0 A’ = 0, A” #0 
A’ =0 
A” =0 


A’>0 | 4° <o0 | 4° #0 


ee a Cenc len 


cylinder 


41, <0 Real pair 


of planes 
Imag. : 
Parabol. | parallel pad os Double- 


cylinder | pair of pee plane 
planes | 


Ay - 0, Au = 0, 
Ay, #0 


FORMULAE 


where 
Pe ἄν yp Qo (158 Q33 431 
= 
Qo, Age Azo (33 αι Ay 
Ags = ἀμ + dep + (35 
7 
A = Ay, + Age + 43. + Aas 
A’ = Gy, Ape Qy, Ag Qy, Ay Qo gg 
= + 
Qo, Age Q3; 433 Qyy Ay Azo Asg 
+ Agg Ang 4 Qs, (5 
Ayo Aggy QA, Ay 


m 
4 = Ay + gg +H Ogg “Γ Aga 


(2) Particular surfaces of the second order. The general equation 
of the second degree can be brought, by suitable coordinate 
transformations, to the normal forms appropriate to the particular 
surfaces of the second order. 


(i) Real ellipsoid: 
x2 oy? 2 
atRptan! 
(referred to principal axes). 
(ii) Hyperboloid of one sheet: 


x2 γ3 ze 

atpa-an! 

(referred to principal axes). 
Asymptotic cone: 

x2 γ3 “2 

αἱ ἢ δὲ 3 


(iii) Hyperboloid of two sheets: 


= 0. 


x yp 2 
StR-ati=0 


(referred to principal axes). 
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Asymptotic cone: 


χ yh 
at pan? 


(iv) Elliptical paraboloid: 


x2 vy 
ria aca 


(a and b have the same sign). 


(v) Hyperbolic paraboloid: 
2 
———-=22 


b 
᾿ (a, ὃ positive). 
(vi) Real cone: 


x γξ 72 
at pa a 


(vii) Imaginary cone: 


(viii) Elliptical cylinder: 


x2 2 

get ge 
(ix) Hyperbolic cylinder: 

a νϑ 

gi ml. 


(x) Parabolic cylinder: 


τς Ὡς 


a b- 
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C. Vector calculus 


1. Definitions 

(i) A scalar is a function of the position-coordinates (x, y, 2) 
which associates a numerical value with every point. In what 
follows scalars are denoted by small greek letters. 

(ii) A vector is a function of the position-coordinates (x, y, Ζ) 
which associates an absolute value and a direction with every 
point. Vectors are sometimes indicated by arrows. Two vectors 
are regarded as equal if lengths and directions can be made to 
coincide by parallel translation. We shall denote vectors by small 
latin letters in heavy type, a, b, c, and the corresponding 
absolute values [4], |b|, [6], by a, ὃ, c. 

(iii) Components of a vector: suppose we have a rectangular 
coordinate system (x, y, z) and vectors i, j, k each with absolute 
value 1 (unit vectors), whose directions coincide respectively with 
the directions of the coordinate axes. Then a vector a can be 
uniquely represented in the form 


a=a,i+a,j+ ak 


where @,,, @,, ας are real numbers, the components of the vector a. 
We also write 


2. Vector Algebra 
(1) Sum of two vectors. The sum of two vectors 


a+b=c 


is a vector ς which depends on the summands a and b in such a 
way that it is represented both in length and direction by the 
diagonal of the parallelogram, two of whose sides proceeding 
from the same point as the diagonal are represented by a and b. 
In terms of components: 


a, + b, = Cz 
a, + by = cy 
a, + ὃ, = Cy 
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The following rules hold for sums: 
a+b=b+a 
(a+b)+e=a+(b+4+c). 


(2) Product of a vector and a scalar. The product da of a vector 
and a scalar is taken to be the vector 
b = ¢a 


with absolute value b = ad and the same direction as a. In terms 
of components 


δ, = φα, 
b, = pa, 
b, = φα,. 


(3) The scalar product of two vectors. The scalar or inner 
product a. b of two vectors a and b is a scalar of magnitude 


a.b=abcos¢ 


where ¢ is the angle between the directions of a and b. In terms 
of components: 
a.b= a,b, + a,b, + a,b, 
we have: 
a.b=b.a 


(at+b).c=a.c+b.c 
(Aa) .b = A(a.b) 
85 = |al?=a.a 
j-k=k.i=i.j=0. 
If a. b = 0, the vectors are perpendicular to one another. 


(4) The vector product. By the vector or outer product aa b of 
two vectors a and b is meant the vector 


c=aab 


which is perpendicular to the plane determined by a and b (the 
vectors a, b, c forming a right-handed system) and of magnitude 


c= |aab| = absing 
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where ¢ is again the angle between a and b. In terms of com- 


ponents 
C, = (arb), = a,b, — a,b, 


cy = (anb), = a,b, — a,b, 
c, = (anb), = a,b, — a,b, 
We have: 
(i) avAb=-—baAa 
(a + b)Ac = (adc) + (bac) 
(Aa ab) = (aA Ab) = A(anb) 
iAi=jaj=kak=0 
iaj=k; jak =i; kai =j. 
(ii) a.(bac)=b.(caa) =c. (arb) 
aA (bac) = b(ac) — c(ab) 
(aa b)(ca d) = afba (ca d)] = (ac)(bd) — (be)(ad) 
ad (bac) + ba(cAa) +ca(aab) =0 
(aab)a (cad) = c[(aa b)d] — d[(aa b)c]. 
(iii) a. (bac) is the volume of the parallelepiped defined by 
the three vectors a, b, c. If aa b = 0, the vectors a and b are 
parallel. 


Separation of a vector a into two components of which one 
is parallel to, the other perpendicular to, an arbitrary unit vector e: 


a= e(e.a) + ea (ade). 


The vectors a, b, c proceeding from a point form a tetrahedron 
with volume 


V = 20. (anb). 


3. Vector analysis 
(1) Gradient. Let 6 = $(x, y, z) be a scalar. Then the gradient 
of ¢ is defined as the vector 


op 


cf Fk. 


grad φ = 15” TI 
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Using the vector operator 


eee δ ὃ 
V =! Dx +] ay +k 3 
the gradient can be expressed in the form 
grad ὁ = V¢. 
VG+ty=VE+VY 
Vigy) = φὴὺὴ ῳ + ψνφ. 


(2) Divergence. The divergence of a vector a is defined as the 
scalar 


We have 


di da, δα, da, 
Va oe Gy OF. 


Using the vector operator V, 


diva = Va, 
the inner product of V and a. By twice applying V to the scalar, 
we obtain: 
Op Fb δφ _ 


V(V4) = div gradd = τις +55 ὃν + 3: = Ad, 


where V V is written as Δ. 
We have 
V(a+ b) = Vat Vb 


AG + py) = Ad + Ay. 


(3) Curl. The curl of a vector a, curla, denotes the vector 
with components: 
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Using the vector operator V7, we can write 


curla=V Aa. 
We have 


V A(at+ b) =(V Aa) +(V Ab). 
(4) Relations between grad, div and curl 
div (ad) = diva + agrad ¢ 
curl (af) = φ curla — aa grad Φ 
div (aa b) = bcurla — acurl ἢ 
curl (a A b) = (Ὁ grad) a — (a grad) b + adivb — bdiva 
grad (ab) = (b grad) a + (a grad b) + aacurlb + bacurla 
curl grad ὁ = 0 
div curla = 0 
curl (curl a) = grad (div a) — Aa. 
Using V these formulae become: 
V(ad) = φνἃ - ανῴ 
V A(ad) = φίν λα) — (an V4) 
V(aab) = b(V aa) — a(V AD) 
V A(aAb) = (bY Ja — (Δ) + a(Vb) — b(Va) 
V (ab) = (bV )a + (aV)b + aa(V Ab) + bA(V Aa) 
V a(V¢) =0 
V(V Aa) =0 
V A(V Aa) = V(Va) — Aa. 
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VI. SPECIAL FUNCTIONS 


In this section we deal with the properties of special functions 
which are of particular significance in geometry and physics. In 
the individual cases we shall give 


(a) the definition of the function concerned, as the solution 
of a differential equation, or in terms of other functions; 


(b) important representations as a series, an integral or a 
product; 


(c) functional equations, addition-theorems, differential co- 
efficients, orthogonality relations, asymptotic behaviour at 
significant points; 


(d) relations with other functions discussed here. 


1. Exponential functions 


The exponential function exp (x) = e* is the simplest integral 
transcendental function without finite poles or zeros. 


(1) Differential equation 
γῶ — y@) = 0 
where y(0) = 1. 
(2) Development as series 


2 en, sg «ἀ 
ΧΡ) ΞΞῚ ἘΠ 5 ἘΞ) Ἔ τ: 0 


where ~00 <x < +0. 
Limit 
MN τὰς 1 
exp (x) = lim (1 + *) = lm ———, 
n— oo n n—0o 1 os x 
{-ὸὼ 

(3) Differential coefficient: 
e* 


ax 
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Addition theorem: 
exp (x ++ y) = exp (x) . exp Ὁ) 
(Because of the addition theorem we may write exp (x) = 65.) 


Special values: 


exp (1) = lim (1 Ἔ ἢ == 6 = 2°718281.... 
exp (427i) = 1; exp (477i) = —1. 


2. Logarithmic functions 


(1) The natural logarithm f(x) = In x is defined as the inverse 
function of the exponential function, i.e. by the relation 


εἶπα = Ine* =x 


(2) Representation as series 


2 x3 χά 
πα Ἐλ) πτ τ τ ξ τῆ Ἐν» 
where --1 «χ- +1. 
x2 χϑ x! 
πα a da ae 


where —1< x < +1. 


x 3 
(5 + 5 


5 (sara) τ΄ 
τὴς 2a+x Bee | 


where 0 << a<0w0,—-a<x< ©. 


x—1  1/x—T\) 1 (χ -- 1° 
inx = 2155543 (Fa) +3 (Fea) 1: Ὁ} 


where 0 << x < ©, 


G2 | hs 


x 
Ina +x) = Ina +2{5-— + 


Differential coefficient: ae Inx=- 
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Functional equation: Inxy =Inx+Iny 
—1 
Limit: Inx = lim = (x > 0) 
s—0 ὃ 


Singularities: In x has essential singularities (branch-points of 
infinite order) and is therefore infinitely multiple-valued. The 
function-values in the individual branches are separated by 
multiples of 277i. 


3. Hyperbolic functions 
(1) Definitions 


. ο΄ -- ρος e+e 
sinh x = cosh xX = 
2 2 
et -- e-* e* + ο΄ 
tanh x = +e coth x = of et 


sinh x and cosh x are solutions of the differential equation 
γὺ) — γο) = 0. 
(2) Representation as series 
x 
5! 


x4 
coshx = 14+ = SoH. , |x| <0 


εἰπῇ χ =x th ἘΞ Ἔ..., ‘|x| OO 


χϑ 2 17 “ΠΤ 
— —_——_— — -Φτιι ----- - 7 --α 
tanh x = x 3 + 75% 315 se Ix] <5 


25.(25"5 — 1)B 
= > (- ἡ 3S χϑη-- 


n=1 
xcothx = 1448 pee genial a |x| <a 
3 45 945 SP 
2258 
η.-- n on 
! δι Onl 
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Differential coefficients: 
d d 
— sinh x = cosh x — cosh x = sinhx 
dx dx 
d 1 d I 
nos cosh?x dx coth x = — sinh? x 


(3) The hyperbolic functions are related as follows: 
sinhx 1 
coshx  cothx 


cosh? x — sinh? x = ] tanh x = 


sinh (x + 5) = icosh x cosh (x + 5) =: {sinh x 


sinh (~x) = — sinh x cosh (—x) = + coshx 
tanh (—x) = — tanh x coth (—x) = — coth x 
1 coth x 
cosh x = V1+ sinh? x = --Ξξξξξξε- -:--- -------------- 
a V1—tanh?x Vcoth?x -- 1 
tanh 1 
sinh x = Veosh? x — 1 = === — 


V1 — tanh? x = V coth? x — 1 
sinh x V cosh? x — 1 1 


ee V1 + sinh? x ~ cosh x ~ coth x 
ΠΕ Vi1+sinh?x _ cosh x ες il 
come Ἐπ τ sinhx ἢ Vcosh2x—-1]  tanhx 


(4) Addition theorems: 
sinh (x + y) = sinh x cosh y + cosh x sinh y 
cosh (x + y) = cosh x cosh y + sinh x sinh y 


tanh x + tanh y 


tanh (« + y) = ΤΊ tanh x tanh y 


coth x coth y + 1 


coth (x = y) = coth y + cothx 
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Functions of double arguments: 
sinh 2x = 2 cosh x. sinh x 


cosh 2x = cosh? x + sinh? x 


2 tanh x 
tanh 2x = TF tanh? x 
coth? x + 1 
coth 2x = τ 


Function of half arguments: 


: he = sinh x _ coshx — 1 
ae 2 coshx+1 ββἰπῆχ 


G2 sinh x __ cosh x ἘΠ 
oe 2 coshx—1l1 sinh x 


Sums and differences of the functions: 


sinh x -& sinh y = 2 sinh ~ ἜΣ cosh ΤΣ 
x+y x—-y 
cosh x + cosh y = 2 cosh 5 cosh 5 
cosh x + cosh y = 2 sinh > i =< 
2 2 
sinh (x + y) 


allen ae cosh x cosh y 


sinh (y + x) 


coth x + coth y = sinh x sinh y 
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Products of the functions: 
2 sinh nx sinh mx = cosh (n + m)x — cosh (n — m)x 
2 cosh nx cosh mx = cosh (n + m)x + cosh (n — m)x 
2 sinh nx cosh mx = sinh (n + m)x + sinh (n — m)x 
(5) Connections with trigonometric functions (see below) 
sinh x = —isin ix cosh x = cos ix 
tanh x = —itan ix coth x = +icot ix 


4. Trigonometric functions 
(1) The trigonometric functions can be defined as follows: 


: et baat οἷ et” +- et” 
1x = τ - - cos X = rT 
2i 2 
Ἔ _- i(e* ae “οὐ, oe i(e** + εἴ) 
ΠΧ- eit + οἷ ΟΟΥ Χ = et ... οἵ 


sin x and cos x are both solutions of the differential equation 
γ΄ Οὐ) + yx) = 0. 
(2) Development as series 


: ee χ' χϑ 
510 Χ ΞΞ ΤΊ 4 bse |x| < 00 


x2 xt x8 
csx=1—-S Ἔχ] Etec |x] < ὦ 


re) 2.075 oe 1) 


7 
— > Ee eee an—1 st 


fea) 225 
en a πο 2n 
xcotx = 1 2, Cony Bn* » |x|<a 
(the B, are Bernoulli’s numbers, see p. 580). 


Representation as product: 


© x2 
sin 7x = πχ Il (1 = a) 


k=1 
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Differential coefficients: 


4. d ; 

— sin x = cosx —cosx = — sinx 
ax ax 

7 t eae cot x 
—tanx = = os ee 

ax cos? x ax sin? x 


(3) The trigonometric functions are related as follows: 


: sin x 1 
sin? x + cos* x = 1 tanx = ------- = ------ 
cosx cotx 
sin (x + 7/2) = cos x cos (x + 7/2) = — sinx 
sin (—x) = — sinx cos (—x) = + cos x 
tan (—x) = — tanx cot (—x) = — cot x 
tan x 1 
sin x = V1 — co? x ΞὸΗ --- :- - - Ξ- -- ----- - = - .ἕ--Ἔ--.-...-.-: 
Vi-+tan?x vV1+cot?x 
cot x 
cos x = V1 — six? x = --- Ξ-ΞΞΞΞΞεβξὅ-5--ὄΞ-: = --ΞΞΞεΞΞΕΞΞ-ἕ--Ἠ-- 
V1 + tan? x —- ~ V1 + cot x + cot? x 
sin xX V1 — cos? x 1 


Addition theorems: 
sin (x + y) = sin x cos y + cos x sin y 
cos (x + y) = cos x cos y F sin x sin y 


tan x + tan y 


tan (x $y) = 1 Ξ tan x tan y 


coty a cotx 
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Functions of double argument: 


in dx = 25) _  2tanx 
sin 2x = 2 sin x cos X = Fe 
1 — tan? x 
τὸ ρα δίνω, BINS ee ον ον 
cos 2x = cos* x — sin* x Te ταπὲχ 
ee oe 2 tan x 
Dax = 1 — tan? x 
cot? x — 1 
ala 2 cot x 
Functions of half argument: 
_ x fl —cosx 
ἢ πὶ 2 
x fi+cosx 
οοδ5 τὶ [τ 5 
ΠΡ ΝΒ snx — 1—cosx 
an 1+ cosx. sinx 
x sin x 1 + cos x 
cot = = —— = —_—— 
2 1—cosx sin x 
Sums and differences of the functions: 
sin x + sin y = 2sin~=7 cos 
cos x + cos y = 2.cos~ 3 cos* >” 
cos x — cos y = —2 sin > + sin >> 
_ sin(x + y) 
tan ΧΟ ΣΕ tan ym cos x COS y 
sin (Ὁ + x) 
cotxicoty= sin x sin y 
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Products of the functions: 
2 sin nx sin mx = cos (n — m)x — cos (nm + m)x 
2 cos nx cos mx = cos (n — m)x + cos (ἡ + m)x 


2 sin nx cos mx = sin (n — m)x + sin (n + m)x 


Special values: 


1:1 


sin (n.7) Ξε 0 sin (π|2. πὴ = (-- Ὁ ” 
cos (". π) = (—1)” cos (7/2 .n) =0 
(n=0,1,...) (n = 1,3,.. .) 
(4) Connections with hyperbolic functions 
sin x = —isinh ix tan x = —i tanh ix 
cos x = cosh ix cot x = +icoth ix 


5. Inverse trigonometric and hyperbolic functions 
(1) Definitions 
sin! x, cos!x, tan-!x, cotx 
sinh! x, cosh7!x, tanh7!x, coth7?x 


are defined as the inverse functions of the trigonometric .and 
hyperbolic functions. Thus 


sin (sin-! x) = sin-! (sin x) = x 
cos (cos~! x) = cos! (cos x) = x 
tan (tan x) = tan (tan7! x) = x 


cot (cot—! x) = cot! (cot x) = x 


sinh (sinh—! x) = sinh! (sinh x) = x 

cosh (cosh—! x) = cosh7 (cosh x) = x 

tanh (tanh—! x) = tanh (tanh—! x) = x 

coth (coth— x) = coth (coth=! x) = x. 
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(2) Representation as series 
1 1 3x8 
in) x = rage aan acs 
sin“ χε χα ἐπ Ἐπ Gates [Χ[ ΞΞ 1 
δ 
ΠΕ ΤΕ ΝΡ ὦ 


x? 
3 en i [Χ[ <1 


1 x. xe 
tanh x =coth* > =x+ a+ 5+... |x] <1 
(3) Differential coefficients 


d I 
— sin x = 


ax Vo --Ι- χ « +1, 
where the sign of the root is positive if —7/2 < sin x < 7/2. 
a Ὁ 
7 “95 Se —Il<x< +1, 
where the sign of the root is positive if 0 < cos“! x < 7. 
d d I 
ol ΣΟΙ nea neh en ee ee 
1. aa χ πε τος οἴ x =F + x8 for all x. 
d(sinh-! x) _ 1 | = d(cosh x) | 1 
ax Vx 4 1? dx Vz 1 
d dcoth— x 1 
fan ee 
πὰς 1— x? 


Sums and differences of the functions: 
sin“ x + sin y = sin (xV1 — y? + yV1 — x?) 
= cos (V1 — 2 V1 — y? = xy) 
cos"! x - cost y = sin (yV/1 — x? + xV1 — 7’) 
= cos! (xy F V1 — x8 V1 — y’) 


x+ty 


-1 τιν = tan-1 
tan x + tan y = tan 1 ¥ xy 
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sinh! x + sinh-! y = sinh (xVy? + 1 + pVx? + 1) 
= cosh? (VWx2 + 1 Vy? + 1 + xy) 
cosh-! x + cosh-! y = sinh (yVx? — 1 4+ xVy? — 1) 
= cosh" (xy + Vx? — 1 Vy? — 1) 


-1 = eee 1 *ty 
tanh x + tanh eT xy 


Special values: 
1 1 1 
—] ἐϑυς; ἕως pas τὸ ὩΣ 
tan 1 τ π|4 - 1 --τ Ἐς 7... 


(Leibniz’s series). 
Singularities: The functions each possess infinitely many values 


for a givenl argument. On each branch lie two branch-points of 
the first order whose branch-intersections run to οὐ. | 


(4) Representation by means of logarithms 


sin-! x = +iln (—ix + V1 — x?) 
cos x = +iln(x +iV1 — x’) 


ee Ξ 1+ ix 
tan x=-> Ing; 


{1 pase ix — 1 
am cee a | 


sinh-! x = In (x + Vx? + 1) 
cosh! x = In (x + Vx? — 1) 


1 1+x 
--Ἰ στὸ as ey 
tanh x=5ln; 


x+1 
x—-l 


coth-! x = 5 In 


6. The I'-function 
(1) The function I(x) is a meromorphic function of x with 


simple poles atx = —n (n = 0,1,2,. . .) and residues (—1)"/n!. 
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It is uniquely defined by the following conditions: 


(Ὁ ΓῸ Ὁ 1) = x1), 
(ii) I(x) is real and positive when x is real and positive, 


(iii) for real, positive x, [I’(@)P < ΓΟ) ΓΟ), 
(iv) Td) = 1. 


(2) Representation as integral 
ee) 1 1\2-1 
I(x) =| ett dt = { (1n ) dt (R(x) > 0) 
0 0 


T(x) =|" e-tt?-1 dt + > re: a. 7) x arbitrary 


Representation as product: 


1 = x 
sce nas ee Cz wes 
το ~ * ἢ {τ}. 


© 


n 


m | 
where C = lim ($ —In m) = 0577215... 


(C is called Euler’s constant). 


Representation as limit: 
a es ee re ad 


T(x + 1) = lim (x + Dix +2)...+n) 


(3) Functional equations 
Dix + 1) = xT) 
No) Pd — x) = —— Ξ- 


7 


1 1 
Ρ(: τ)γ(: -ῇ τοῖς 


Asymptotic behaviour (Stirling’s formula): 


1 
— «(ὦ -- ὁ) Nn 2-ὦ + — + —— + x7 


568 


FORMULAE 
Special values: 
Tant+l=nt (n=0,1,2,...) 


Ta) =TQ) =1 


7. The 6-function 


(1) The 6-function is not a function in the usual sense, being 
only defined as a distribution. In using d(x), therefore, a certain 
amount of caution is needed. The d-function satisfies the 
conditions: 


(i) d(x — ὃ =O forx ¥t. 
(ii) ic — ὃ 41 Ξε 1. 
(2) Fourier-representation 
(x -- ὃ = = 1. 36. dz 


Series representation 


If },(x) is a complete orthonormal system d(x — ἢ can be 
represented by the series 


de -- ὃ = ῷ d40)4,0 


Representation as limit: 


- G9 
a(x — ὃ = <= πὶ |e =] 


1 
ὅρα τ ῦ = πη Ea 
ax -- ὃ => tim [55:5 -- 5} 
ἐπ(α-- ) 
seed err 
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Special properties of 6(x): 
O(x) = 6(—x) = δ); d(x) = 0, x40 


ad(x) = ὃ (=): x8(x) = 0; f(x) = f(0)5(x) 
+0 
(a: x83) = flax); [᾿ flO8e — Nat = Ποὺ 


+00 
{ d(x — Hd(s -- δά! = d(x — ὃ 
Differentiation of the function: 


é(x) = — : 8(x) = ~—6"(—x) 


= 500); So) = (9 4 ow) 


ΓΕ 


We have the following formulae for the differential coefficients 
of d(x): 


+0 
[ Κῦδᾳα — dt = f’(), if f’(x) is continuous for t = x 


| δα — δίς -- ὃ = δ -- 5) 


+0 a” 
[feo ξα ote — oat = (1 Gf, 
if f oe is continuous for t = x 


(3) Decomposition into 6,(z) + ὃ (2). As a function of the 
complex variable z, δ(Ζ) has poles of the first order at ie and 
Be: a : 1 1 ; : 
—ie, with residues + i and — aT We can split 6(z) into a 
sum of two functions, each of which has only one pole: 


(2) = 6,(2) + ὃ (ἢ 
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where : 
1 1 1 = 
6,(z) = 5 | 6) -- P| Ὁ ds e*8* 
1 lim 1 
= Ἔ -— 


Ini! ae mea — ie) 


Ι I een Oa —isZ 
6_(z) = 5 6) +P =| oP ἬΝ ds e 
1. I 
2πὶ ταν z+ie 
The following relations hold between 6,(z) and ὃ (2): 
6,(z) = 6(—z) = d*(z) = (6_(@*))* 
ὃ (2) = 6,(—z) = δὲ (2) = (6,@*)*. 
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Vil. SERIES AND EXPANSIONS IN SERIES 


1. General 
(1) The formal sum of infinitely many terms 


De = + tt... 


is called an infinite series. If the partial-sums 


nr 
Ss, = 2M 
tend to a finite limit 
s = lims,, 
n—> CO 


the series is said to be convergent; otherwise it is said to be 
divergent. The limiting value s of a convergent series is defined 
to be its sum, and we write 


co 
δε Σ᾽ ὦν. 
y=] 


ice] οο 
> % is said to be absolutely convergent if δ |u,| is also con- 
y=1 


vergent; otherwise it is said to be conditionally convergent. 
(2) A power-series is a series of the form 


P(x) ΞΞ Σ ανχ' = Oy + AX + ἀρχὴ + ces 


where the a, are constants and x is variable. For every power 
Series there exists a value p >0, such that P(x) is absolutely 
convergent for all |x| <p and divergent for all |x| >. p is 
called the radius of convergence, and the interval ~p << x < +p 
the interval of convergence. We have: 


p= (lim V Ια.) 
n— ὦ 


or 


ay 


p = lim 


n->0O Ω͂, 1 
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A power-series P(x) represents a function of x within its 
interval of convergence. It may be differentiated term by term 
within this interval. In what follows the interval of convergence 
will usually be given in the form [—a < x < a]. 

(3) If f(x) is differentiable (ἡ + 1) times in the interval 
(x, x + ἢ), then we have Taylor’s formula 


fle +) = fo) +27) + EPC) +... FAIMD) 
prt 

TG + 1)! 

where 0 < 6 < 1. The last term is the remainder-term. If this 


tends to 0 as n tends to infinity, we obtain from Taylor’s formula 
the Taylor series. Other forms of the remainder terms are: 


n+ 
Raa = a f(x + Oh), 


rays 1? ial (x + Oh), 


and 
h 
Rar =a [ PM +O = δ" αι 


If we put x = Ο and ἡ = ξ, we obtain Maclaurin’s formula or 
series: 


AO =fO) + ἐγ... Tf 


+ — ——— fimtngé)  O<0<1. 


(4) Tests of convergence 
(i) If |u,| < Clv,|, where C is a constant independent of n, 


and if v, is the nth term of the sequence > v, which is known 
n=0 
to be absolutely convergent, then > u, is absolutely convergent. 
n=0 


(ii) Σ u,, is absolutely convergent if 
n=0 
lim |u,|“"<1  (Cauchy’s test). 
m—> CO 
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(iii) If for all n > N, where N is a fixed number 


u 
—Htl<p<il, 


then > u, is absolutely convergent (d’Alembert’s test). 
n=0 


oO 
(iv) > u, is convergent if 
n=0 


(Raabe’s test). 
(v) > u, is convergent if 
n=0 


im fu (Me ἢ μας τ 


n> 0 n 


2. Series for known functions 

The intervals of convergence for the following series are given 
(where necessary) in square brackets. 
(1 - x)* is convergent for real x [-1 <x < +1]. 


n(m — n(m — n)(2m — n) 


S142 ") 
(1 + x) =14+“x-" x x? +- 31 γῇ x 
—n\2m—n)...[kK—-D)m— 
+ (— en MA OC I a xe 
+.. 


Q+xt=H1—x+x—-x*4+x'-.... 
ee ee ὁ ον asians 


ViFx=1+5 eee MoD aa ES ως, 


1.1.3.5 
2.4 2.4.6 5.4.6 .-8 

+. 

1 1 1.3 1.3.5 1.3.5.7 
Vita πὰ 2 ἫΣ μὲ 5.4.6 Ὑ5χ.4.6. 8" 


+. 
led Oat GREW Slee OR σ 15. 
tamarefer tte bbtay bhbd 

τ τες tt 

dapat fea bbe bE 
( Ἔλα τοι Ἐ1χ τ τοῦτ της το σῆτες Ἐν οον 
( -ἰἼὐ Ξ l-gxts ΕΝ ΡΝ 
ἢ ὟΝ 
ΠΕ ΠΕ νν 
(1+ x8 = 1 Ἐξχ- Ξ x2 24 OO Sob, 
(lt aye -τῖξχ τ τ αὶ τ Cot at 
x x 2x" 4x4 8x8 


ee ee ae ae ee er” ae oie 
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x x x* x4 
a oe a Ποστι τω Cee 


11 4 2 2 4 24] 
1 oe eet ee pe > 1. 
In the following series, B, are Bernoulli’s numbers (see p. 580) 
and £, Euler’s numbers (see p. 580). 

x. χα x! 


51 Χ Ξε χ ποτὰ ἜΣ 7p tee. 


co x2nt+l 
= 26-0 Gam ἰδῶ 
χ χὰ x8 
csx=l— > Ἔχ) "61 Τ᾿ ᾿ 
co a x2n 
= 2 (—1) Onl [x? < oo]. 


] 2 17 62 
tanx=x+ gx + TEx + 375% + 5935 * ... 


οο 255(255 a 1) ΣΝ Σ oT 
=2, σῶν Be Ε ᾿ 1] 
1 x 1 2 1 
ee Be ed πῆς a pate dss Senos ..-- X! 
Ὁ αἰ 45" gas 47s δ 


1 2 2358, 


xen [0 <x? <7]. 


1 5 61 


co 


= 2, a τ E = τ] : 
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coseex= tt txt eget sat. nts 
simtxext set type 751 
= > maya [x? < 1]. 


l 1 1 
ΞΟ oe νον 
tan?x =x get sx 5x! + 
roa) anti 
= —_])" 2 
2A 5, εἴ [x? ΞΞ 1]. 
ΠΥ ὁ: 8. 
Ξ τ ἢ} t+3rpetarsliee] ἢ Τ᾿ 
= x oe) 22"(n!)? ( x2 Ὶ 4 
“T+ 8 SoQn+ DIT +e oe 
ἀπὸ τς he Se, 
ll aaa et 30 5x8 + 7x7 ὺ 
7 = 1 
ΝΣ > ( 1) (Qn + 1)x2"41 [x? > 1] 
geet es! ee eee 
“2 2.3 χϑ 2.4 . 5χὺ 2.4.6.7χ δ 
π Sf Cn ον 
“2. So πη + 1) Pos 
; xe x x? oo tnt 
sinhx = xt 5+ +7 +---= 2 G4! [x2 << oo]. 
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x4 oO x2n 


cosh x = = 1 ee 2! ae 4! oe 6! Ὁ ae (ny! [x? < oo]. 


17 


.--.-.. »7 
Ἴ])ς Ὁ aposs 


l 2 
tanhx=x— 3x9 + 75% 


co 22022" τὸς 1) Ἐ 
ἜΝ (2n)! Bax [ od | 


xeothx=14+5x°- 7 aut κἢν “" 


-- 1-Ὦ > (— pyr 2 si π \2n De < 2], 


1 1.3 
inh-! x = x — ~~ ΠΣ ΒΕ ΝΣ 
sinh x = x 5». 3 + 5 


< 2n)! 
= 2,(-D wayne μ᾽ <1] 


1 1 L204 
. a | ΣΞ 2b 1.5} 
sinh x=In2x +555 ee eee 


᾿ 2n)! 
ΠΣ > irony, ma ἊΝ ee [x? > 11. 


cosh“t x = In 2x — ῦ σὰς SG. 


22x 2.44x4 
Σ (2n)! 


eee Ξι 2°"(n!)?2n 


xan [x2 > 1]. 


1 1 ἫΝ 
ἰαπη ἢ χ τε χ τ τ αὐ τ extort... 


oO χη 


on & 1 [x2 < 1]. 
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1111 1.31 
Sr Bake Sn Nahe 
sina 038 ΤΣ 4 5χδ 


(2n)! ἀπ 
=> (- 1)" PGT ἃ Χ [x2 > 1]. 


= in = — =a [x2 < 1]. 
ae ~ + xe 1)" ats, xan D2 < 1]. 
ρίξει dade SET pon 


3. Numerical series 


ἫΝ 1 1 1 1 a | 
Writing δ᾽, ΞΞ τὰ Ἔ 5π Ὑ 53η Ὁ πὴ... 5 2. χν we have: 


k 
S; = © 
ae 
δὰ =F = 1-6449340668 ... 
S, = —_™__  1.2020569032 ... 


2579436 ... 


ar 
δι = 5p = 10823232337... 


" 
δὲ = 505-1215 ~ 1-0369277551 ... 
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778 
S, = 045 = 1:0173430620 ... 
go 


S; = 5995-286... = 1-0083492774 ... 


ar8 
Ss = 5459 = 1-0040773562 ... 
T° 


Ss = 59749-35 = 1-0020083928 ... 
Si9 = 10009945751... 


Bernoulli’s Numbers 
22n—1,,20 ] 1 1 1 Ὁ... | 


“Gat Ba = pat gt 3:5 Ἢ get... = 2 Ge 
- a 
Qn—1 __ 1)2n 
' oat B= ia gat τς BRT 
= 3D 
8ι => B, = sa 
B, = xy B,=% 
B= 7 B= 5" 
B, = 3 = Ee 
ck = 174611 
ἐξ 330 
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Euler’s Numbers 


qrantl 1 1 1 
Bray] Hn = 1 το Gaer Ἢ goer — ἼΣΗ Τ' oe 


— 2 Oa 


k=1 
E, = 1, E, = 1385, 
Ε, = 5, Ε, = 50521, 
E, = 61, E, = 2702765. 
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VIII. DIFFERENTIAL CALCULUS 
1. The differential coefficient 


The differential coefficient, or derivative, —4— 
function f(x), is the limiting value 


h) — 
70) ΤΥ Gas is Te i (x), 

h-0 
If f’(x) exists at the point x, then f(x) is said to be differentiable 
there. The function is then also continuous at that point. If the 


differentiation process is repeated, the higher derivatives of f(x) 
are obtained. 


d (df)\ _ &fx) d2flx)\ dfx) 
5 (=) == ge = S09: 4 (2) -Se 


If a function z = f(x, y) depends on two variables x and y, two 
partial derivatives can be formed. Regarding, e.g., y as constant 
and f(x, y) accordingly as a function of x alone, the partial 
derivative of the function with respect to x, denoted by 


a = f"(x) of a 


= f(x ), etc. 


Oz Sy) y) 

x? ——— or f(x, y), is: 
OZ ime + 2 — fix, y), 
ox ar 


and similarly 


oz ες moe ἘΘ -) 


k=O 
oz Oz 
Ἢ 


is the total differential of Ζ. 
By repetition of the process, we obtain the higher partial 
derivatives 


} 052 
7ὼ ὭΣ Ox?’ In = a In = oy” Sots ~ ὃχϑ᾽ ΡΞ == Ox*Oy’ etc. 
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2. Rules for differentiation 
(1) If f(x) and g(x) are differentiable functions of the variable 
x, then 


d d d 
τ. SO) - 8) = FSO) Ὲ =F 80); 


d d g 
Fy A) « 802) = 80) FSC) + SO) | 8) 


@ (4) _ fg) — "Οὐ, 
dx \g(x) 2(x)? 


For the nth derivative g Ἢ = = f(x) we have: 


Fs Mo)) = SMEG) + (1) /°MEIEME) + ον 
+ fxdg@. 


(2) If y = f@) and u = g(x) are differentiable in the domain 
under consideration then 


Ὡς Gude Ξ 8 
The higher derivatives are: 


eats (a) ee 
ἀχὸ du® \ dx du dx?’ 
dy dy (=) d*y dud*u | dy du 


ia ae Vas jada” @wac 


(3) If y = f(x), x = g(y) are inverse functions and 2 # 0, 
then | J 
d*x 
dy 1 dy "ἀν 
dx ἀκ ΠῚ etc. 
dy dy 
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(4) If the interdependence of the variables x and y is given in 
the implicit form f(x, y) = 0, then 


0 0 
df= Hh dx + F dy = 0 
of 
and, uD ~ 0, 

of 
OY aN es Sa 
dx ἢ ἢ, 

ὃν 
dy ss _ Seafi ἜΝ 27.7.7. + filo etc 
dx2 | de 93 3 


(5) Differentiation of integrals 
(i) Differentiation with respect to an integral-limit: 


d {* ad {* 
= | oa = -Φ [πα = f(x) 


(ii) Differentiation with respect to a parameter, where the 
limits a< t< ὃ are independent of x: 


d ὃ b ὃ 
= [κα pdr = [ 5 J, t) at 


(iii) Differentiation with respect to a parameter x where the 
limits a = a(x) and b = δ(χ) are also dependent on this para- 
meter: 


b(2) δ 

sol [ Κα, ὃ dt = b'(x) f(x, b) — a(x) f(x, a) + [ © hx, t) dt 
dx a(2) a Ox 

3. Special cases of differentiation 

da 


“ἘΞ 0 (a constant) 
dx” —_ m1. 
dx ~*~ * a> 
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da* 

Ἴ- = ina; 7 = e* 
d log, x dinx 1 
dx x 0&8 Ge = 
dsinx _ 

ee = COS X 

AcosSx _ ee 

“ΠΝ sin 

dtanx _ l 

dx  cos*x 

dcotx _ I 

dx _—sin® x 


—l1<x<+1 


᾿ : να ee 
(where the sign of the root is positive if — = < sin’ x < + 


2 
ἄχ * Νν] -- χϑ 


(where the sign of the root is positive, 0 < cos“! x « πὴ) 


dx FM Tye 62 2 
© cottx= --τ--ἰς, 0<cotIx< 
2, 99 Χ Ξε ΤΙ» Cc 7 
dad. 

Fy sinh x = cosh x 

ΠΕ" 

Fx 098 x = sinhx 

LO ae 

dx enn Χ = cosh? x 


if —-l<x< +l 
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3) 
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as cothx = — 


dx sinh? x 
d 
— sinh! x = een 
dx x7 +1 


d I 
—] -— nn eee 
ak cosh x = + ee 


d d (coth x) 1 
Bite i a ctl Sea 
ae tanh x = ae i—x2 
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ΙΧ. INTEGRAL CALCULUS 


A. General formulae 


Definition of the indefinite integral. The function F(x) is an 
indefinite integral of f(x), and written 


F(x) = § f(x) dx, 
4} “2 


if 
= F(x) = f). 
Since F(x) + C is also an indefinite integral (C any constant) 


we write generally 
§ f@) dx = F(x) + C. 


Definition of the definite integral. If f(x) is continuous in the 
interval a = χῃ ΞΞ x< x, = δ, which is divided by the points 
Xy + + +) ΧΑ into n sub-intervals such that the length of each 
interval tends to 0 as n tends to οὐ, then there exists, independently 
of the special subdivision chosen, the limiting value 


G(a, δ) = ἔπι ¥ AEN — χε), 
where &; satisfies the condition x,_, < ¢;< x;. 


If 
J fd) dx = FX) + C, 
then 


G(a, b) = { ᾿Κὼ dx = F(b) — F(a). 


The connection with the indefinite integral arises here if the upper 
limit ὃ = & is variable. In this case: 


[fo a = FO - FQ =FO+¢, 
a function of the upper limit. Since 
d fé 
4. [ fo) & = FO =SO, 
F(&) is an indefinite integral of ΚΕ). 
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ω [cfde=c| fa)ar, 
where C is independent of x. 
@ fe zeclar= [para [κε de. 
(3) Integration by parts: 
[κόσω ae = FONG) — [FE)g0 a 
where F(x) = f(x) and G’(x) = g(x). 
(4) Integration by substitution: 
[ 19 & = [Aeong'on φ. 


where x is put equal to g(y). 
ὃ a 
(5) [ 70 «ἃ --Ξ -- ἢ f(x) dx. 
b b ὃ 
[ [/@) + g(x)] dx = [ T(x) dx +f g(x) dx. 
b δ ὃ 
{ f(x) dx = [ I(x) dx + [ (x) dx. 


b b 
[ udv = μ(δ)υ(δ) — u(a)v(a) — [ vdu. 


(6) Suppose ὦ = ¢(x) is one-valued in a< x < band f(a) = 
t(b) = B. Suppose the inverse function x = φ() is also one 
valued in a<t< β, and that #(x) and φ( have continuou 
derivatives in the intervals under consideration. Then: 


b B 
[ flo) ds = | $060) $C) de 
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B. Indefinite integrals 
1. Rational Integrands 


(1) | ot aye + aan +. . . Ἔ ἀρχὴ) dx = agx + Fx? 


+384... τ pw + Ο. 
(2) [στιν σεν τ ἡ Ξὸ --ἰ. 
8 fpr pnt καὶ 
ῷ | =n cert 8) 
(5) ἘΣ de = 95 ἘΠ n(x D4C. 


dx 1 ax + ὃ 
(6) Ga eed) ade remy ΔΝ τς 


ax 1 
(7) arene pitt +O 


(8) [πῇ πα = jin cot + of, 


x -1 
(9) [πα ape tO 


dx 1 4% 
(10) [-ῷ2--: - tan τ Cc. 


dx 1 
OD | xega tia aeate 
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dx 1 ax —b 
(12) ἀρὰν -- δὲ Ὁ ὰ ὩΣ +b 
(13) {ay eu ee ΞΞ 5 nig C(x? — a’). 


(14) a i = In C(x + 1). 
(15) ace ee C= Sal ae 
x2 + 1 oo  έι 
= — cot tx + CG. 
2. Algebraic Integrands 


(16) Ϊ Vax + ὃ dx = ~——~— (ax + by" + Ὁ, 


ἄττα 


(17) (= Tau τ — Da ΟΣ + bj" ς. 


p/n dx = 
(18) [@ +- 5)?" dx (n + p)a ear 
p= i, + 2,. . . (but p τ —n). 


(19) "| V¥dx = (F + =) v¥ 


ac—b ax+b 
+2 0G, ( -- Ἐν) fora>0. 


μα, (55 + νὰ). for a> 0; 


* dx —] ax +b 
20 [2 - i ee ee 
150) νχ : 


(αχ -+- byt p/n | C, 


V-a VR— 


1 
— In C,(ax + 5), for b? — ac = 0. 
a al ) β 


* =: gx* 2 x ἜΧΟ. 
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‘ | 
(22) | a 1 ee 


ie ee συ σα. v8 Fa — Fin C(x Ἐ να: a} 


Vx? + a 2 2 
dx 1 Vx2 + a 
ἢ Ϊ χὸν χϑ 4 @? “ @ x ε: 


(25) { χν χἕ -Ἐ @dx = : (x2 + a*)P? + Ὁ. 


(26) | eva + @dx= = (2x2 +a)vVxr2+a 


— Fin ce + Vx? - a’), 


a/ x2 2 “/ geen 
a (= : red = Vip a4 σα 5 te 5. 
x V¥e+a+a 
(28) ἜΝ deere Ξ + C, |x] >a>0 
xVx¥2—a@ a [x| ᾿ ὶ 
ἄχ x x 
29 —————= = sin C = tan? —— ΚΓ 
( ) (= sin Ja] * an Veo 
_ 
(30) | eae - vere +c 


3. Transcendental Integrands 


G31) | onde = jet ς. 


* X¥=ax’*+2bx +e. 
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of 


pais a AE 
(32) [« dx = τσ + C. 


dx x 1 : 
(33) | arian +b5)+C, 640. 
dx a « [4 x 
(34) | aoe : + C, for ab>0. 


(35) [xe ἀκ -- Ξ" στο Ἐς, 
(36) [χὰ ππχαχτχεσ 
(37) [ sin x dx = —cosx + ¢ 
(38) { cos. dx = sin x ἐσ 


—1 
(39) J sin? x de = 5} sin x cosx +5 + C, 


ax 
(40) ae = In tan > 5 + C. 


dx 
(41) [-.- —cotx+C. 


(42) | cost x de = 5 sin x cosx +3 +C. 
dx | 

(43) [-ῷ: Ξαχ τα 

(44) J tam x dx = — In cos x + C. 


(45) [ tan? x de = tanx—x+C. 
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(47) 


(48) 


(49) 


(50) 


(51) 


(52) 


(53) 


(54) 


(55) 


(56) 


(57) 


{ cota ἀκ = tn sin x + C. 
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[ cot x ae = —cotx+C. 


[ sinh x de = cosh x + Ὁ, 


[ cosh x aie = sinh x + C. 


= = intanh? + Cm in —* +0, 
| ae = — coth x + C. 
| ae ae - sin— (tanh x) + C = cos ax +C, 

= tan (sinh x) + Cy. 

| sor ey = tanh x + Ὁ. 
[si ph 5 dx = x sinh = — Vx8 + αδ + C. 
| cosh = =X cosh"! = —~Vxe—a@+C. 
[- sinh~ = Σ dx = ant = sinh= - νίχϑ + a+ Ὁ. 
| x cosh! = de = x © cosh-t* - 1 γί χϑ -- a+ C. 
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C. Definite Integrals 
1. Rational Integrands 
Ἕ dx 
O | are 
eas 1). or os eee b i 
~ =e LVac— δὲ Vac — δὲ 


a>0, ac> 6. 
1 b : 
oOo YP 7 n 
2) [ ἀπ Eo ---()}" 
nb sin — 
n>p=1,2,...; ab>0. 
xml  xn-m-1 ar mr 
3 (= ae dx = = cot ---. 
mn=1,2,...3m<n—1. 
oO y~m—l  yP—l 
@ | a =e | cot — cot], 
ae 
| m,n,p=1,2,...32>m, n> p. 
mn dx 
O | πτκετεν 
te ee azalz 2) 
~a@—D! a |@ +B \2a7 a)! 
n=1,2,...;a>090, dD>0. 


Ὁ Ax? + 2Bx+C 
© |, Gtr a” 
__ 8B ΤῊΣ (AV bd + CV ac) 
ad — be 2Vabed (Vad + Vb) 
a, b, Go”, ad = be. 
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2. ἘΠ Integrands 


dx | dd 
O | Gey tet ove” Vint 
a>0, b>0, ac> Bb. 
@ [ __Vxde cho Rea ee 
ax*-+2bx +c — V 2a(Vac + 5) 


a>0, b>0, ac> δ3, 
σα. ee ey ee ee 
a (ext+adV(x—alb—x) Vac +d\be + d) 
ac+d>0, be-+d>0. 
dx = σα [Vac + d— Vbe + dP, 


c4#0, ac+td>0, be+d>0. 


V(x — αὐ — VE~ ὅς χ)ὰ 
(10) os Γ΄ oxtd 


(11) eae = [η (1 + V2). 
x dx - 
(2 [ Ver a = a(V2 ἘΞ 1). 
δ᾽. x ax | - 
(13) [ Vera = 5 (V2 — in (1 + V2)). 
3. Transcendental sew! 


[ & y + de” 
(14) esas gn ie 
| 16 £0, (y + de”)(y + de*) > 0. 

1 ηδατϑ b+ Vb 


aVi! ep τ A, a, b> 0, 
(15) { Seb Jo 
0 ΣΝ ----Ξ ΞΞ- tan-! ἘΠ ᾽ 
AV —b Va+b 


A>0,0<—b<a. 
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2 dx π 


(6). pee 1.0 
xe e—2 
OO Gaeape ἢ 
© p-at ο-βα B | 
(18) [ Ta ee a, p> 0. 
= ον qr 
(19) { ο 1 dx = 6 
fo) x ar κω ΒΕ." Vr 
(20) [ Pri’ =P (21) [ e~“ ax = 7 
(22) | e~*' dx = 2 e~*@" dx = 7 | A> 0. 
—@ 0 
e b*—ac 
(23) | e-(at*+2be+e) dy = [ae ” , a>0. 
— a 
2 b? —ac 
(24) | ο΄ (αὐ θα ὸ χ dx = = “e ae a> 0. 
Ἐ ἑ ἃ δ᾽ -- ας 
(25) eax θα 6) x2 Jy = a + 26" - eo* : a> 0. 
ΒΡ 2a Na 
| 1 
(26) ! (In x)* dx = e™* Tk + 1), k>-—l 
1 1 ax | 
ol ines es) [x va. 
0 x 2 0 1 
In - 
x 
1 Inx πϑ 1 Inx a 
(29) [e+ (30) | we τ 
1 Inx ar 1xInx a 
(31) [Ξ τ: τ- 85) [τα τς - τὸ 
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(33) Ϊ e*Inxdx = - 
0 
(C is Euler’s constant, 0.577215665... .). 


(34) { einxde= -- [7(C4 nan, A> 0. 
0 


(35) [ ; J (sin x) cos x dx = 0. 


1/2 
(36) | J (cos x) sin x dx = 0. 
--π 2 


—. ᾿ a> [6], 
a {2 dx 
6 [χηέπας- ees + VER αὶ 
VRP a — ge 
[δ] < |al. 


(38) [ dx =|" dx 


0 @tbcosx Jo atbsinx 


amt 
π|2 1 — cos 5 

(39) | sin ax dx = a - a0. 
mle 1 . an 

(40) ; cos ax dx = 7 Sin > a+ 0. 


popes | -1 --ὦφ ΚΊ -. »5 
40) I sin dx = “98 1 τ Ρ 


(42) 


(43) ie dx=a, a0. (44) [ sint x S = om 5 In 2. 
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tan-! 
(45) [pe de = OP pF 5 inl + 2, 


t tan 
(46) τ Ἢ: Java F 1 vs n2. 


© sinh ax ΐπ π 
(47) [ er dx = 5} tan 5Ρ᾽ b> lal. 
Ὁ cosh ax 7 
(48) [ cosh bx a> 2. cos “π΄ ἀῶ al. 
cos ab 
Ὁ Udx 7 
(49) [ She = 5}᾽ δ:»0. 
ἐς de ΤΕ) ΓΞ) 
(50) [ smh" * Si =— πὸ 0O<kK< 1. 
Val (5) 
(51) 1. cosh x +4 = a eal τ k>0. 
2k VY | —— 
2 
(52) [- nh-t= dx = aln 2. 
xdx 7 
(53) [ coth™ = So 3° a> 0. 
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MATHEMATICAL TABLES 


TABLE 1 


Powers, square-roots, and cube-roots 
of x = 1:00 to x = 10-00 


ELL Aa 
ΠᾺΡ... 
FUEL. 
LAWL. 
LAL, 
JUALL TTL TT 
LA 
ἐξ Ξ-- 
ΞΕ Ξ.-. 
ΠΒΕΒΕΒΕΕΕ | 


0 1 2 3 4 5 6 7 8 9 10 


1.00 to 1.50 


x? 


120000 


12020} 
160404 
1290609 
120816 
121025 


121236 
121449 
101664 
1.1881 
122100 


122321 
122544 
162769 
1262996 
123225 


1263456 
123689 
1.3924 
124161 
1264400 


124641 
124884 
125129 
1.5376 
125625 


125876 
226129 
1.6384 
126641 
1.69090 


127161 
127424 
127689 
127956 
128225 


1.8496 
1.8769 
129044 
129321 
129600 


1.988} 
220164 
200449 
200736 
201025 


201316 
201609 
221904 
202201 
2e2500 


x? 


1-000 


12030 
1.06) 
1.093 
22125 
12158 


1.191 
1.225 
1.260 
1.295 
12332 


1.368 
12405 
10443 
1.482 
λ.52} 


1.56} 
1.602 
1.643 
1.685 
1.728 


1.772 
1.816 
1.86} 
1.907 
1.953Ψ 


22000 
22048 
2.097 
20147 
20197 


20248 
22300 
20353 
20406 
22460 


20515 
20571 
20628 
22686 
20144 


22803 
22863 
22924 
22986 
3049 


32112 
30177 
30242 
34308 
30375 


1200000 


0299010 
0.98039 
0.97087 
0.96154 
0.95238 


0.94340 
0293458 
0292593 
0291743 
0.90909 


0.90090 
0289286 
0088496 
0.87719 
0086957 


0.86207 
0285470 
0284746 
0.84034 
0283333 


0282645 
0.81967 
0.81303 
0.80645 
0280000 


0279368 
078740 
0.78125 
0.277519 
0276923 


0276336 
0.275758 
0.75188 
074627 
0274074 


0.73529 
0.272993 
0272464 
0.71942 
0071429 


0270922 
0270423 
0.269930 
0269444 
0 268966 


0.68493 
0.68027 
0.67568 
0.67114 
666667 


1 


Vx 


120000 


1.20050 
120100 
320149 
120198 
120247 


120296 
120344 
120392 
120440 
1.0488 


120536 
120583 
120630 
100677 
120724 


1.0770 
120817 
120863 
120909 
320954 


121000 
121045 
121092 
121136 
2121180 


101225 
121269 
121314 
121358 
101402 


101446 
121489 
121533 
121576 
1.1619 


121662 
121705 
121747 
121790 
2121832 


121874 
121916 
2121958 
122000 
102042 


12.2083 
102124 
1.2166 
102207 
162247 


Vx 


10x 
34162 


3.178 
32194 
3.209 
32225 
32240 


3.256 
30271 
32286 
32302 
32317 


3.332 
32347 
3.362 
32376 
32391 


32406 
30421 
3.435 
32450 
30464 


3.2479 
36493 
32507 
3.521 
32536 


32550 
32564 
30578 
30592 
3.606 


$2619 
32633 
320647 
3.661 
32674 


3.688 
32701 
34715 
30728 
30742 


32755 
32768 
32782 
32795 
3-808 


9.822 
3.4834 
3.847 
3.860 
3.873 


V 10x 


Vx 
120000 


120033 
120066 
120099 
100132 
100164 


120196 
120228 
100260 
120291 
1.20323 


1.20354 
120385 
120416 
120446 
3120477 


120507 
120537 
120567 
120597 
120627 


120656 
120685 
120714 
120743 
300772 


220801 
120829 
120858 
100886 
120914 


120942 
120970 
120997 
321025 
121052 


121079 
121106 
2121133 
121160 
121187 


101213 
101240 
121266 
101292 
221319 


1.1344 
1.1370 
101396 
121422 
301447 


‘Vx 


222500 


202801 
2¢3104 
203409 
203716 
224025 


224336 
204649 
224964 
205281 
225600 


2.592) 
206244 
206569 
206896 
207225 


207556 
207889 
208224 
208561 
208900 


229241 
229584 
209929 
320276 
320625 


340976 
321329 
321684 
302041 
342400 


3.2761 
3¢3124 
363489 
343856 
304225 


364596 
324969 
345344 
8,572] 
326100 


32648] 
326864 
347249 
307636 
308025 


328416 
308809 
349204 
30960} 
&.0000 


x? 


t 


0.66667 


0.66225 
0.65789 
0.65359 
0264935 
0264516 


0.64103 
0263694 
0263291 
0262893 
062500 


0.62112 
0.61728 
0.61350 
0.60976 
0260606 


0260241 
0.59880 
0.459524 
0259172 
0258824 


0258480 
0.258140 
0257803 
0.57471 
0.57143 


0.56818 
0256497 
0256180 
0255866 
0255556 


0.55249 
0254945 
0 254645 
0 254348 
0254054 


0.53763 
0.53476 
0.53191 
0.52910 
0052632 


0.52356 
0452083 
0.251813 
0251546 
0251282 


0.51020 
0250761 
0.50505 
0.50251 
0.50000 


1 


Vx 


202247 


1.2288 
122329 
122369 
122410 
162450 


162490 
12530 
1625706 
12610 
102649 


222689 
1.2728 
1.2767 
12806 
102845 


122884 
162923 
122961 
123000 
123038 


103077 
23115 
1.3153 
1231912 
123229 


123266 
103304 
123342 
163379 
123416 


1.3454 
163491 
123528 
1235658 
123602 


123638 
163675 
1.3711 
123748 
123784 


123820 
123856 
123892 
123928 
123964 


124000 
124036 
124071 
164107 
104142 


Vx 


1.50 to 2.00 


V 10x 


3.873 


32886 
3.899 
32912 
32924 
32937 


32950 
32962 
30975 
30987 
4000 


4.012 
40025 
4.037 
4,050 
44062 


4.074 
44087 
&.099 
Gelll 
40123 


4.135 
40147 
42159 
4e171 
4.183 


4.195 
4e207 
4.219 
46231 
40243 


46254 
40266 
4,218 
42290 
4301 


42313 
4.324 
44336 
4¢347 
44359 


42370 
4.382 
4.393 
42405 
4416 


(e427 


42438 
42450 
4.2461 
4.472 


V 10x 


ve 
101447 


101473 
121498 
121523 
121548 
302573 


121598 
121623 
101647 
161672 
1261696 


2121720 
161745 
121769 
161793 
121817 


121840 
11864 
1.1888 
161911 
1¢1935 


121958 
121981 
12.2005 
162028 
122051 


122074 
12096 
122119 
102142 
102164 


1202187 
102209 
1062232 
1202254 
162276 


102298 
12320 
122342 
102364 
122386 


122407 
122429 
162450 
102472 
12493 


122515 
122536 
102557 
122578 


1.2599 


‘Vx 


2.00 to 2.50 


x 


x? 


420000 


4.0401 
420804 
4201209 
421616 
402025 


402436 
422849 
43264 
4.23681 
424100 


4o4521 
404944 
425369 
425796 
426225 


426656 
4.7089 
4.7524 
4.7961 
428400 


4.8841 
429284 
4.9729 
520176 
520625 


§.1076 
§.1529 
5.1984 
50244] 
522900 


6.336] 
5,.3824 
524289 
524756 
§$25225 


$5696 
526169 
526644 
§.7121 
5.7600 


§.8081 
5.8564 
529049 
529536 
620025 


620516 
621009 
601504 
6¢2001 
602500 


x? 


χ᾽ 


8.000 


8.121 
8 e242 
8 e365 
8.490 
8.615 


8 e742 
8.870 
8.999 
9.129 
9.26} 


9.394 
9.528 
92664 
9.800 
9.938 


10.078 
10.218 
10.360 
10.503 
102648 


10.794 
102941 
112090 
11.239 
11.391 


11.543 
11.697 
11.852 
12.009 
122167 


122326 
120487 
12.649 
12.813 
12-978 


132144 
132312 
132481 
132652 
13.824 


13.998 
14.172 
14.349 
14.527 
142706 


24.887 
152069 
15253 
15.2438 
15.625 


x? 


0250000 


0249751 
0 049505 
0049261 
0.49020 
0248780 


0248544 
0048309 
0.48077 
0647847 
0247619 


0047393 
0047170 
0246948 
0246729 
0246512 


0246296 
0.46083 
0045872 
0 045662 
0245455 


0045249 
0045045 
0 044843 
0044643 
0044444 


0244248 
0 044053 
0.43860 
0.43668 
0 643478 


0 643290 
0 43103 
0242918 
0242735 
0 042553 


0242373 
0042194 
0042017 
0.41841 
0241667 


0241494 


°0.41322 


0241152 
0240984 
0240816 


0240650 
0240486 
0240323 
0240161 
0240000 


1 


Cal 


Vx 


104142 


124177 
164213 
1.4248 
12.4283 
1.4318 


104353 
124387 
124422 
124457 
124491 


1064526 
104560 
104595 
324629 
104663 


164697 
104731 
104765 
104799 
104832 


124866 
124900 
124933 
14967 
125000 


125033 
125067 
125100 
125133 
125166 


125199 
125232 
105264 
105297 
125330 


125362 
125395 
125427 
125460 
125492 


125524 
125556 
1.5588 
125620 
125652 


125684 
105716 
125748 
125780 
12-5811 


Vi0x 


4e472 


42483 
4494 
4.506 
4.517 
42528 


44539 
42550 
4.561 
4e572 
42583 


4.593 
4.604 
42615 
4626 
4.637 


42648 
42658 
4-669 
42680 
4.690 


4.701 
4.712 
4722 
46733 
40143 


4154 
4.764 
4775 
4.785 
4.796 


4.806 
4.817 
4.827 
4.837 
4.848 


4.858 
4.868 
42879 
4.889 
4.899 


4.909 
4.919 
4.930 
42940 
4.950 


42960 
42970 
4.980 
4.990 
52900 


x 


x 


102599 


12620 
12641 
122662 
122683 
12703 


162724 
122745 
122765 
162785 
122806 


1.2826 
162846 
102866 
122887 
122907 


12927 
102947 
162966 
12986 
13006 


123026 
123045 
123065 
123984 
13104 


123123 
163142 
123162 
123181 
123200 


123219 
123238 
103257 
13276 
1203295 


123314 
163333 
163351 
123370 
103389 


123407 
103426 
103444 
103463 
13461 


123499 
123518 
123536 
123554 
263572 


Vx = Vidx "Vx 


«ἢ 


6.2500 


δ.3001 
6.3504 
624009 
604516 
625025 


625536 
626049 
606564 
6e7081 
6247600 


628121 
68644 
629169 
629696 
720225 


720756 
721289 
7.1824 
702361 
7.2900 


723441 
723984 
724529 
725076 
725625 


706176 
726729 
707284 
727841 
728400 


7.8961 
709524 
8.0089 
8.0656 
8.1225 


8.1796 
68-2369 
8.2944 
8e 3521 
824100 


824681 
825264 
645849 
626436 
827025 


8.7616 
8.8 209 
8.8804 
89401 
9.290000 


x? 


152625 


15.813 
162003 
162194 
166387 
166581 


166777 
162975 
172174 
176374 
172576 


17.780 
17.985 
18.191 
182400 
18.610 


18.821 
19.034 
19.249 
19.465 
19.683 


19.903 
202124 
202346 
20-571 
204797 


212025 
214254 
214485 
21.718 
21.952 


222188 
220426 
224665 
22.906 
239149 


23.394 
23-640 
23.888 
240138 
242389 


242642 
24.897 
250154 
250412 
25.672 


25.934 
262198 
26 0464 
262731 
27.000 


x 


x {| 


0240000 


0.239841 
0239683 
0239526 
0.39370 
0239216 


0.39063 
0.38911 
0.38760 
0.38610 
0.238462 


0238314 
0238168 
0238023 
037879 
0237736 


0237594 
0.37453 
0.37313 
0237175 
0.37037 


06236900 
0236765 
0236630 
0236496 
0236364 


036232 
0236101 
0635971 
0.35842 
0035714 


0.35587 
0235461 
0.35336 
0235211 
0.235088 


0234965 
0234843 
0234722 
0234602 
0034483 


0234364 
0.234247 
0.34130 
0.34014 
0233898 


0.33784 
0233670 
0.33557 
0233445 
0.33333 


x 


Vx 


125811 


128843 
1.5875 
125906 
125937 
125969 


126000 
126031 
126062 
126093 
1.6125 


126155 
166186 
126217 
16248 
106279 


16310 
16340 
1.6371 
126401 
126432 


1.6462 
126492 
1.6523 
106553 
126583 


126613 
126643 
166673 
16703 
126733 


1.6763 
126793 
1.6823 
1.6852 
126882 


126912 
16941 
126971 
127000 
127029 


1.7059 
127088 
1e7117 
127146 
167176 


1.7205 
167234 
127263 
167292 
1.7321 


Vx 


2.50 to 3.00 


Viox 


$2000 


$.010 
$2020 
52030 
§.040 
$2050 


5.060 
5-070 
5.079 
$2089 
52099 


52109 
50119 
5.128 
95.138 
54ς148 


5.158 
6.167 
5.177 
5.187 
52196 


$2206 
50215 
5.225 
5.235 
50244 


50254 
$0263 
$0273 
50282 
5.292 


5,301 
5.310 
5.320 
5.329 
5.339 


6.348 
5.351 
5.367 
5.376 
5.385 


6.394 
$2404 
$2413 
$2422 
$2431 


5,441 
§.450 
5.459 
5.468 
5.477 


V 10x 


Vx 
1.3572 


123590 
123608 
13626 
103644 
13662 


13680 
13698 
1.3715 
1.3733 
1.375) 


1.3768 
123786 
123803 
123821 
123838 


123856 
123873 
123890 
123908 
123925 


103942 
123959 
103976 
123993 
124010 


104027 
124044 
104061 
124078 
124095 


164111 
164128 
124145 
2241621 
124178 


124195 
1e4211 
124228 
124244 
124260 


164277 
124293 
164309 
104326 
104342 


124358 
104374 
14390 
124406 
104422 


‘Vx 


3.00 to 3.50 


x? 


9.0000 


920601 
921204 
921809 
922416 
923025 


903636 
924249 
924864 
9.5481 
926100 


9.6721 
9273446 
927969 
928596 
929225 


929856 
10.0489 
1021124 
1021761 
1022400 


10.304) 
10.3684 
1024329 
1024976 
1025625 


1006276 
1026929 
1027584 
1068241 
1028900 


1029561 
1120224 
11.0889 
1121556 
31122225 


1142896 
121.3569 
1124244 
112492] 
1125600 


11.628 
1226964 
11.7649 
11248336 
1129025 


1129716 
1240409 
1221104 
1221801 
1222500 


x? 


x? 


27.000 


276271 
27.2546 
27.818 
28 2094 
280373 


28 2683 
28 e934 
292218 
292504 
290791 


30.080 
30.237) 
302664 
30.959 
31.256 


312554 
31.855 
320157 
320462 
326768 


332076 
33.2386 
332698 
34.2012 
34.328 


342646 
342966 
352288 
352611 
352937 


360265 
360594 
360926 
37-260 
372595 


372933 
38.273 
38 e614 
38.958 
392304 


392652 
40.002 
40.354 
40.708 
41.064 


812422 
41.782 
420144 
424509 
426875 


χ᾽ 


ul 
x 


0.33333 


0233223 
0.33113 
0.33003 
0232895 
0032787 


0232680 
0.32573 
0232468 
0232362 
0232258 


0232154 
0.23205} 
0231949 
0231847 
0231746 


0.231646 
0231546 
0031447 
0.31348 
0231250 


0.31153 
0.31056 
0.30960 
0230864 
0.30769 


0230675 
0.30581 
0.30488 
0230395 
0230303 


0230211 
0230120 
0.230030 
0229940 
022985} 


0.29762 
0229674 
0229586 
0229499 
0029412 


0229326 
029240 
0229155 
0229070 
0228986 


0.28902 
0.28818 
0.228736 
0.28653 
Oe2857}3 


Ί 


x 


Vx 


167321 


167349 
1.7378 
1.7407 
127436 
107464 


127493 
167521 
127550 
167578 
127607 


1.7635 
1.7664 
1.7692 
167720 
427748 


127776 
167804 
1.7833 
127861 
127889 


127916 
1267944 
1.7972 
128000 
128028 


1.8055 
1.8083 
1.811} 
128138 
18166 


128193 
1.8221 
1.8248 
128276 
1.8303 


128330 
1.8358 
1.8385 
1.28412 
128439 


168466 
148493 
1.8520 
108547 
128574 


1.8601 
1.8628 
1.8655 
168682 
3.8708 


Vx 


Vi0x 


5.477 


δ.486 
8,495 
56.505 
5,5}4 
5.523 


5.532 
5.54} 
52550 
5.559 
50568 


5.577 
5.586 
5.595 
52604 
5.612 


5,62) 
5.630 
5.639 
52648 
5,657 


$2666 
5,675 
5,683 
5.692 
5.2701 


$2710 
§.718 
5.727 
5,736 
6.74.5 


5.753 
5.762 
56771 
5.779 
52788 


5.797 
5.805 
5.814 
5.822 
§ 283] 


52840 
5.848 
5.857 
$0865 
5.874 


8.882 
5.89] 
52899 
5.908 
5916 


V 10x 


"Vx 
124422 


124439 
1204454 
124470 
124486 
3164502 


124518 
14534 
124550 
124565 
124581 


124597 
164612 
164628 
104643 
104659 


14674 
104690 
124705 
14721 
124736 


124751 
164767 
104782 
14797 
124812 


124828 
124843 
14858 
124873 
124888 


124903 
1.4918 
124933 
104948 
124963 


164978 
124993 
125007 
125022 
165037 


125052 
21-5066 
125081 
125096 
15110 


125125 
165139 
225154 
125168 
23-5183 


vy 


x 


12.2500 


1243201 
12.3904 
1224609 
1225316 
1226025 


1246736 
1227449 
1228164 
12-8881 
1229600 


1320321 


1321044 
1321769 
1342496 
13.3225 


1323956 
1324689 
13.5424 
1326161 
1346900 


1327641 
1328384 
1329129 
1329876 
1420625 


14.1376 
1422129 
1442884 
144364) 
1424400 


14.5161 
1425924 
1426689 
1447456 
1428225 


14,8996 
1429769 
15.0544 
15.132) 
1522100 


15.288} 
1523664 
1544449 
1525236 
1526023 


1526816 
1547609 
1528404 
1829201 
1620000 


x? 


x 


42.875 


43.244 
432614 
43.987 
44.362 
44.739 


45.118 


450499 


45.883 
462268 
462656 


47.046 
472438 
47.832 
48.229 
48.627 


49.028 
492431 
49.836 
50.243 
502653 


51.065 
516479 
51.895 
52.3}4 
52.734 


530157 
53.583 
54.010 
$4440 
54872 


55,306 
55.743 
56.182 
56.623 
57.067 


57.512 
57.961 
58,.4}1} 
58.864 
592319 


59.776 
602236 
60.698 
61.163 
614630 


622099 
622571 
63.045 
632521 
64.000 


x? 


U 
x 
0.28571 


0228490 
0228409 
0.28329 
0228249 
0228169 


0.228090 
0228011 
027933 
0227855 
0027778 


0.27701 
0227624 
027548 
0.27473 
027397 


0.27322 
0027248 
Oe27174 
0.27100 
0Q0«27027 


0226954 
0226882 
0226810 
0.26738 
0226667 


0.26596 
0226525 
0226455 
0226385 
0226316 


0226247 
0226178 
0226110 
0226042 
0025974 


0.25907 
0225840 
0.25773 
0225707 
022564] 


0.25575 
0225510 
0225445 
0225381 
0425316 


0225253 
0225189 
0.225126 
0225063 
0425900 


1 
x 


Vx 
128708 


128735 
1.8762 
1.8788 
128815 
12884] 


1.28868 
128894 
1.892} 
1.8947 
1.8974 


129000 
129026 
1.9053 
129079 
129105 


129131 
129157 
1.9183 
19209 
19235 


129261 
169287 
129313 
129339 
129365 


129391 
19416 
129442 
129468 
149494 


1.9519 
329545 
129570 
129596 
129621 


129647 
19672 
1.9698 
129723 
129748 


169774 
129799 
129824 
129849 
229875 


129900 
129925 
129950 
129975 
2290000 


Vx 


3.50 to 4.00 


V 10x 


6,916 


5.925 
5,933 
5.94} 
5.950 
5.958 


5.967 
8.975 
8,983 
5.992 
6.000 


6.008 
6.017 
6.025 
6.033 
62042 


6.050 
6.058 
6.066 
62075 
6.983 


6.091 
62099 
62107 
62116 
60124 


6.132 
62140 
62148 
62156 
60164 


6.173 
621861 
62189 
60197 
6.205 


6.213 
60221 
60229 
66237 
60245 


6.253 
66261 
6.269 
60277 
6.285 


6.293 
6.301 
6.309 
65317 


69.325 


Vx 
125183 


1.5197 
125212 
125226 
165241 
125255 


1.5269 
165283 
125298 
125312 
125326 


1.25340 
125355 
165369 
1.5383 
1.5397 


125411 
145425 
125439 
126453 
105467 


1.5481 
405495 
125508 
125522 
125536 


125550 
125564 
165577 
125591 
1.5605 


125619 
165632 
125646 
125659 
125673 


145687 
125700 
125714 
165727 
125741 


125754 
165767 
125781 
125794 
125808 


1.582} 
1.5834 
125848 
125861 
1.5874 


Vx 


4.00 to 4.50 


x? 


1620000 


1620801 
1601604 
1642409 
1663216 
1604025 


1624836 
1625649 
1626464 
1627281 
1628100 


16.8921 
1629744 
1720569 
1721396 
17¢2225 


1723056 
1723889 
1704724 
1725561 
1726400 


1727241 
17.8084 
1728929 
17¢9776 
18.0625 


1801476 
1862329 
18.3184 
18.4041 
18.4900 


18.5761 
1826624 
1827489 
18.8356 
18.9225 


1920096 
1920969 
1921844 
1922721 
21923600 


192448) 
1945364 
1926249 
1927136 
1928025 


19.8916 
1929809 
2020704 
2021601 
2022500 


x 


χ᾽ 


642000 


642481 
644965 
652451 
65.939 
662430 


66.923 
672419 
672917 
68.418 
68.921 


692427 
69.935 
702445 
702958 
710473 


712991 
722512 
732035 
732560 
74.088 


74.618 
752152 
750687 
76.225 
760766 


77.309 
772854 
78.403 
78.954 
9.507 


80.063 
80.622 
81.2183 
81.747 
820313 


82.882 
83.453 
84.028 
84.605 
852184 


85.166 
86.351 
86.938 
87.528 
88.121 


88.717 
89.3}5 
89.9}5 
90.519 
910125 


x 


0225000 


0.224938 
0224876 
0224814 
0224752 
022469] 


0224631 
0224570 
0224510 
0224450 
0224390 


0224331 
024272 
024213 
0224155 
0224096 


0.24038 
0.23981 
0223923 
0223866 
023810 


0.23753 
0.23697 
0023641 
0223585 
0223529 


0023474 
0623419 
0223364 
0223310 
0023256 


0.223202 
0023148 
0223095 
0223041 
0022989 


0.222936 
0222883 
0022831 
0222779 
0022727 


0022676 
0222624 
0622573 
0022523 
0022472 


0222422 
0222371 
022232) 
0022272 
0222222 


1 


x 


Vx 


200000 


220025 
220050 
200075 
220100 
220125 


220149 
220174 
220199 
200224 
220248 


200273 
200298 
2200322 
200347 
220372 


220396 
200421 
200445 
220469 
220494 


220518 
2200543 
220567 
220591 
220616 


200640 
200664 
220688 
220712 
220736 


22076) 
2200785 
220809 
220833 
220857 


22088) 
220905 
220928 
220952 
220976 


221000 
201024 
2201048 
201071 
2201098 


201119 
201142 
201166 
201190 
201213 


γχ 


ΥΙΟΧ 


6.325 


6.332 
6.340 
6.348 
6.356 
6.364 


6.372 
6.380 
6.387 
6.395 
6.403 


60411 
620419 
62427 
60434 
62442 


62450 
62458 
62465 
60473 
62481 


62488 
62496 
62504 
62512 
6.519 


6.527 
6.535 
6.542 
6.550 
62557 


6.565 
62573 
6-580 
6.588 
62595 


6.603 
6.2611 
6.618 
62626 
6.633 


62641 
62648 
62656 
6.663 
6.67} 


6.678 
62686 
62693 
6.761 
62708 


10x 


"Vx 
105874 


125887 
125900 
125914 
165927 
125940 


1.25953 
125966 
15979 
125992 
126005 


126018 
126031 
126044 
126057 
16070 


126083 
1266096 
106109 
126121 
1206134 


126147 
126160 
166173 
126185 
1261298 


166211 
106223 
126236 
126249 
126261 


166274 
166287 
126299 
126312 
166324 


106337 
126349 
126362 
126374 
126386 


226399 
126411 
166424 
16436 
126448 


126461 | 
106473 
126485 
126497 
126510 


"Vx 


x2 


2022500 


20.340) 
2004304 
20205209 
20266116 
2007025 


200 7936 
2028849 
2009764 
2120681 
2121600 


2122521 
2123444 
2124369 
2125296 
2126225 


2127156 
21-8089 
2129024 
2129961 
22260900 


226184) 
2202784 
2203729 
2224676 
2205625 


2206576 
2207529 
2228484 
2229441 
2320400 


2341361 
2302324 
2303289 
2324256 
2305225 


2326196 
2347169 
2328144 
2329121 
24.0100 


24.1081 
2442064 
2463049 
2464036 
2425025 


2426016 
2447009 
2428004 
2429001 
2520000 


x’ 


x 


912125 


91-734 
922345 
922960 
93.577 
942196 


94.819 
952444 
96.072 
96.703 
97.336 


97.972 
98.61} 
99.253 
99.897 
100.545 


1012195 
101.848 
1022503 
1032162 
1032823 


1042487 
1052154 
1054824 
106496 
1072172 


107.2850 
108-531 
1092215 
1092902 
110.592 


1112285 
111.980 
112679 
1134380 
1144084 


114e791 
1154501 
1164214 
1162930 
1172649 


118.371 
119,095 
21192823 
120.554 
121.287 


1222024 
1222763 
123.506 
124e251 
125-000 


x 


' 
x 


0022222 


0622173 
0022124 
0222075 
0222026 
0021978 


0221930 
0221882 
0221834 
0221786 
021739 


0021692 
0221645 
021598 
0021552 
0221505 


0621459 
0.21413 
0.221368 
0221322 
0021277 


0.21231 
0621186 
021142 
0221097 
0221053 


0221008 
0220964 
0.20921 


0.20877. 


0220833 


0220790 
0220747 
0220704 
0.20661 
0020619 


0220576 
0220534 
0220492 
0220450 
0220408 


0.20367 
0.220325 
0020286 
0220243 
0220202 


0420161 
0220121 
0220080 
0220040 
0220000 


1 


x 


Vx 


201213 


201237 
221260 
201284 
201307 
201331 


201354 
201378 
201401 
201424 
221448 


201471 
201494 
2.1517 
201541 
221564 


221587 
221610 
201633 
201656 
201679 


201703 
221726 
201749 
201772 
201794 


221817 
221840 
201863 
201886 
221909 


201932 
201954 
201977 
202000 
202023 


202045 
222068 
202091 
2e2113 
202136 


202159 
222181 
202204 
202226 
202249 


202271 
202293 
202316 
202338 
2.236) 


᾽ς 


4.50 ἴο 5.00 


10x 


62708 


62716 
60723 
66731 
62738 
66745 


6.753 
6.760 
6.768 
6.715 
62782 


62790 
6.797 
6.804 
δ9.812 
6.819 


6.826 
6.834 
62841 
62848 
64856 


6.863 
6.870 
6.877 
6.885 
6.892 


62899 
6.907 
62914 
62921 
6.928 


6.935 
62943 
6.950 
6.957 
62964 


6.971 
6.979 
62986 
6.993 
72000 


7,007 
72014 
72021 
72029 
72036 


72043 
72050 
72057 
72064 
7.07} 


Vi0x 


Vy 
126810 


126522 
16534 
126546 
1.6558 
1.6571 


126583 
126595 
126607 
106619 
126631 


126643 
126655 
16667 
16679 
1.6691 


126703 
1.6715 
106727 
1.6739 
1.6751 


1.6763 
16774 
126786 
126798 
126810 


16822 
126833 
126845 
126857 
1.6869 


126880 
126892 
126904 
126915 
16927 


106939 
126950 
126962 
1.6973 
1.6985 


126997 
127008 
127020 
127031 
127043 


127054 
127068 
127077 
127088 
127100 


Ὗχ 


5.00 ἴο 5.50 
Χ x? 

8.00 2520000 
5,0] 2501001 
6.02 2522004 
5.03 25.3009 
5204 2524016 
5.05 2505025 
§.06 2526036 
6,07 25.7049 
5.08 2528064 
5.09 2549081 
5.10 2620100 
Sell 2601121 
$212 2602144 
5.13 2663169 
5.14 2604196 
5015 2625225 
$016 2606256 
5.17 2607289 
5.18 2608324 
5219 2629361 
6.20 2720400 
5.2} 27.144} 
5.22 274,2484 
5.23 27.3529 
διά 27ς.ς45176 
5.25 27.5625 
5.26 2726676 
5.27 27. 7729 
6.28 27.8784 
5,29 2729841 
5.30 2820900 
5.31 2821961 
5.32 2823024 
§ 233 28.4089 
6.34 28.5156 
5.35 2826225 
5.36 2827296 
5237 28.8369 
5.38 2829446 
5239 2920521 
5240 2921600 
8.4} 2922681 
5242 2903764 
§ 243 2924849 
5044 2925936 
6.45 2927025 
5246 2928116 
5047 2929209 
5248 3020304 
$249 3021401 
5.50 3022500 


x? 


χ᾽ 


125.2000 


1252752 
1262506 
1272264 
128.024 
128-788 


129.554 
130.324 
131.097 
1316872 
1322651 


1332433 
134.218 
1352006 
135.797 
1362591 


1372388 
1382188 
1382992 
139.2798 
140.608 


141.421 
142.237 
143.056 
143.878 
144.703 


145.532 
146.363 
147.198 
148.036 


1486877 © 


1492721 
150.569 
151.2419 
152.273 
1532130 


153.991 
154.854 
155.2721 
156.591 
157.464 


1582340 
159.220 
160.103 
160.989 
161.879 


162.771 
163667 
1644567 
1652469 
166.375 


x 


1 


x 
0.20000 


0219960 
0219920 
0219881 
0219841 
0219802 


0219763 
0.219724 
0.19685 
0.19646 
0.19608 


0.219569 
0.219531 
0219493 
0219455 
0219417 


0219380 
0219342 
0.219305 
0219268 
0219231 


0.19194 
0.19157 
0.219120 
0219084 
0219048 


0.219011 
0218975 
0.218939 
0218904 
0.18868 


0.18832 
0.18797 
0218762 
0.18727 
0218692 


0218657 


0218622 
0218587 
0218553 
0.218519 


0018484 
0218450 
0218416 
0.18382 
0218349 


0.18315 
0218282 
0218248 
0218215 
0.18182 


1 


— 


x 


Vx γοχ "s 


202361 


202383 
202405 
222428 
202450 
202472 


202494 
202517 
202539 
202561 
202583 


202605 
202627 
22650 
202672 
202694 


202716 
202738 
222760 
202782 
202804 


202825 
202847 
222869 
2e2891 
202913 


202935 
202956 
202978 
223000 
203022 


2¢3043 
203065 
223087 
23108 
23130 


223152 
203173 
203195 
203216 
203238 


203259 
203281 
203302 
203324 
203345 


203367 
23388 
203409 
203431 
203452 


Vx 


7.071 


7.078 
7.085 
72092 
72099 
70106 


7.113 
72120 
Tel27 
7.134 
Τοῖς} 


7οϊή 8 
7.155 
70162 
72169 
70176 


7.183 


᾿ 9190 


7.197 
T2204 
7e211 


7.218 
1.225 
1.232 
7.239 


1.246 


72253 
70259 
72266 
7.213 
7.280 


72287 
7.298 
7.30] 
7.308 
7.314 


Ἵ.321 
7.328 
72335 
70342 
720348 


7.355 
.362 
Ἴ.369 
7.376 
72382 


7.389 
7.396 
7.403 
7.409 
72416 


V 10x 


127100 


1.71}11 
1.7123 
107134 
167145 
107157 


127168 
1067179 
1.7190 
127202 
12.7213 


167224 
107235 
167247 
127258 
127269 


17280 
2.729] 


107303 


1073146 
107325 


127336 
1067347 
127358 
107369 | 
127380 


167391 
167402. 
17413 
1067424 
1.7435 


127446 
1¢7457 
1.7468 
1.7479 
127490 


127501 
1¢7512 
107522 
1.7533 
1¢7544 


17555 
127566 
107577 
167587 
127598 


127609 
127620 
127630 
1.764 
17652 


We 


x? 


30.2500 


30.3601 
3024704 
3025809 
3026916 
3028025 


30-9136 
3120249 
3121364 
3122481 
3123600 


3104721 
31225844 
3126969 
3128096 
3169225 


3220356 
3201489 
3202624 
32.376] 
32.900 


3226041 
3247184 
3248329 
3249476 
3320625 


3321776 
3322929 
3324084 
3325241 
3346400 


3327561 
3348724 
3329889 
34.1056 
3422225 


34.3396 
3444569 
3405744 
3426921 
3428100 


34269281. 
3520464 
3521649 
35.2836 
3524025 


35.5216 
3526409 
3527604 
35-8801 
36,0000 


x? 


χ᾽ 


166.375 


167.284 
168.197 
1692112 
170.031 
1702954 


171.880 
172809 
1734741 
174.677 
1752616 


176.558 
1772504 
178.2454 
179.2406 
180.362 


181.2321 
1826284 
1834250 
184e220 
165.193 


186.169 
1872149 
188.133 
189.119 
1902109 


191.2103 
1922100 
193.2102 
194.2105 
1950112 


1960123 
197.2137 
198.155 
1992177 
2002202 


2012230 
2024262 
2034297 
2042336 
2054379 


206 0425 
2070475 
2082528 
209-585 
2100645 


211-709 
2122776 
213.847 
2142922 
2162000 


x 


0.18182 


0218149 
018116 
0.18083 
0.18051 
0.218018 


0217986 
0017953 
0217921 
0017889 
0217857 


0217825 
0017794 
0217762 
0217730 
0217699 


0.217668 
0017637 
0217606 
0017575 
0217544 


0217513 
0217483 
0217452 
0217422 
0.217391 


0.27361 
0217331 
0217301 
Oel7271 
0217241 


0017212 
0017182 
0.17153 
0.17123 
0217094 


0217065 
0217036 
0217007 
0216978 
0216949 


0216920 
0216892 
0216863 
0216835 
0216807 


0216779 
0216750 
0216722 
0216694 
0216667 


1 


Vx 
203452 


263473 
223495 
203516 
203537 
23558 


2203580 
2203601 
203622 
203643 
203664 


223685 
203707 
203728 
203749 
203770 


2e3791 
203812 
203833 
203854 
203875 


203396 
203917 
203937 
223958 
203979 


224000 
224021 
204042 
204062 
2204083 


204104 
224125 
2204145 
204166 
204187 


204207 
204228 
204249 
204269 
204290 


224310 
24331 
204352 
204372 
204393 


224413 
204434 
204454 
204474 
204495 


Vx 


5.50 to 6.00 


V 10x 


70416 


72423 
72430 
12436 
72443 
72450 


70457 
70463 
72470 
70477 
72483 


72490 
70497 
72503 
72510 
70517 


72523 
72530 
70537 
72543 
72550 


72556 
72563 
7¢570 
7.576 
72583 


72589 
74596 
72603 
72609 
72616 


70622 
7.629 
70635 
7.642 
70649 


72655 
72662 
72668 
7675 
72681 


72688 
70694 
7e701 
72707 
70714 


70720 
70727 
70733 
170740 
70746 


V 10x 


"x 
127652 


17662 
127673 
107684 
17694 
127705 


107716 
17726 
107737 
127748 
167758 


107769 
127779 
127790 
17800 
167811 


127821 
17832 
107842 
127853 
127863 


127874 
167884 
147894 
17905 
127915 


127926 
127936 
127946 
107957 
107967 


17977 
127988 
1.7998 
1.8008 
128018 


128029 
128039 
18049 
128059 
228070 


180890 
16090. 
128100 
128110 
128121 


168131 
128141 
128151 
128161 
128171 


‘Vx 


6.00 to 6.50 


x? 


3620000 


3621201 
3622404 
3663609 
36.4816 
366025 


3627236 
3628449 
36209664 
3720881 
37e2100 


3763321 
3704544 
3725769 
3726996 
3728225 


3769456 
38.0689 
3821924 
3823161 
3824400 


3825641 
38.6884 
3828129 
3829376 
3920625 


3921876 
3923129 
3924384 
3925641 
3926900 


3928161 
3909424 
4020689 
4021956 
4023225 


4024496 
4025769 
4027044 
40-8321 
40-9600 


41.0881 
4122164 
4123449 
4104736 
4126025 


4127316 
4128609 
4129904 
42.120} 
4242500 


x 


2162000 


2172082 
218.167 
2194256 
2200349 
2210445 


2220545 
2232649 
2240756 
2252867 
2262982 


228.099 
2290221 
2304346 
2314476 
2324608 


2334745 
234.885 
2362029 
2370177 
238328 


239 2483 
240 2642 
2412804 
2422971 
2440141 


2452314 
2464492 
2470673 
248-858 
250-047 


2514240 
2520436 
2532636 
2542840 
2560048 


2570259 
258 2475 
2592694 
2602917 
2620144 


2632375 
2642609 
2652848 
2672090 
2684336 


2692586 
2702840 
272-098 
2734359 
3740625 


x 


1 
x 


0216667 


0.16639 
0.16611 
0016584 
0216556 
0216529 


0216502 
0216474 
0216447 
0216420 
0016393 


0216367 
0216340 
0216313 
0216287 
0216260 


0216234 
0216207 
0216181 
0216155 
0216129 


0216103 
0216077 
0216051 
0216026 
0216000 


0015974 
0215949 
0215924 
0215898 
0215873 


0.15848 
0215823 
0215798 
0015773 
0015748 


0215723 
0.15699 
0215674 
0.15649 
0015625 


0.15601 
0215576 
0215552 
0215528 
0215504 


0215480 
0215456 
0215432 
0215408 
9215385 


1 


x 


Vx 


2 04495 


2045158 
204536 
204556 
204576 
204597 


204617 
204637 
204658 
224678 
204698 


204718 
204739 
204759 
204779 
204799 


224819 
204839 
224860 
224880 
204900 


204920 
204940 
2204960 
204980 
225000 


2¢5020 
225040 
25060 
225080 
205100 


225120 
205140 
25159 
205179 
205199 


205219 
205239 
205259 
205278 
205298 


225318 
225338 
205357 
205377 
205397 


205417 
205436 
205456 
205475 
205495 


Vx 


V10x 
70746 


72752 
7.759 
1.765 
Ἴς. 712 
Ἵ.778 


7.785 
Te791 
T0797 
72804 
72810 


7.817 
72823 
72829 
72836 
72842 


72849 
72855 
72861 
72868 
70874 


72880 
72887 
72893 
72899 
72906 


72912 
72918 
72925 
72931 
72937 


70944 
72950 
72956 
72962 
72969 


72978 
72981 
72987 
72994 
8.000 


8.006 
8.012 
8.019 
6.025 
8.03) 


8.037 
82044 
8.050 
8.056 
8.062 


10x 


Vx 
128171 


128181 
128191 
128201 
128211 
168222 


18232 
128242 
128252 
128262 
168272 


168282 
168292 
128302 
128311 
128321 


128331 
128341 
128351 
128361 
128372 


128381 
128391 
18400 
18410 
128420 


128430 
128440 
1.8450 
128459 
328469 


108479 
128489 
128498 
128508 
128518 


128528 
128537 
128547 
1.8557 
128566 


128576 
128586 
228595 
128605 
108615 


128624 
18634 
18643 
128653 
18663 


"YR 


x? 


4222500 


42.380) 
ἀ2.510 4 
4226409 
4227716 
42.9025 


4340336 
4321649 
4342964 
43.428) 
43.5600 


43.6921 
4328244 
4329569 
44.0896 
4442225 


44,3556 
44.4889 
4426224 
44.7561 
44,8900 


4520241 
4521584 
4542929 
4524276 
4525625 


4526976 
45.8329 
45.9684 
4621041 
4642400 


4623761 
4625124 
46,6489 
46.7856 
46.9225 


47.0596 
4721969 
47063344 
4704721 
4726100 


47.7481 
47.8864 
48.0249 
4821636 
4823025 


4844416 
4825809 
4827204 
48.8601 


4920000 


x? 


x 


2740625 


2752894 
2772168 
278 0445 
2790726 
281.011 


2824300 
283.2593 
284.890 
2862191 
2872496 


288.805 
2902118 
2912434 
2926755 
2942080 


2954408 
2960741 
298.078 
2994418 
3002763 


3020112 
303 2464 
3042821 
3064182 
307 e547 


308.916 
310.289 
3112666 
313.047 
3144432 


315.821 
3176215 
318-612 
3202014 
3214419 


3224829 
3240243 
3252661 
3272¢083 
3284509 


3290939 
3310374 
3322813 
334.255 
3352702 


3376254 
3382609 
340-068 
3412532 
3432000 


x 


0215385 


0215361 
0215337 
0215314 
0015291 
0.15267 


0015246 
0015221 
0215198 
0015175 
0015152 


0215129 
015106 
0415083 
0015060 
0215038 


0.15015 
0214993 
0214970 
0214948 
0214925 


0214903 
0214881 
0214859 
0214837 
0214815 


0014793 
0014771 
0214749 
0214728 
0014706 


0214684 
0214663 
021464) 
0214620 
0214599 


0014577 
0214556 
0214535 
0014514 
0014493 


0.14472 
0014451 
0214430 
0214409 


0014388 


0214368 
0014347 
0014327 
0214306 
0014286 


1 


x 


Vx 
225495 


225515 
2205534 
2205554 
225573 
205593 


205612 
205632 
205652 
205671 
205690 


25710 
205729 
205749 
205768 
2e5788 


225807 
205826 
205846 
225865 
205884 


225904 
205923 
205942 
205962 
205981 


226000 
206019 
206038 
226058 
206077 


206096 
206115 
206134 
226153 
206173 


206192 
206211 
206230 
206249 
206268 


206287 
2 6306 
206325 
206344 
206363 


26382 
226401 
226420 
206439 
206458 


γχ 


6.50 to 7.00 


V 10x 


8.062 


8.068 
8.075 
8.081 
8.087 
8.093 


8.099 
8.2106 
86112 
8.118 
8.124 


8.130 
8.136 
8.142 
8.149 
8.155 


8.161 
82167 
8.173 
8.179 
8.185 


8.191 
8.198 
8.204 
8.210 
8.216 


8.222 
8.228 
82234 
8.240 
82246 


8.252 
8.258 
8.264 
8.270 
8.276 


8.283 
8.289 
84295 
8.301 
8.307 


8.313 
8.319 
8.325 
8.33) 
82337 


8.343 
8.349 
8.355 
8.36 
8.367 


V 10x 


i 


Vx 
18663 


128672 
128682 
128691 
168701 
128710 


128720 
128729 
128739 
1.8748 
1.8758 


18767 
168777 
168786 
168796 
128805 


1.28814 
128824 
128833 
128843 
128852 


1.886) 
1.887] 
1.8880 
1.8889 
128899 


128908 
128917 
1¢8927 
1.48936 
108945 


128955 
168964 
1.28973 
128982 
108992 


129001 
32-9010 
129019 
149029 
109038 


129047 
1.9056 
129065 
129075 
129084 


129093 
129102 
129111 
129120 
229129 


‘Vx 


7.00 ἴο 750 


x? 


49.0000 


49.1401 
4922804 
4924209 
4925616 
4927025 


49.8436 
4929849 
§021264 
5022681 
5024100 


5025521 
5026944 
50.8369 
5009796 
5161225 


5122656 
5124089 
5125524 
5126961 
5128400 


‘51.9841 


§221284 
5202729 
§204176 
5225625 


§207076 
§$228529 
§229984 
5321441 
53.2900 


534361 
5325824 
5347289 
5328756 
5420225 


5421696 
54.3169 
5444644 


54,612] 


5427600 


54,9081 
§520564 
§5.2049 
55,3536 
559.5025 


65,651]16 
55.8009 
5529504 
56.100] 
δ660.2500 


x? 


x? 


3434000 


344.472 
3452948 
3470429 
3482914 
3502403 


351.896 
3534393 
3544895 
3564402 
357-911 


359.425 
3602944 
362467 
3632994 
3652526 


3672062 
3682602 
3702146 
3712695 
3730248 


374.805 
376367 
3772933 
379.503 
381.078 


3820657 
3846241 
3854828 
3872420 
389.017 


390.618 
3924223 
3934833 
3950447 
3976065 


398.688 
4002316 
4012947 
4032583 
4052224 


4062869 
408.518 
4102172 
411.831 
4134494 


#152161 
4162833 
418.509 
4202190 
4212875 


χ᾽ 


Ἷ 
Χ 


0214286 


0214265 
0214245 
02014225 
0214205 
02014184 


0014164 
0614144 
0014124 


0214104 


0.214085 


0214065 
0214045 
0214025 
0214006 
0213986 


0213966 
0213947 
0213928 
0.13908 
0.213889 


0.13870 
0.213850 
0.213831 
0013812 
0213793 


0013774 
0213755 
0013736 
0013717 
0213699 


0.13680 
0.13661 
0213643 
0013624 
0213605 


0213587 
0213569 
0213550 
0213532 
0213514 


0213495 
0213477 
0213459 
0.13441 
0213423 


0.13405 
0213387 
02013369 
0213351 
0213333 


U 


γχ 


226458 


226476 
226495 
26514 
206533 
226552 


226571 
206589 
226608 
206627 
206646 


226665 
226683 
206702 
206721 
206739 


206758 
206777 
206796 
226814 
226833 


226852 
226870 
226889 
206907 
226926 


226944 


206963 


22698} 
227000 
227019 


27037 
227055 
207074 
227092 
207111 


227129 
207148 
2207166 
207185 
207203 


20722) 
207240 
207258 
207276 
207295 


207313 
20733) 
207350 
227368 
207386 


Vx 


8.367 


8.373 
8.379 
6.385 
62390 
6.396 


8.402 
8.408 
8.414 
8.420 
8.2426 


8.432 
8.438 
8.444 
8.450 
8-456 


8.462 
62468 
8.473 
8.479 
8.485 


8.491 
8.497 
8.503 
8.509 
8.515 


8.521 
8.526 
8.532 
8.538 
8.544 


8.550 
8.556 
8.562 
8.567 
8.573 


8.579 
8.585 
8.59) 
8.597 
8.602 


8.608 
8.614 
8.620 
82626 
8.631 


8.637 
6.643 
8.649 
82654 
8.660 


V 10x 


x 


2 
Vx 
169129 


129138 
129148 
1.9157 
129166 
129175 


129184 
129193 
19202 
129211 
129220 


129229 
129238 
169247 
129256 
169265 


19274 
129283 
109292 
129301 
129310 


129319 
129328 
1.9337 
109345 
129354 


129363 
169372 
229381 
129390 
129399 


129408 
129416 
129425 
129434 
109443 


129452 
129461 
129469 
1.9478 
129487 


129496 
229504 
129513 
129522 
129531 


129539 
129548 
129557 
129566 
1209574 


‘Vx 


x? 


56.2500 


5624001 
§625504 
5627009 
5628516 
5720025 


$721536 
§723049 
5704564 
§726081 
57, 7600 


57.912] 
$8.0644 
58.269 
58-3696 
58.5225 


58.6756 
58.8289 
58.9824 
5921361 
59-2900 


59.444} 
5905984 
3907529 
59.9076 
6020625 


6022176 
6003729 
6025284 
6026841 
6028400 


6029961 
6121524 
6123089 
6124656 
6126225 


6127796 
6129369 
6220944 
6262521 
6224100 


6225681 
6207264 
6248849 
6320436 
6322025 


6323616 
6348209 
6346804 
6328401 
64.0000 


x? 


x? 


421.875 


423.565 
4252259 
4262958 
428 2661 
430369 


432.081 
4332798 
4352520 
437e245 
438.976 


4406711 
4424451 
444.195 
445 2944 
4472697 


449.455 
451.2218 
4522985 
454.757 
456-533 


458.314 
460.2100 
4612890 
463.2685 
4652484 


467.289 
4692097 
4702911 
4722729 
4742552 


46.380 
4 78.212 
480.049 
481.2890 
483.2737 


485.588 
487.443 
489.304 
4912169 
493.2039 


4942914 
4964793 
498.677 
500-566 
$02 460 


504.358 
§06 e262 
508.170 
510.082 
512. 000 


x? 


1 


x 
0.13333 


06013316 
0213298 
06213280 
0.213263 
0013245 


6213228 
0213210 
0213193 
0213175 
0.13158 


0.13141 
0.213123 
0213106 
0.13089 
0213072 


0.13055 
0213038 
0213021 
0.13004 
0212987 


0212970 
0212953 
0.12937 
0212920 
0012902 


60012887 
0012870 
0212853 
0012837 
0212821 


0012804 
0212788 
0012771 
0.212755 
0012739 


0.212723 
0012706 
0212690 
0212674 
0212658 


0212642 
0212626 
0212619 
0012594 
0012579 


0.12563 
0612547 
0.212531 
0212516 
0212500 


1 


Vx 
207386 


207404 
207423 
207441 
207459 
2.777 


207495 
207514 
207532 
227550 
207568 


207586 
227604 
207622 
2.764] 
2.7659 


207677 
207695 
207713 
207731 
2eTT49 


207767 
207785 
2.7803 
207821 
207839 


207857 
207875 
27893 
2e791l1 
207928 


207946 
22071964 
227982 
2e8000 
228018 


208036 
208054 
2.807) 
2.8089 
2.8107 


2208125 
208142 
228160 
28176 
2208196 


208213 
228231 
2208249 
208267 
208284 


Vx 


7.50 to 8.00 


10x 


6.660 


8.666 
8.672 
8.678 
8.683 
82689 


8.695 
8.701 
8.706 
8.7}2 
8.718 


8.724 
8.729 
8.735 
8.741 
8.746 


8.752 
8.758 
8.764 
8.769 
8.775 


8.781 
8.786 
8.792 
8.798 
8.803 


8.809 
8.815 
8.820 
8.826 
8.832 


8.837 
8.843 
8.849 
8.854 
8-860 


8.866 
8.871 
8.877 
8.883 
8.888 


8.894 
82899 
8.905 
8.91} 
8.916 


8.922 
8.927 
8.933 
8.939 
8.944 


V 10x 


ἾΝ 
129574 


129583 
19592 
129600 
129609 
129618 


109626 
169635 
129644 
19652 
129661 


109670 
129678 
19687 
129695 
309704 


109713 
129721 
129730 
1269738 
109747 


129755 
109764 
1.9772 
129781 
19789 


19798 
1209806 
129815 
19823 
129832 


129840. 


129849 
129857 
129866 
109874 


1.29883 
1.989] 
1.9899 
129908 
129916 


129925 
129933 
129941 
129950 
1.29958 


109967 
19975 
129983 
129992 
220000 


Vx 


8.00 ἴο 8.50 
x x? 
6-00 6420000 
8201 6421601 
6202 6443204 
8203 6444809 
8204 64,6416 
8-05 64.8025 
8006 6429636 
6-07 6521249 
8e08 6542864 
8209 6544481 
8210 6526100 
Bell 6507721 
8.12 65.9344 
8.13 66.0969 
8.14 66.2596 
8.15 6644225 
Bel6 66.5856 
8.17 66.7489 
6018 6649124 
8.19 67.0761 
8e20 6742400 
Be2l 6724041 
8.22 67ς.5684 
8.23 67ς.7329 
8e24 6728976 
8.25 68.0625 
8.26 68. 2276. 
8.27 68.3929 
8.28 68.5584 
8e29 68.7241 
8.30 6828900 
8e31 69.0562 
8.32 69.2224 
8.33 69.3889 
8.384, 69.5556 
8.35 69ς.7225 
8.326 69-8896 
8e37 7020569 
6838 7002244 
8039 7023921 
8e40 7025600 
Be4l 70-7281 
8042 7028964 
8.4.3 7120649 
6044 7122336 
8045 712e4025 
6046 7125716 
6047 7167409 
8e48 7129104 
8249 7220801 
8250 72¢2500 
x x? 


x 


512.000 


5132922 
515.850 
5172782 
5192718 
521.660 


§232607 
525.558 
5272514 
$29 e475 
§314e441 


§$330412 
§352387 
537.2368 
§392353 
541.343 


5432338 
545.339 
5476343 
5494353 
5512368 


5532388 
$550412 
5570442 
559476 
5612516 


563.560 
565609 
5672664 
569723 
571787 


$73.856 
§75 2930 
578.010 
5802094 
5822183 


584.277 
586.376 
588.480 
5902590 
5920704 


$94.823 
596.948 
599.077 
6016212 
6034351 


605.496 
6072645 
6094800 
611.960 
6146125 


x 


1 
x 


0212500 


0.12484 
0212469 
0212453 
0212438 
0212422 


0012407 
0.612392 
012376 
012361 
0012346 


0612330 
0012315 
0612300 
0212285 
0212270 


0.12255 
0.212240 
0.12225 
0212210 
0012195 


0212180 
0012165 
0.12151 
0212136 
00121212 


0212107 
0.12092 
0.12077 
0212063 
0212048 


0212034 
0212019 
0212005 
0211990 
0211976 


0211962 
0.11947 
0.11933 
0.211919 
0211905 


0.11891 
0.211876 
0211862 
0211848 
0011834 


0211820 
0212806 
0.11792 
0.11779 
0211765 


1 


-- 


Vx 


228284 


228302 
228320 
228337 
208385 
228373 


208390 
228408 
208425 
208443 
228460 


2208478 
208496 
228513 
208531 
228548 


208566 
28583 
228601 
228618 
228636 


228653 
228671 
208688 
208705 
268723 


208740 
228758 
208775 
228792 
28810 


228827 
2208844 
208862 
228879 
228896 


228914 
228931 
228948 
228965 
228983 


229000 
229017 
229034 
229052 
209069 


229086 
229103 
209120 
209138 
209155 


Vx 


10x 


82944 


8.950 
6.955 
8.961 
6.967 
8.972 


8.978 
8.983 
8.989 
82994 
92000 


92006 
9.01} 
9.017 
9.022 
9.028 


9.033 
9.039 
9.2044 
92050 
9.055 


9.061 
9-066 
92072 
9.077 
9.083 


9.088 
9.094 
9.099 
9.105 
9.110 


92116 
92121 
92127 
9.2132 
9.138 


9.143 
92149 
92154 
92160 
92165 


9.171 
92176 
9.182 
9.187 
9.192 


9.198 
9.203 
9.209 
92214 
92220 


V 10x 


Vx 
220000 


220008 
229017 
220025 
200033 
220042 


220050 
200058 
200066 
200075 
220083 


22e0091 
220100 
220108 
220116 
220124 


200132 
220141 
200149 
200157 
220165 


200173 
220182 
220190 
220198 
200206 


220214 


. 2200223 


220231 
220239 
220247 


220255 
200263 
200271 
220279 
200288 


200296 
220304 
2200312 
220320 
220328 


220336 
200344 
220352 
220360 
220368 


200376 
220384 
200392 
2.0 400 
220408 


‘Vx 


Ἢ 


"Ἂς 


x? 


7242500 


7264201 
7225904 
7227609 
7209316 
7321025 


73.2736 
7304449 
7306164 
7347881 
7329600 


7401321 
7463044 
7424769 
7426496 
7408225 


7429956 
75.1689 
7503424 
7525161 
7526900 


7548641 
7620384 
7602129 
763876 
7605625 


6. 7376 
7629129 


—6 7720884 


77.264} 
7724400 


7706161 
7707924 
7729689 
7821456 
78.3225 


7824996 
7826769 
7808544 
7900321 
7922100 


79.3881 
7925664 
7907449 
7909236 
80.1025 


80.2816 
8024609 
8026404 
80-8201 
8120000 


x? 


x 


6140125 


6160295 
6182470 
6202650 
6222836 
6252026 


6276222 
6294423 
6314629 
6332840 
6362056 


638.277 
6402504 
6424736 
644.973 
6476215 


649.462 
65146714 
6534972 
6562235 
6584503 


660.776 
663.055 
6654339 
6672628 
6692922 


6720221 
6742526 
6762836 
679.2151 
6812472 


683.798 
6862129 
688.465 
6902807 
6932154 


695 2506 
6972864 
700.227 
7024595 
7044969 


707.348 
709732 
7120122 
714.517 
7160917 


7192323 
7216734 
7240151 
726¢573 
7292000 


x 


ε 
Χ 


Ο.11765 


0011751 
0211737 
0.11723 
0211710 
0211696. 


0.211682 
0211669 
0211655 
0011641 
0211628 


0211614 
06211601 
0211587 
0.11574 
0211561 


0.11547 
0.11534 
0211521 
0211507 
0211494 


0211481 
0211468 
0211455 
0211442 
0011429 


0211416 
0.11403 
0.611390 
0211377 
02611364 


0.11351 
0.11338 
02011325 
0211312 
0211299 


0211287 
0011274 
02011261 
0211249 
0211236 


0211223 
0611211 
0.11198 
0211186 
0011173 


0211161 
0011148 
0211136 
0211123 
QOe11111 


Vx 


209155 


209172 
229189 
209206 
209223 
229240 


209257 
209275 
209292 
229309 
209326 


209343 
229360 
209377 
2209394 
229411 


229428 
209445 
209462 
209479 
209496 


229513 
229530 
209547 
229563 
209580 


209597 
209614 
229631 
229648 
229665 


229682 
229698 
2209715 
209732 
209749 


229766 
229783 
209799 
209816 
229833 


229850 
229866 
229883 
229900 
229917 


229933 
209950 
209967 
229983 
320000 


Vx 


8.50 to 9.00 


10x 


9.220 


9.225 
9.230 
9.236 
92241 
90247 


9.252 
9.257 
9.263 
9.268 
9.27. 


9.279 
92284 
9.290 
9.295 
9.30} 


9.306 
9.311 
9.317 
9.322 
9.327 


9.333 
9.338 
9.343 
9.3ς9 
92354 


9.359 
9.365 
9.370 
9.375 
9.38] 


9.386 
9.391 
9.397 
92402 
9.407 


92413 
92418 
9.423 
9.429 
92434 


9.439 
9 2445 
9.2450 
9,455 
92460 


92466 
9.47} 
99.476 
9.482 
9.487 


V10x 


3 πατῶ 
yx 
220408 


220416 
220424 
200432 
220440 
2200448 


200456 
200464 
220472 
2 20480 
220488 


200496 
220504 
200512 
220520 
220528 


2 20536 
200543 
200551 
200559 
200567 


220575 
200583 
220591 
200599 
20606 


200614 
200622 
200630 
220638 
200646 


220653 
2200661 
220669 
200677 
220685 


2200692 


220700 


220708 
220716 
200724 


220731 
220739 
200747 
220755 
220762 


220770 
200778 
200785 
200793 
220801 


‘Vx 


9.00 to 9.50 


x? 


81.0000 


81.1801 
8123604 
8165409 
8127216 
81.9025 


8220836 
8242649 
8244464 
8246281 
82-2810" 


8229921 
8341744 
63.3569 
8345396 
83.7225 


8329056 
8420889 
84.2724 
8424561 
8426400 


84.8241 
8520084 
83.1929 
85.3776 
85.5625 


85.7476 
8529329 
8601184 
8623041 
8624900 


8626761 
8648624 
87.0489 
8722356 
8704225 


87.6096 
8727969 
8729844 
88.1721 
8843600 


882548) 
8827364 
8829249 
89.1136 
89.3025 


8924916 
89.6809 
8968704 
9020601 
90.2500 


x? 


x 


7292000 


7312433 
733871 
71362314 
7384763 
741.2218 


7430677 
7466143 
748.613 
7512089 
753571 


7562058 
7582551 
7612048 
7636552 
7662061 


7682575 
77120958 
7732621 
7764152 
7782688 


7812230 
7836777 
7862330 
788.889 
7912453 


7942023 
7960598 
7992179 
801-765 
804.357 


806.954 
809.558 
812.4166 
814.781 
8172400 


8202026 
8224657 
8250294 
8272936 
8302584 


8332238 
835.897 
8384562 
8414232 
843.909 


846.59} 
86494278 
851.971 
854.670 
857-375 


χϑ 


Ἷ 


-- 


Χ 
0011111 


0211099 
011086 
0211074 
0211062 
0211050 


0211038 
0.11025 
0211013 
0211001 
0.10989 


0210977 
0210965 
0210953 
0210941 
0210929 


0210917 
0210905 
0210893 
0210881 
0210870 


0.10858 
0210846 
0210834 
0210823 
0.10811 


0010799 
0210787 
0210776 
0210764 
0210753 


0.10741 
0210730 
0.10718 
0210707 
0210695 


0210684 
0610672 
0210661 
0210650 
0210638 


0210627 
0210616 
0610604 
0.210593 
0210582 


0210571 
0210560 
0210549 
0 ε 0537 
0210526 


1 


_ 


x 


Vx 


320000 


3.0017 
320033 
320050 
320067 
320083 


320100 
320116 
320133 
30150 
320166 


320183 
320199 
320216 
320232 
320249 


300265 
300282 
320299 
320315 
300332 


320348 
320364 
320381 
320397 
3.0414 


320430 
320447 
320463 
320480 
320496 


320512 
320529 
320545 
320561 
30578 


320594 
320610 
320627 
320643 
320659 


320676 
320692 
320708 
320725 
320741 


320757 
300773 
340790 
30806 
300822 


Vx 


V 10x 


92487 


94492 
92497 
92503 
92508 
9.2513 


9.518 
9.524 
9.529 
9,534 
9.539 


9.545 
9.550 
9.555 
9.560 
9.566 


9.571 
9.576 
9.581 
9.586 
9.2592 


9.597 
9.602 
9.607 
9.612 
9.618 


9.623 
9.628 
9.633 
9.638 
92644 


92649 
92654 
92659 
9.664 
92670 


9.675 
9.680 
9,685 
92690 
92695 


92701 
92706 
9.71} 
9.716 
92721 


9.726 
9.73 
9.737 
9.742 
9.747 


10x 


‘Vx 
220801 


220809 
220816 
220824 
200832 
220839 


200847 
220855 
200862 
200870 
220878 


200888 
220893 
220901 
220908 
220916 


220923 
220931 
220939 
2200946 
220954 


220961 
200969 
2200977 
220984 
220992 


220999 
221007 
221014 
2e1022 
201029 


201037 
201045 
201052 
201060 
201067 


221075 
221082 
221090 
201097 
201105 


201112 
21120 
201127 
201134 
201142 


201149 
201157 
201164 
201172 
201179 


3 
Vx 


9.50 


9.51 
9.52 
9.53 
9.54 
9.55 


9256 
9.57 
9258 
9.59 
9260 


9261 
9262 
9.63 
9264 
9.65 


Θ.66 
9.67 
9268 
9269 
9270 


9.71 
9.72 
9.13 
9274 
9.79 


9.76 
9.77 
9.78 
9.79 
9280 


9281 
9.52 
9.83 
9.84 
9.85 


9286 
9.87 
9.88 
9.89 
9290 


9-91 
9092 
9.93 
9.94 
9.95 


9.96 
9.97 
9.98 
9.99 
10200 


x? 


9022500 


90.4401 
9026304 
9028209 
9120116 
9102025 


9123936 
9125849 
91¢7764 
9129681 
9221600 


92.352} 
92.5444 
92.7369 
9229296 
9301225 


9343156 
9325089 
9327024 
9328961 
9420900 


946284) 
9424784 
94.6729 
94.8676 
9520625 


9502576 
9524529 
95 26484 
95.844} 
9620400 


9622361 
9604324 
9626289 
9628256 
9720225 


9722196 
9724169 
9726144 
97.8121 
9820100 


9822081 
9804064 
9826049 
9828036 
9920025 


9942016 
9924009 
99.6004 
99.800] 


100.0000 


x? 


x? 


657.375 


860.685 
862.2801 
865.523 
868.252 
8702984 


873.723 
876.467 
879.218 
6816974 
684.736 


887.504 
890.277 
893.056 
895284) 
898.632 


901429 
904e231 
907.2039 
9092853 
912673 


9154499 
9182330 
9212167 
924.010 
926.859 


9296714 
932.575 
9352441 
938.314 
9412192 


944.076 
9462966 
949.862 
9524764 
9552672 


958.585 
961.2505 
964.430 
967.362 
9702299 


9730242 
9760192 
9796147 
982.2108 
985.075 


986.048 
991.027 
994.012 
997.003 


1900.000 


x 


' 
x 


0210526 


6.10515 
0210504 
0210493 
0210482 
0210471 


0210460 
0210449 
0210438 
0.210428 
0.10417 


0210406 
0.210395 
0210384 
0210373 
0210363 


0210352 
0210341 
0210331 
0210320 
0210309 


0210299 
0.10288 
0.10277 
0210267 
0210256 


0210246 
0210235 
0210225 
0210215 
0210204 


6210194 
0210183 
0.10173 
0.210163 
0.10152 


0210142 
0210132 
0210121 
0e10111 
0210101 


0210091 
0210081 
0210070 
0210060 
0210050 


0.210040 
0210030 
0210020 
0210010 
0210000 


1 


Vx 


320822 


3.0838 
320854 
320871 
320887 
300903 


320919 
320935 
320952 
320968 
320984 


321000 
321016 
321032 
321048 
301064 


321081 
301097 
301113 
301129 
301145 


301161 
301177 
321193 
301209 
301225 


301241 
301257 
301273 
301289 
301305 


301321 
301337 
301353 
341369 
301385 


301401 
301417 
301432 
301448 
301464 


321480 
321496 
301512 
321528 
301544 


321559 
301575 
321591 
301607 
301623 


γχ 


9.50 ἴο 10.00 


γΊΟχ 


9.747 


9.752 
9.757 
92762 
9.767 
9.772 


9.778 
9.783 
9.788 
9.793 
9.798 


9.803 
9.808 
9.813 
9.818 
9.823 


9.829 
9.834 
9.839 
92844 
9.849 


9-854 
9.859 
92864 
9.869 
92874 


9.879 
9.884 
9.889 
9.894 
9.899 


9.905 
9.910 
9.915 
9.920 
9.925 


9.930 
9.935 
9.940 
9.945 
92950 


9.955 
9.960 
9.965 
9.970 
9.915 


9.980 
9.985 
9.990 
9.995 
10.000 


V 10x 


“Vx 
201179 


201187 
221194 
201201 
201209 
201216 


201224 
2.123) 
201238 
201246 
201253 


201261 
201268 
201275 
201283 
201290 


201297 
201305 
201312 
201319 
201327 


201334 
2201341 
201349 
2013256 
201363 


201371 
201378 
201385 
21392 
201400 


201407 
201414 
201422 
201429 
201436 


201443 
201451 
221458 
221465 
201472 


201480 
201487 
201494 
221501 
201508 


201516 
201523 
201530 
201537 
201544 


Vx 


TABLE 2 


Five-figure tables of common logarithms from 
N = 100 to N=1000 


Graph for Table 2 
log N 


100 200 300 400 500 600 700 800 900 1000 


211 


428 
643 
856 
#069 
281 


492 
7102 
911 
118 
325 


53) 
136 
940 
143 
345 


546 
746 
945 
143 
341 


557 
733 
928 
122 
315 


507 


233 


449 
664 
878 
#091 
302 


513 
723 
931 
139 
346 


$52 
756 
960 
163 
365 


566 
766 
965 
163 
361 


557 
753 
947 
14) 
334 


$26 


794 


967 
140 
212 
483 
654 


824 
993 
162 
330 
497 


664 
830 
996 
160 
325 


488 
651 
813 
975 
136 


297 


457 
616 
775 
933 


091 
248 
404 
560 
716 


871 
025 
179 
332 
484 


637 
788 
939 
090 
240 


389 
538 
687 
835 
982 


129 
276 
422 
567 
712 


846 


#019 
192 
364 
§35 
705 


875 
#044 
212 
380 
547 


714 
880 
#045 
210 
374 


537 
700 
862 
#024 
185 


345 
505 
664 
823 
981 


138 
295 
451 
607 
762 


917 
071 
225 
378 
530 


682 
834 
984 
135 
285 


434 
$83 
731 
879 
#026 


173 
319 
465 
611 
756 


863 


#037 
209 
381 
552 
122 


892 
#061 
229 
397 
564 


731 
896 
#062 
226 
390 


§53 
716 
878 
#040 
201 


361 
521 
680 
838 
996 


154 
311 
467 
623 
778 


932 
086 
240 
393 
545 


697 
849 
#000 
150 
300 


449 
598 
746 
894 
#043 


188 
334 
480 
625 
770 


881 


#054 
226 
398 
569 
739 


909 
#078 
246 
414 
581 


747 
913 
4078 
243 
406 


570 
732 
894 
#056 
217 


377 
$37 
696 
854 
#012 


170 
326 
483 
638 
793 


948 
102 
255 
408 
561 


712 
864 
#015 
165 
315 


464 
613 
761 
909 
#056 


202 
349 
a94 
640 
784 


898 


#071 
243 
415 
586 
756 


926 
#095 
263 
430 
597 


764 
929 
#095 
259 
423 


586 
749 
911 
5072 
233 


393 
553 
712 
870 
#028 


185 
342 
498 
654 
809 


963 
117 
271 
423 
576 


728 
879 
#030 
180 
330 


4179 
627 
776 
923 
#0970 


217 
363 
509 
654 
199 


4088 
26ὶ 
432 
603 
773 


943 
#111 
280 
447 
614 


780 
946 
#111 
275 
439 


602 
765 
927 
#088 
249 


409 
569 
727 
886 
#044 


201 
358 
514 
669 
824 


979 
133 
286 
439 
591 


743 
894 
#045 
195 
345 


494 
642 
790 
938 
#085 


232 
378 
524 
669 
813 


036 


115 
194 
273 
351 
429 


507 
586 
663 
74} 
819 


896 
974 
051 
128 
205 


282 
358 
435 
511 
587 


664 
740 
815 
891 
967 


042 
118 
193 
268 
343 


418 
492 
567 
641 
716 


790 
864 
938 
012 
085 


159 
232 
305 
379 
452 


525 
597 
670 
743 
815 


866 


938 
#010 
082 
154 
226 


297 
369 
440 
$12 
583 


654 
725 
796 
866 
937 


#007 
078 
148 
218 
288 


358 
428 
498 
567 
637 


706 
775 
844 
913 
982 


051 
120 
188 
257 
325 


393 
462 


873 


945 
#017 
089 
161 
233 


305 
376 
447 
519 
590 


661 
732 
803 
873 
944 


#014 
085 
155 
225 
295 


365 
435 
505 
574 
644 


713 
782 
651 
920 
989 


058 
127 
195 
264 
332 


400 
466 
536 
604 
672 


740 
808 
875 
943 
#010 


077 
144 


$10 


572 
634 
696 
757 
819 


880 
942 
003 
065 
126 


187 
248 
309 
370 
431 


491 
552 
612 
673 
733 


794 
854 
914 
974 
034 


094 
153 
213 
273 
332 


392 
451 
510 
570 
629 


688 
747 
806 
864 
923 


982 
040 
099 
157 
216 


274 
332 
390 
448 
506 


027 
077 
126 
176 
226 


275 
325 
374 
424 
473 


522 
57} 
621 
670 
719 


768 
817 
866 
915 
963 


#012 
061 
109 
158 
207 


255 
303 
352 
400 
448 


973 


#024 
075 
125 
176 
227 


278 
328 
379 
430 
480 


531 
581 
631 
682 
732 


782 
832 
882 
932 
982 


032 
082 
131 
181 
237 


280 
330 
379 
429 
478 


$27 
$76 
626 
675 
724 


773 
822 
871 
919 
968 


#017 
066 
114 
163 
213 


260 
$08 
357 
405 
453 


978 


#029 
080 
131 
181 
232 


283 
334 
384 
435 
485 


536 
586 


TABLE 3 
Trigonometrical functions 


¢ the central angle of the unit circle. 
x = 0:000 to x = 0°800 


ΘΟ 
Φ 
oO 
μ- 
+ 
0 to? μμὸ μι Oe Meee ed ot ere OC O agoooo ooo0 Oo eoo°o So 


° 
.Φ 
Θ 
δὰ 
μ᾿ 
ΦΟ ἈΣ ΣΑΣ PO NNN fh Ἀ) NYNNNN AD bt be μ pe 


2I—12 pp. 


03 
06 
10 
13 
17 


20 
24 
27 
30 
34 


37 
41 
44 
48 
51 


55 
58 
01 
05 
08 


12 
15 
19 
22 
25 


29 
32 
36 
39 
43 


46 
50 
53 
56 
00 


03 
07 
10 
14 
17 


20 
24 
27 
31 
34 


38 
41 
45 
48 
51 


ψ 


0 οο΄ 00-00" 


26026 
52653 
18.79 
45.206 
11.32 


37259 
03.85 
30012 
56638 
22065 


48.91 
15.18 
41444 
07-7] 
33.97 


0024 
26250 
52.177 
19.03 
45-30 


11.56 
37.83 
04209 
3036 
56062 


22288 
49015 
1541 
41.68 
07294 


3462) 
00047 
26674 
53-200 
19627 


45453 
11.80 
38406 
04433 
30059 


56286 
23012 
49439 
15265 
41492 


08-18 
3445 
00.71 
26298 
53024 


φ 


sin x 


000000 


0200100 
000200 
0200300 
0200400 
000500 


0200600 
0200700 
0200800 
0200900 
0201000 


0201100 
0201200 
001300 
0201400 
0201500 


0.01600 
0.201700 
0.201800 
0201900 
0202000 


0202100 
0202200 
0202300 
0202400 
0202500 


002600 
0202700 
0202800 
0202900 
0203000 


0203100 
0203199 
0203299 
0203399 
0203499 


0203599 
0203699 
0203799 
0203899 
0203999 


0204099 
0204199 
0204299 
0204399 
0204498 


0204598 
02046398 
0204798 
0.04898 
0204998 


sin x 


cos x 


1200000 


12900000 
1.00000 
1-0C000 
0.99999 
0099999 


0299998 
0-99998 
0299997 
02099996 
0299995 


0299994 
0299993 
0299992 
0299990 
0299989 


0.99987 
0299986 
0.99984 
0.99982 
0299980 


0.99978 
0299976 
0099974 
029997) 
0299969 


0299966 
0299964 
0.99961 
0.99958 
0099955 


0299952 
0299949 
0299946 
0299942 
0299939 


0299935 
099932 
0299928 
02499924 
0299920 


0299916 
0299912 
0.99908 
0299903 
0299899 


0299894 
0.99890 
0299885 
0.99880 
0299875 


COS ἃ 


tan x 


0200000 


02e00100 
0200200 
0200300 
0200400 
0200500 


0-090600 
0200700 
0200800 
0200900 
0201000 


0201100 
001200 
0201300 
0001400 
0201500 


0201600 
0.01700 
0.01800 
0201900 
0202000 


0202100 
0202200 
002300 
0202400 
0202501 


0202601 
0202701 
0202801 
0.02901 
0203901 


0203101 
0203201 
0203301} 
0203402 
0203501 


0203602 
0203702 
0203802 
0203902 
0204002 


0204102 
0204202 
0204303 
0204403 
0204503 


0204603 
0204703 
0204804 
0204904 
0205004 


tan x 


cot x 


1000-00 
4992999 
333.332 
2492999 
199¢998 


1662665 
142.855 
1242997 
111-2108 
9929967 


9029054 
8323293 
7629187 
7124239 
66.6617 


6224947 
58.879 
§5 25496 
§226252 
4929933 


4726120 
4504472 
4324706 
41-6587 
3929917 


3824529 
3720280 
35.7050 
34.4731 
3323233 


3202477 
312393 
302920 
2924004 
2625598 


2727658 
2720147 
2623031 
2526280 
2429867 


2403766 
2327955 
2302415 
2207126 
2202072 


2127238 
21-2609 
20-8173 
20-3918 
1929833 


cot x 


ΨοὌωνσνι 
ψαα wu S ee or eS eres Dp eProre fu wo vo vw WW) vd UF wu Ww uo w Ww vo) WN A 


53024” 


19651 
G&5e77 
1203 
384230 
04656 


30283 
57209 
234036 
4962 
15489 


42015 
08642 
34268 
00695 
27e21 


53448 
19274 
46201 
12e27 
38254 


04480 
31207 
57233 
23260 
49286 


1613 
42039 
08265 
34492 
01.218 


27045 
53.71 
19.298 
46024 
12252 


38.77 
05204 
31-30 
57657 
23083 


$0210 
16236 
4263 
08289 
35416 


01642 
27269 
53.95 
20022 
46048 


? 


sin x 


0204998 


0205098 
0205198 
0205298 
0205397 
0205497 


0205597 
0205697 
Ce05797 
0205897 
0205996 


0206096 
0206196 
0006296 
0206396 
0206495 


0206595 
0206695 
0206795 
0296895 
02069946 


0207094 
0207194 
0207294 
0.07393 
0207493 


0.07593 
0207692 
0207792 
0.07892 
02-0799] 


0.08091 
020819] 
0208290 
0208390 
0208490 


0208589 
0208689 
0208789 
0-08888 
0208988 


0209087 
0209187 
0209287 
0209386 
0209486 


0209585 
0.09685 
0209784 
0209884 
0209983 


sin x 


cos x 


0099875 


0299870 
0099865 
0.99860 
0299854 
0299849 


0299843 
0299838 
0299832 
0299826 
0299820 


0.99814 
0299808 
099802 
0299795 
0299789 


0299782 
0099776 
0099769 
0.99762 
0299755 


0299748 
029974] 
0099734 
0299726 
0.99719 


0.99711 
02099704 
099696 
0.99688 
0299680 


0299672 
0299664 
0299656 
0299647 
0299639 


0299630 
0299622 
0299613 
0299604 
0099595 


0299586 
0299577 
0.99568 
0299559 
0299549 


0299540 
099530 
0299520 
0299510 
0299500 


COS Xx 


tan x 


005004 


005104 
0205205 
0205305 
0205405 
0205506 


0205606 
0205706 
0205807 
0205907 
0206007 


0206108 
0206208 
0206308 
0206409 
0206509 


0206610 
0206710 
0206811 
0206911 
0207011 


007112 
0.07212 
0007313 
0207414 
0207514 


0207615 
0207715 
0607816 
0207916 
0008017 


0.08118 
0208218 
0208319 
0208420 
020852} 


0208621 
0208722 
0208823 
0208924 
0209024 


0209125 
0209226 
0209227 
0209428 
02094529 


0209630 
0209731 
0209831 
0209932 
02010033 


tan x 


cot x 


19.9833 


1925908 
1922134 
1828503 
18.5005 
1821635 


1728385 
1725249 
1762220 
1669295 
1606467 


16.373} 
1621084 
1528520 
156037 
1523629 


1501295 
1429030 
14.6832 
1424697 
14.2624 


1420608 
1348649 
1346743 
13.4888 
1323083 


1321326 
1229613 
1227945 
1226319 
1224733 


1223187 
1221678 
120205 
1128767 
11.7364 


11-5992 
114652 
1123343 
112063 
11.081) 


109587 
1028389 
10-7217 
106069 
1024946 


103846 
10«2769 
10.174 
10-0680 
9296664 


cot x 


6°43’ 46248" 
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47 
50 
54 
57 
00 


04 
07 
11 
14 
18 


21 
25 


φ 


12475 
3901 
05028 
31654 
57280 


24207 
50233 
1660 
42286 
09213 


35239 
01266 
27092 
54619 
20245 


4672 
12-98 
39025 
05-51 
31278 


58204 
24231 
50257 
1684 
43210 


09.237 
35263 
01-90 
28016 
54242 


20-69 
46295 
13622 
39248 
05475 


32001 
58028 
24654 
50.8} 
17207 


43234 
09.260 
35-87 
02213 
28240 


54666 
20293 
47.19 
13246 
39072 


φ 


sin x 


0.09983 


0.210083 
0210182 
0210282 
021038} 
0210481 


0210580 
0210680 
0010779 
0210878 
0210978 


0011077 
0211177 
0211276 
0211375 
0211475 


0211574 
0211673 
00611773 
0211872 
0211971 


0212070 
0012170 
0012269 
0212368 
0012467 


0212567 
0012666 
0012765 
02012864 
0012963 


0213063 
0213162 
0213261 
0213360 
0213459 


0213558 
0213657 
0013756 
0213855 
0213954 


0214053 
0014152 
0214251 
0214350 
0214449 


0214548 
0214647 
0+14746 
0214845 
0214944 


sin x 


cos x 


0299500 


0299490 
0299480 
0299470 
0299460 
0299449 


0299439 
0299428 
0.99417 
0299407 
0.99396 


0.99385 
0.99373 
0.99362 
0.99351 
0299339 


0299328 
0.99316 
0299305 
0.99293 
0.99281 


0.99269 
0.99257 
0299245 
0.99232 
0299220 


0099207 
0299195 
0299182 
0299169 
0299156 


0699143 
0.99130 
0.99117 
0299104 
0299090 


0.99077 
0299063 
0299049 
0299036 
0299022 


0-99008 
0298993 
0098979 
0.98965 
0.98951 


0.98936 
0.98921 
0.98907 
0.98892 
0.98877 


cos x 


fan x 


0210933 


0210134 
0210236 
0210337 
010438 
0210539 


0210640 
0010741 
0210842 
0210943 
0211045 


02011146 
0611247 
0211348 
0211450 
0211551 


0011652 
0211754 
0211855 
0011956 
0212058 


0212159 
0212261 
0012362 
0012464 
012566 


012667 
0612769 
0212870 
0012972 
0013074 


0213175 
0013277 
0213379 
013481 
0013583 


0213684 
0613786 
0.13888 
0213990 
02014092 


0214194 
0214296 
0214398 
0214500 
0214602 


014705 
0214807 
0214909 
0.15011 
0215114 


fan x 


cot x 


9296664 


9.86730 
9276990 
9267438 
9058069 
9248878 


9239860 
9231010 
9022323 
92013795 
9205421 


8.97198 
828912} 
8.81186 


8673390 


8065729 


8258199 
8250797 
8243521 
8 236366 
8.229329 


8e22409 
8.15601 
8208904 
8202314 
7295829 


7089446 
7283164 
7¢76979 
7270889 
7264893 


7258987 
7253171 
Teh 744} 
7041797 
7036235 


7230755 
7025355 
7220032 
7014785 
7209613 


7204514 
6299486 
6294528 
6289638 
6284815 


6280058 
675365 
6270735 
6266167 
6061659 


cot x 
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id 


sin x 


0214944 


0215043 
0215142 
0215240 
0e15339 
0215438 


0215537 
0215636 
0215734 
0.215833 
0015932 


0216031 
0216129 
0016228 
0216327 
0216425 


0216524 
0216622 
0016721 
0216820 
0216918 


0217017 
0617115 
0.17214 
0017312 
0217411 


0217509 
0217608 
0217706 
0017805 
0617903 


0218001 
0218100 
0218198 
0218296 
0218395 


0218493 
0218591 
0218689 
0218788 
018886 


0.18984 
0019082 
0219180 
0219279 
02019377 


02019475 
0219573 
0219671 
0219769 
0019867 


sin x 


cos X 


0.98877 


0.98862 
0.96847 
0298832 
0.98817 
098801 


0298786 
0.98770 
0098754 
0.98739 
0.98723 


0.98707 
0298691 
0298674 
0298658 
0298642 


0298625 
098609 
0298592 
098575 
0.98558 


0298542 
0.98524 
0.98507 
0298490 
0.98473 


0.98455 
0298438 
0.98420 
0298402 
0298384 


0298366 
0298348 
0.98330 
0.98312 
0+98294 


0.98275 
098257 
0298238 
098219 
0298200 


0.98181 
0298162 
0698143 
0698124 
0298105 


0.98085 
0.98066 
0298046 
0698026 
0298007 


cos xX 


tan x 


0215114 


0215216 
0215318 
0615421 
0215523 
0215625 


0215728 
0215830 
0015933 
0216035 
0216138 


0216241 
0216343 
0216446 
0216549 
0216651 


0216754 
0616857 
0216960 
0217063 
02017166 


0617269 
0217372 
0017475 
0217578 
0017681 


0017784 
0217887 
02617990 
0218094 
0218197 


0218300 
018404 
0618507 
0218611 
0218714 


0218818 
0218921 
0219025 
019128 
0219232 


0219336 
0219439 
0219543 
0219647 
0619751 


02019855 
0.19959 
0220063 
0220167 
02202771 


fan x 


cot x 


6061659 


6657211 
6052820 
6048487 
6 044209 
6239986 


6035817 
6¢31701 
6027636 
6023622 
6019658 


6015742 
6011874 
6008054 
6004280 
6200551 


5296866 
5293225 
589628 
5286072 
5 «82558 


5079084 
575651 
§ 272256 
§ 268901 
§ 65583 


5 62303 
5259059 
5055852 
5052680 
5 049543 


5 046440 
5043370 
5040334 
5237331 
5034360 


§ 231420 
5228511 
§ 225633 
6222785 
52019967 


5217178 
§214418 
5211685 
§.08981 
5 006304 


5 03654 
5201030 
4.98433 
495862 
4293315 


cof x 


4 


φ 


“229.96 


59.23 
25649 
51.76 
18402 
44629 


10.55 
36.81 
03.08 
29634 
5526) 


21687? 
48214 
14.40 
4067 
062093 


33.220 
59 046 
25673 
51.99 
18626 


44452 
10-79 
37205 
03232 
29658 


55.65 
22e11 
48.38 
14664 
40.91 


O7e1l? 
33244 
59.70 
25296 
52023 


18-49 
44.76 
11.02 
37029 
03255 


29682 
5608 
22235 
48.6] 
14288 


41.14 
07641 
33.67 
59-94 
26420 


φ 


sin x 


0219867 


0219965 
0220063 
0220161 
0220259 
1220357 


0220455 
0220552 
0.220650 
0620748 
0220846 


0220944 
0221042 
0-21139 
0621237 
021335 


0221432 
0221530 
0621628 
0621725 
0221823 


021921 
0.22018 
0222116 
0022213 
0222311 


0222408 
0022506 
06274053 
022700 
0422798 


0022895 
0222992 
0223090 
0623187 
0223284 


023382 
0023479 
02023576 
0223673 
023770 


0223867 
0623964 
0224062 
0624159 
0024256 


0624353 
0624450 
0224547 
0224643 
024740 


sin x 


COS x 


098007 


0.97987 
0.97967 
0097947 
0.97926 
0297906 


0097886 
0.97865 
0097845 
0297824 
0.97803 


0097782 
0.9776) 
0.97740 
0.97719 
0097698 


0.97676 
0297655 
0.97633 
0.97612 
0297590 


0.97568 
0297546 
0.297524 
0297502 
0097479 


0097457 
0297435 
0.97412 
0297389 
0.97367 


0297344 
0.97321 
0297298 
0.97275 
0.97251 


0097228 
097205 
0.97181 
0.97158 
0.97134 


0.97110 
0.97086 
0.97062 
0.97038 
02697014 


0.96989 
0.96965 
029694) 
0.96916 
096891 


COS Xx 


tan x 


02027} 


0620375 
0220479 
0220584 
0220688 
0220792 


0220896 
0221001 
02021105 
0221210 
0221314 


0221419 
021523 
0221628 
0221733 
021838 


0221942 
Ο.22047 
0222152 
0622257 
0222362 


0022467 
0622572 
0222677 
0022782 
0222888 


0222993 
023098 
0223203 
023309 
0223414 


023520 
0223625 
0.23731 
0223837 
0223942 


0224048 
0224154 
0224260 
0224366 
0624472 


0+24578 
024684 
0624790 
0224896 
0025002 


0-25109 
0625215 
022532} 
0225428 
0225534 


tan x 


cot x 


4293315 


4090794 
4.88298 
42858265 
4.83377 
4280952 


4278551 
G4e76172 
4273816 
4.71482 
4069170 


4266879 
4264610 
4 062362 
4.260135 
4257927 


4255740 
453573 
4251426 
4249298 
4047188 


4245098 
4243026 
440972 
4038937 
4036919 


4034919 
4032936 
&230970 
429021 
4427089 


4025173 
4e23273 
4021390 
419522 
4017670 


4215833 
4214011 
4e12205 
4210413 
4208636 


4206873 
4.05125 
4203392 
4201670 
3099964 


3209827) 
3296591] 
3094925 
3493272 
391632 


cot x 


sin Xx 


024740 


0224837 
0224934 
0225031 
0225128 
0025225 


0025321 
0225418 
0025515 
0225611 
0225708 


0225805 
0225901 
0225998 
0226094 
0226191 


0226287 
0226384 
0226480 
026577 
026673 


026770 
026866 
0226962 
0227058 
0027155 


0027251 
0227347 
0027443 
0227539 
0027636 


027732 
0227828 
02027924 
0228020 
028116 


0228212 
0228308 
0228404 
Oec d499 
02028595 


0228691 
0428787 
0228883 
0628978 
0029074 


029170 
0229265 
02029361 
0229456 
0229552 


sin x 


COS X 


0296891 


0296866 
0296842 
0296817 
0296792 
0296766 


0296741 
0296716 
0296690 
0296665 
0096639 


0296613 
0296587 
0296561 
0296535 
0296509 


0296483 
0296457 
0296430 
0296404 
0296377 


0296350 
0296324 
0296297 
096270 
0096243 


0296215 
0296188 
02961621 
0296133 
0296106 


0296078 
0296050 
0296022 
0295994 
0295966 


0.95938 
095910 
0295881 
0295853 
0095824 


0295796 
0.95767 
0.95738 
0095709 
0295680 


0.95651 
0295622 
0295593 
0295563 
0295534 


cos xX 


tan x 


02025534 


022564) 
0e25747 
0025854 
0225961 
026067 


0226174 
0226281 
026388 
0026495 
026602 


0226709 
0026816 
0226924 
0227031 
0027138 


0027246 
0027353 
0227461 
0227568 
0027676 


0227784 
0027891 
027999 
0228107 
0228215 


028323 
028431 
0228539 
0028647 
0028755 


0228864 
0228972 
0629081 
029189 
0029298 


0229406 
02e29515 
0229624 
0029732 
0029841 


0229950 
0230059 
0230168 
0230277 
0230387 


0230496 
0230605 
0.30715 
0230824 
0230934 


fan x 


cot x 


3091632 


3290004 
3288390 
3086787 
3285197 
383620 


3082054 
3280500 
3278958 
3077428 
3475909 


3074402 
3072906 
3e71422 
30699467 
3268484 


3067031 
3065589 
3264158 
3062737 
3061326 


3059926 
3258535 
3057155 
3255784 
3254423 


3253072 
3251730 
3250397 
3049074 
3047760 


3246456 
3245160 
3243873 
3042595 
32041325 


30240065 
3238812 
3037569 
3236333 
3635106 


3033887 
3032677 
3031474 
3030279 
3029092 


3227913 
3026742 
30225578 
3024422 
3023273 


cot x 


sin x 


0229552 


0429648 
0029743 
0229838 
0029934 
02e30029 


0030125 
030220 
0230315 
0630411 
0230506 


0230601 
0230696 
0230791 
030887 
0230982 


031077 
0231172 
031267 
0231362 
0631457 


0231552 
0631646 
0.31741 
04631836 
031931 


0232026 
032120 
0032215 
0232310 
0032404 


0032499 
0232593 
0232688 
032782 
032877 


0632971 
0233066 
0633160 
0033254 
0233349 


0233443 
0433537 
0233632 
0233726 
033820 


0433914 
0234008 
0234102 
0234196 
0234290 


sin x 


cos x 


0295534 


0.95504 
0495474 
0295445 
0295415 
0295385 


0295355 
0295324 
0295294 
0295264 
0295233 


0.95203 
0295172 
0295141 
0295111 
0295080 


0695049 
0295017 
0294986 
0294955 
0294924 


0294892 
0294860 
04694829 
0094797 
0294765 


0294733 
0294701 
0294669 
0294637 
0094604 


0294572 
0294539 
0294507 
0694474 
0.9444} 


0294408 
0294375 
0294342 
0294309 
0294275 


0294242 
0294209 
0294175 
0294141 
0294108 


0294074 
0.94040 
0294006 
0293972 
0093937 


COS x 


tan x 


0230934 


0231043 
0231153 
0231263 
0231372 
0231482 


0231592 
031702 
0231812 
0231923 
0032033 


06321343 
0232253 
0232364 
0232474 
02032585 


032696 
032806 
0632917 
0233028 
0233139 


0233250 
0.33361 
0033472 
033583 
0233695 


0233806 
0233918 
034029 
0234141 
0234252 


0234364 
0034476 
0.34588 
0234700 
0234812 


0234924 
0235037 
0235149 
0235261 
0235374 


0235486 
0235599 
0.35712 
035824 
0235937 


02636050 
036163 
0.36276 
036390 
0.36503 


tan x 


cot x 


3023273 


322131 
3020997 
3219871 
3018751 
3017639 


3216533 
3015435 
3014343 
3213258 
3012180 


30611109 
3210045 
3208987 
3207935 
306890 


3005852 
3204819 
3203793 
3002773 
3e01760 


3200752 
229975) 
2098755 
2097766 
2096782 


2095804 
2294832 
2093665 
2092905 
2091950 


291000 
2290056 
2¢89117 
2288184 
2087256 


2086334 
2285417 
2284505 
2283598 
2082696 


2281799 
2280908 
280021 
2279140 
2078263 


277391 
2276524 
2275662 
2274804 
207395) 


cof x 


ο 
20 


20 
20 
20 
20 
20 


20 
20 
20 
20 
20 


20 
20 
20 
20 
20 


20 
21 
21 
2) 
21 


21 
21 
21 
21 
21 


21 
21 
21 
21 
21 


21 
21 
21 
22 
22 


22 
22 
22 
22 
22 


22 
22 
22 
22 
22 


22 
22 
22 
22 
22 


03 


06 
10 
13 
16 
20 


23 
27 
30 
34 
37 


41 
44 
47 
5) 
54 


58 
Ο1 
05 
08 
1) 


15 
18 
22 
25 
29 


32 
36 
39 
42 
46 


49 
53 
56 
00 
03 


06 
10 
13 
17 
20 


24 
27 
31 
34 
37 


41 
44 
48 
51 
55 


sin x 


0234290 


0234384 
0234478 
0234571 
0234665 
0034759 


0234853 
0234946 
0235040 
0235134 
0635227 


0035321 
0235415 
0235508 
0e35601 
0235695 


0235788 
0235882 
02035975 
0236068 
0236162 


0236255 
0236348 
023644) 
0236534 
0236627 


0236729 
0236813 
0.36906 
0236999 
0237092 


0.37185 
0237278 
0037370 
0237463 
0037556 


0¢37649 
0237741 
0037834 
0237926 
0238019 


0638111 
038204 
038296 
0238388 
023848] 


0.38573 
038665 
0.38758 
0.38850 
0238942 


sin x 


cos xX 


0093937 


0293903 
0093869 
0293834 
0293799 
0693765 


0.93730 
0293695 
0.93660 
0293625 
0293590 


0293554 
0.93519 
0293484 
0293448 
0693412 


0093377 
0293341 
0293305 
0293269 
093233 


0293197 
0693160 
0693124 
0693087 
0293051 


0293014 
0292977 
0292940 
0092904 
0692866 


0292829 
0292792 
0092755 
092717 
0292680 


0292642 
0292605 
0092567 
0092529 
02924912 


0292453 
0.92415 
092376 
092338 
0292300 


02092261 
0.92223 
0692184 
0.92145 
0292106 


COs X 


tan x 


036503 


0236616 
0236730 
0236843 
0236957 
0037071 


00637184 
0237298 
0637412 
0237526 
0037640 


0037754 
0037869 
0237983 
0238098 
02638212 


0238327 
0238442 
0238556 
0238671 
038785 


0238901 
0239017 
0039132 
0239247 
02639363 


0239478 
0039594 
0239710 
00639825 
039941 


0240057 
0240173 
0240290 
0240406 
0240522 


0240639 
0240755 
0240872 
0240989 
0241105 


0241222 
0241339 
0041457 
0041574 
02041691 


0241809 
0241926 
0242044 
0242161 
0042279 


fan x 


cot x 


2073951 


2¢73103 
2072259 
2071421 
2¢70586 
2069756 


2268931 
2¢68110 
2067293 
2266481 
2¢65673 


2264869 
2264070 
22063274 
2062483 
2261696 


2260914 
2260135 
2259360 
2258590 
2057823 


2e57060 
2256301 
2 055546 
2254795 
2254048 


2253304 
2052565 
2051829 
2251096 
2250368 


2 049643 
2048921 
2048203 
2047489 
2e46778 


2046071 
2045367 
2044667 
2043970 
2043276 


2242586 
2041900 
2e41216 
2240536 
2239859 


2239185 
2038515 
2037847 
22037183 
2036522 


cot x 


sin x 


0.238942 


0239034 
0039126 
0239218 
0239310 
0239402 


00394964 


0239586 
039677 
0039769 
0.39861 


0239953 
0240044 
0240136 
0040227 
0.40319 


0240410 
0240502 
0240593 
0240685 
040776 


0240867 
0240959 
0241050 
004114) 
0241232 


0241323 
0041414 
0241505 
02041596 
0241687 


0241778 
0041869 
041960 
0242050 
0042141 


0242232 
02042322 
0042413 
042503 
0042594 


0242684 
0042775 
0042865 
0042956 
0043046 


0643136 
02043226 
0243316 
0243406 
0243497 


sin x 


cos Xx 


0292106 


0292067 
0.92028 
0291989 
0291950 
0291910 


0.91871 
091831 
0691792 
0691752 
0691712 


02091672 
0.91632 
0.91592 
0.91552 
0.91512 


029147} 
0291431 
0291390 
0291350 
0691309 


0291268 
0¢91227 
0291186 
0291145 
0291104 


0.91063 
091021 
0.90980 
0.90938 
0090897 


0290855 
0.90813 
090771 
0290729 
0090687 


0290645 
0290603 
0290560 
0290518 
0090475 


0290433 
0290390 
0290347 
0290304 
0290261 


0290218 
0.90175 
0290132 
0290088 
0290045 


COs Χ 


tan x 


0242279 


0242397 
0242515 
0242633 
0242752 
0242870 


0242988 
0243107 
0243226 
0243344 
02043463 


0243582 
0243701 
0643820 
0243940 
0244059 


0244178 
0044298 
0244418 
0244537 
0244657 


0244777 
0244897 
0045018 
0245)]38 
0245258 


0245379 
02455090 
0245620 
0045741 
0245862 


0245983 
0246104 
0246226 
0246347 
0046469 


0246590 
0«46712 
0246834 
0246956 
0e47078 


0247200 
0247323 
0047445 
0647568 
0047690 


0247813 
0247936 
0248059 
0248182 
0248306 


fan x 


cot x 


2236522 


2235864 
2¢35210 
2234558 
2.33909 
2033264 


2032621 
2231981 
2031345 
20307123 
2230080 


2029452 
2e28827 
22282058 
2027586 
2.26969 


2026355 
2025744 
2025136 
2224531 
22023928 


2023328 
2022730 
2022136 
2021543 
2020954 


2020367 
22019783 
2219201 
2218622 
2018045 


2017471 
2016899 
2016330 
2015763 
2015199 


2014637 
2014077 
2213520 
2012966 
2212413 


211863 
2011315 
2010770 
2210227 
2009686 


2209148 
208611 
2208077 
2207545 
2207016 


cot x 


25° 46' 59016 


25043 
51469 
17296 
44022 
10249 


26075 
23202 
29028 
55055 
21281 


48208 
14434 
40e6] 
06687 
33013 


59240 
25266 
51-93 
18.219 
44246 


10-72 
26299 
0325 
29452 
55478 


22205 
48231 
14258 
40284 
O7ell 


33.237 
59264 
25290 
$2017 
18243 


464.70 
1096 
37023 
03249 
29476 


56202 
22028 
48255 
14481 
41208 


07434 
33061 
59287 
26414 
52040 


? 


΄ 


sin x 


0043497 


0243587 
0043677 
0243766 
0243856 
0243946 


02044036 
0244126 
0244216 
0244305 
0044395 


0044484 
0244574 
0244663 
0244753 
0244842 


0244932 
0245021 
Me45110 
0.45199 
0045289 


0245378 
0245467 
0245556 
0245645 
0245734 


0245823 
0245912 
0246000 
0246089 
0246178 


0246267 
0246355 
0246444 
0446532 
004662) 


0246709 
02046798 
046886 
046974 
0247063 


0247151 
0247239 
0047327 
0047415 
0247503 


02475912 
0047679 
0047767 
0247855 
0247943 


sin x 


cos X 


0290045 


0-90001 
0.89958 
089914 
0.89870 
0.89826 


0.89782 
0.89738 
0.89694 
089650 
0289605 


0.89561 
0289516 
Oe89472 
0289427 
0.89382 


0.89337 
0289292 
0289247 
0289202 
0289157 


0.89111 
0«89066 
0.89021 
0.88975 
088929 


0.88883 
0«88838 
0e882792 
0288746 
0.88699 


0.88653 
0.88607 
028856] 
0288514 
088467 


0288421 
0288374 
088327 
0.88280 
0.88233 


0288186 
088139 
0-88092 
0688044 
0.87997 


0087949 
0287902 
0.87854 
0.87806 
0-87758 


cos x 


fan x 


0248306 


0048429 
0448552 
0048676 
0248800 
0248924 


02490468 
0649172 
0249796 
0249420 
0049545 


0249669 
0049794 
0249919 
0250044 
0250169 


050294 
0250420 
0250545 
0.50671 
0250797 


050922 
0251048 
0251175 
0251301 
0051427 


0251554 
0e51680 
0251807 
0251934 
0252061 


0.52188 
0252316 
052443 
0252571 
0052698 


0052826 
0252954 
053082 
0253210 
0253339 


0053467 
0253596 
0253725 
0253854 
0253983 


0054112 
02542741 
0254371 
0254500 
0+54630 


fan x 


cot x 


207016 


2206488 
2+05963 
2205440 
2204919 
2204400 


2203883 
2203369 
2002856 
2002346 
2001837 


2201331 
2200827 
2200324 
199824 
1299326 


12698829 
1298335 
1297843 
1697352 
1296864 


1296377 
1295892 
1295410 
1294929 
1294450 


1093972 
1293497 
1293024 
1092552 
1292082 


1.91614 
1291148 
1290683 
1290221 
1289760 


189300 
1288843 
1288387 
1287933 
1287481 


1287030 
1286581 
1.86134 
1685688 
1085244 


1684802 
1284361 
1283922 
1283485 
1083049 


cot x 


02500 


02501 
02502 
02503 
02504 
0.505 


0.506 
0.507 
02508 
0.509 
0.510 


00511 
02512 
0513 
0.514 
0.515 


0.516 
0.517 
0.518 
0.519 
0.520 


0-521 
00522 
0.523 
0.524 
0.525 


0.526 
0.527 
0.528 
0.529 
0.530 


02531 
0.532 
0.533 
02534 
02535 


02536 
00537 
02538 
0.539 
0.540 


0-54) 
0.542 
0.543 
02544 
00545 


02546 
02547 
02548 
00549 
02550 


Ἀ 


28° 38° 52040" 


28 
28 
28 
28 
28 


28 
29 
29 
29 
29 


29 
29 
29 
29 
29 


29 
29 
29 
29 
29 


29 
29 
29 
30 
30 


30 
30 
30 
30 
30 


30 
30 
30 
30 
30 


30 
30 
30 
30 
30 


30 
32 
31 
31 
31 


3) 
31 
31 
31 
31 


φ 


42 
45 
49 
52 
56 


59 
02 
06 
09 
13 


16 
20 
23 
27 
30 


18.67 
44.93 
11220 
37046 
03673 


29099 
56426 
22052 
48e79 
15205 


41.232 
07258 
33285 
0041) 
26ς.38 


52064 
18290 
45017 
1143 
3770 


03496 
30223 
56049 
22076 
49202 


15029 
41455 
07682 
34.08 
00635 


26461 
52288 
19214 
45441 
11267 


37094 
04220 
30047 
56073 
23-00 


49226 
15452 
41279 
08.05 
34432 


00.58 
26485 
33011 
19238 
45264 


sin x 


0247943 


0248030 
0248118 
0248206 
0248293 
024838) 


0248468 
0248556 
0248643 
0248730 
0248818 


0248905 
0248992 
0249079 
0249166 
0249253 


0249340 
0249427 
0249514 
0249601 
0249688 


0249775 
0.49861 
0249948 
0250035 
025012) 


0250208 
0250294 
0250381 
0250467 
0250553 


C.50640 
0250726 
0250812 
0250898 
0250984 


0251070 
0.251156 
0251242 
0.51328 
0051414 


0251499 
051585 
0251671 
0.251756 
0051842 


0251927 
0252013 
0.52098 
0.252183 
0.52269 


sin x 


cos x 


0087758 


0.87710 
0687662 
0687614 
0287566 
087517 


0287469 
0087421 
0.87372 
0.87323 
0.87274 


0287226 
0687177 
0287128 
0287078 
0287029 


0-86980 
0286931 
0.86881 
0286832 
0286782 


0286732 
0.86682 
0286632 
0286582 
0286532 


0286482 
0286432 
0286382 
0286331 
0286281 


086230 
0.86179 
0686129 
0286078 
0286027 


0285976 
0285925 
0.85874 
0.85822 
0685771 


0.85719 
0285668 
085616 
0285565 
0285513 


0.85461 
0285409 
0.85357 
0085305 
0085252 


COS x 


tan x 


0254630 


0254760 
0254890 
0255020 
0255151 
0255281 


0255412 
0255543 
055674 
0255805 
0255936 


0256067 
0256199 
0256330 
0256462 
0256594 


0056726 
0.56859 
0056991 
0657123 
0057256 


0257389 
0257522 
0057655 
0257789 
0257922 


0258056 
0-58189 
0258323 
0258457 
058592 


0258726 
0-58861 
0258995 
0259130 
0259265 


0259401 
0259536 
0259671 
0.59807 
0259943 


0260079 
0260215 
02-6035) 
0.60488 
0260625 


060762 
0260899 
0261036 
0261173 
0261311 


tan x 


cot x 


183049 


1682614 
1282182 
1681751 
1281321 
1280893 


1280467 
1280042 
1679618 
1.79197 
1678776 


1.278357 
1277940 
1277524 
1e77110 
176697 


1676285 
1675875 
1275467 
1.75059 
1274654 


1¢74249 
1673846 
1273445 
1273045 
1e72646 


1672249 
171853 
1271458 
1671065 
1270673 


1670282 
1269893 
1269505 
2269118 
1268733 


1268349 
1267966 
1267584 
1267204 
1266825 


1266448 
1-6607] 
1265696 
1265322 
164949 


1264578 
1264208 
1263839 
1263471 
1263104 


cot x 


sin x 


0252269 


0252354 
0252439 
0252524 
0252609 
0252694 


0652779 
0+52864 
0252949 
0253034 
0253119 


0253203 
0.53288 
0253373 
0053457 
0253542 


0053626 
0.53710 
0053795 
0253879 
0253963 


0654047 
0254131 
0254216 
0254300 
1254383 


0254467 
0254551 
0254635 
0254719 
0254802 


0254886 
0254970 
0255053 
0.55137 
0255220 


0255303 
0255387 
0e55470 
0255553 
0255636 


055719 
0255802 
0255885 
0255968 
0256051 


0256134 
0256216 
0256299 
0256382 
0256464 


sin x 


cos X 


0685252 


0285200 
0285148 
0.85095 
0-85043 
0284990 


0.84937 
0-84884 
0284832 
0084779 
02084726 


0284672 
0.84619 
0284566 
0284512 
0084459 


0284405 
0284352 
0684298 
084244 
0284190 


0284136 
0484082 
0284028 
0.83974 
0283919 


0.83865 
0283810 
0283756 
0.83701 
0283646 


0.83592 
0283536 
0.83481 
0283426 
0283371 


0283316 
0283261 
0283205 
0.83150 
0083094 


0283038 
0282983 
0282927 
0-e82871 
0282815 


082759 
0282703 
0682646 
0282590 
0282534 


cos X 


tan x 


061311 


0261448 
061586 
0261724 
0261862 
0062001 


0262139 
0062278 
Ο.62417 
0.62556 
Ο.62695 


0262834 
0062974 
0263114 
0263254 
0063394 


0263534 
0263674 
0663815 
0263956 
0264097 


0264238 
0264379 
0264521 
0264663 
0264805 


1264947 
0265089 
0265731 
0265374 
065517 


0265660 


- 0065803 


0265946 
0266090 
0266234 


0266378 
0266822 
0266466 
0266811} 
0266956 


0267100 
067246 
067391 
0067536 
0267682 


0267828 
0667974 
0268120 
0268267 
0268414 


tan x 


cot x 


1263104 


162739 
1262374 
1662011 
16616590 
1261289 


1660929 
1¢60571 
1260214 
1259857 
1259502 


1.59149 
1258796 
1258444 
1258094 
1257744 


1257396 
1257049 
1256703 
156358 
1256014 


1255671 
1055329 
1254988 
1254649 
1254310 


1253973 
1253636 
1253300 
1252966 
1252633 


1252300 
1251969 
1251638 
1251309 
1250980 
1650653 
1250326 
1250001 
1049676, 
1249353 


1249030 
1048709 
1.48388 
1248068 
2047749 


1047432 
1647115 
1246799 
1¢46484 
1646170 


cot x 


22 


sin x 


0256464 


0256547 
0.56629 
0.56712 
0256794 
0256876 


0256958 
025704) 
0257123 
0.57205 
0657287 


0257369 
0257451 
0257532 
0257614 
0257696 


0.57778 
0257859 
0.5794) 
0258022 
0.58104 


0.58185 
0.58266 
0.58347 
0258429 
0.58510 


0.58591 
0258672 
0.258753 
0258834 
0.58914 


0.58995 
0259076 
0.259157 
0259237 
0259318 


0.59398 
0659479 
0.259559 
0259639 
0259720 


0259800 
0259880 
0-59960 
0260040 
0260120 


060200 
060280 
0260359 
0260439 
0260519 


sin x 


cos x 


082534 


0.82477 
0.82420 
0282364 
0282307 
0282250 


0282193 
0282136 
0.82079 
0282022 
0.81965 


0.81907 
0.81850 
0.81793 
0.81735 
0.81677 


0281620 
0081562 
0.281504 
0281446 
0281388 


0281330 
0681271 
0681213 
0681155 
081096 


0.81038 
0280979 
0280920 
0280862 
0.80803 


0680744 
0.80685 
080626 
0-80566 
080507 


0280448 
0-80388 
0.80329 
0280269 
0280210 


0-80150 
0.80090 
0.80030 
0279970 
079910 


0.79850 
0079790 
0079729 
0079669 
079608 


COs X 


fan x 


0268414 


026856) 
0268708 
0268855 
0269003 
0269150 


0692798 
0269646 
0269595 
0669743 
0269892 


0.70041 
0-70190 
0270339 
0670489 
070639 


0.70789 
070939 
071989 
0271240 
0271391 


0271542 
0.71693 
0271845 
0-71996 
0272148 


0672301 
0272453 
0«72606 
0.72758 
Ο.72911 


Ο.73065 
0.9732}8ὃ 
0.73372 
073526 
O«73680 


0273834 
0273989 
0274) 44 
0474299 
0274454 


0274610 
0274766 
0274922 
075078 
0275234 


0275391 
0275548 
0.75705 
0+ 75863 
0276020 


fan x 


cot x 


1646170 


1245856 
1645544 
145233 
1244922 
1244613 


1244304 
1243996 
1243689 
1243383 
1643078 


1.4277 4 
1442470 
1642168 
141866 
1241565 


1041265 
1040966 
1240668 
1240370 
1240074 


1239778 
1239483 
2239189 
1-38896 
1238603 


1238312 
1238021 
1637730 
1.37 64} 
1237153 


1236865 
136578 
1636292 
1.36006 
1635722 


1235438 
1235155 
1234873 
1234591 
1234310 


1234030 
1033751 
1033473 
1233195 
1632918 


1232642 
1232366 
1232091 
1631817 
3031544 


cot x 


sin x 


0260519 


0260598 
0660678 
02060757 
060837 
0260916 


0260995 
0061074 
0261154 
0261233 
0261312 


0261391 
0261470 
0261548 
0261627 
0261706 


061785 
0261863 
0261942 
0262020 
0262099 


0.62177 
02662255 
0262333 
0262412 
0262490 


0262568 
0262646 
0062724 
0262802 
0062879 


0262957 
0263035 
0263112 
0263190 
0063267 


0263345 
0263422 
0263499 
0263577 
0263654 


0263731 
0263808 
0263885 
0263962 
0264039 


0264115 
0264192 
0264269 
0264345 
0264422 


sin x 


Cos x 


079608 


0279548 
079487 
0079426 
0279366 
079305 


0279244 
0.79183 
0079122 
0279060 
0278999 


0.78938 
0278876 
078815 
0278753 
0078692 


0.78630 
0-78568 
0278506 
0078444 
078382 


0.78320 
0678258 
0078196 
0278133 
0078071 


0278008 
0277946 
0277883 
0277820 
Oel7757 


0677694 
0277631 
077568 
0077505 
0077442 


0077379 
0677315 
0077252 
0e77188 
0077125 


0277061 
076997 
0276933 
0+76869 
0076805 


0276741 
076677 
0-76613 
076549 
0076484 


COs x 


tan x 


0276020 


Oe 76178 
O« 76337 
0276495 
O+« 76654 
0276812 


02476972 
0277131 
Oe77291 
0.77450 
077610 


Oe77771 
0277931 
0278092 
0-78253 
0278415 


0278576 
078738 
0.78900 
0279063 
0279225 


0.79388 
0279851 
0279715 
0279879 
0-¢80042 


0280207 
0280371 
0280536 
0-80701 
0280866 


0281032 
0281197 
0281364 
0281530 
081696 


0281863 
0282031 
0282198 
082366 
0082534 


082702 
0082870 
0283039 
0283208 
0283378 


0083547 
083717 
0283888 
0-84058 
0284229 


fan x 


cot x 


1231544 


1231272 
1230999 
1230728 
1630457 
1.30187 


1.29918 
129650 
1229382 
1629115 
1628849 


128583 
1.28318 
1.28054 
1¢27790 
1e27527 


1627265 
1227003 
1026742 
1626482 
1026222 


1625963 
1225705 
1625447 
1.225190 
124934 


1224678 
1224423 
1224168 
1623914 
1.23661 


1223409 
1023157 
1222905 
1222654 
1622404 


1622155 
121906 
1021658 
1621410 
1621163 


1620916 
1220670 
1620425 
1220180 
119936 


12619693 
1219450 
1619207 
1218965 
1618724 


cot x 


40°06 25.36" 


φ 


09 
13 
16 


51263 
17289 
44216 
1042 
36069 


02295 
29022 
55248 
21-75 
48-01 


14228 
4054 
06.81 
33.07 
59634 


25260 
51.87 
18413 
44.440 
1066 


36493 
03.19 
29445 
55072 
21298 


48425 
14451 
40.78 
07204 
33431 


59257 
25484 
52210 
18437 
44463 


10-90 
37616 
03443 
29269 
55296 


22022 
46.49 
14¢75 
41.02 
07-28 


33.55 
59281 
26408 
52034 
18.60 


φ 


sin x 


0264422 


0264498 
0264575 
0264651 
0064727 
0264803 


0264880 
0264956 
0265032 
0265108 
0265183 


0265259 
1.65335 
0.65411 
0 265486 
0265562 


0.65637 
0265713 
0.65788 
0265863 
0265938 


0266014 
0.66089 
0266164 
0 266239 
0266314 


0.66388 
0266463 
0266538 
0266612 
0266687 


0266761 
0266836 
0266910 
0266984 
0267059 


067133 
0067207 
0267281 
0067355 
0267429 


067503 
0067576 
0267650 
0267724 
0067797 


0.67871 
0267944 
0268017 
026809) 
0268164 


sin x 


COs x 


Oe 76484 


076420 
0.76355 
0.7629) 
0.76226 
0276161 


076096 
076031 
075966 
0675901 
075836 


0.75771 
075706 
0275640 
0675575 
0075509 


0075444 
0.75378 
0275312 
0275246 
0275181 


0.75115 
0.75049 
0.74982 
0.74916 
0.74850 


074784 
0074717 
0074651 
0274584 
0074517 


0674451 
0074384 
0274317 
0474250 
0474183 


0674116 
0274049 
0273982 
073914 
0073847 


0073779 
0e73712 
0273644 
0.73577 
073509 


0.73442 
073373 
073305 
0+73237 
0273169 


COs Χ 


tan x 


0084229 


0.84400 
0284571 
0284743 
0284915 
085087 


0285260 
0 «85433 
0285606 
0685779 
0285953 


0286127 
0286301 
0+86476 
0686651 
086826 


0087002 
0687177 
0287354 
0287530 
0087707 


0.87884 
0.88061 
0288739 
088417 
088595 


0.88774 
0288953 
0289132 
0289312 
0289492 


089672 
0+89853 
0290033 
02902715 
0290396 


090578 
0290760 
0290943 
0291126 
0091309 


0291492 
0091676 
0291861 
0292045 
0292230 


0092415 
0292601 
0292787 
0092973 
0093160 


tan x 


cot x 


1618724 


1218484 
1218243 
1218004 
1217765 
117527 


1217289 
1617051 
1616815 
1616578 
1216343 


1-16108 
1215873 
1215639 
12615406 
1215173 


1214940 
10614709 
1214477 
1614247 
1214016 


1613787 
1213557 
1613329 
1¢13100 
1612873 


1212646 
1212419 
1212193 
1611967 
1611742 


1211518 
1211293 
1211070 
1210847 
1210624 


1610402 
2210180 
1.09959 
1209738 
1.09518 


1.09299 
1209079 
1208861 
108642 
1608425 


1208207 
1607990 
1¢07774 
1207558 
107343 


cot x 


sin x 


0268164 


0668237 
0268310 
0 268383 
0268456 
0068529 


0268602 
0668674 
0268747 
0268820 
0268892 


0268965 


0269037 
0269109 
0269182 
0269254 


0269326 
0269398 
069470 
0269542 
0269614 


0269685 
0269757 
0269829 
0269900 
0269972 


0270043 
0270114 
0270186 
0270257 
070328 


0270399 
0270470 
0270542 
0270612 
0-70683 


0.70753 
0270824 
070894 
0270965 
0271035 


071106 
0671176 
0071246 
0671316 
0071386 


0671456 
071526 
0671596 
0271666 
0071736 


sin x 


COs X 


073169 


0673101 
0673032 
0272964 
0272896 
0072827 


0672759 
0+72690 
0672621 
0.72552 
0072484 


0272415 
0272346 
0272277 
0072207 
0.72138 


0272069 
0272000 
0271930 
0671861 
Oe71791 


0071721 
0671652 
0271582 
0.71512 
007) 442 


0071372 
071302 
0271232 
0671162 
0671091 


0271021 
0270951 
0270880 
0270809 
070739 


0.70668 
070597 
0270526 
0070456 
0270385 


070313 
0070242 
070171 
0270100 
0-70028 


0269957 
0269886 
0669814 
0269742 
0269671 


cos x 


tan x 


0693160 


0293347 
0293534 
0293722 
0293910 
0.94098 


094787 
0294476 
0294665 
0294855 
0295045 


0295236 
0695427 
0295418 
095809 
0296001 


0296194 
096386 
096580 
0296773 
0296967 


0297161 
0297356 
0097551 
0297746 
0.97942 


0.98138 
0298334 
0298531 
0298728 
0298926 


0299124 
0299323 
0299522 
0.99721 
0299920 


1200120 
1.00321 
1.00522 
1200723 
1200925 


1001127 
1201329 
1201532 
1201735 
1201939 


1202143 
1202348 
1202553 
1202758 
1202964 


ton x 


cot x 


1207343 


1207128 
1206913 
1.06699 
1206485 
1.06272 


1206060 
1.05847 
1205635 
1.05424 
1205213 


1.05003 
1.04793 
1204583 
104374 
1604168 


1203957 
1203749 
1203542 
1.03335 
1.03128 


1.02922 
1202716 
1202511 
1202306 
1.02102 


1201898 
1201694 
1201491 
1201288 
1201086 


1200884 
1200682 
1200482 
1.00280 
1200080 


0299880 
0.99680 
0299481 
0299282 
0299084 


0-98886 
098688 
098491 
0298294 
0298098 


0297902 
0097706 
Ο.97511 
Ο.97316 
Oe97121 


cot x 


TABLE 4 


Exponential functions 
Natural logarithms 
Hyperbolic functions 
from x = 0-000 to x = 1-650 


Graph for Table 4 
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02000 


02001 
02002 
02003 
02004 
0005 


02006 
02007 
02008 
"02009 
02010 


02011 
02012 
02013 
02014 
02015 


0-016 
02017 
02018 
02019 
00020 


0-021 
02022 
02023 
02024 
02025 


02026 
02027 
02028 
02029 
02030 


02031 
0.032 
0.033 
0.034 
02035 


02036 
02037 
0-038 
02039 
02040 


020421 
02042 
02043 
02044 
02045 


02046 
02047 
02048 
02049 
02050 


Χ 


sinh x 


0200000 


0200100 
0200200 
0200300 
0200400 
0200500 


0200600 
0200700 
0200800 
0200900 
0201000 


0201100 
0201200 
0201300 
0201400 
0201500 


0201600 
0601700 
0.01800 
0461900 
0202000 


0202100 
0.02200 
0202300 
0202400 
0202500 


0202600 
0202700 
0202800 
0202909 
0.03000 


0203100 
0203201 
0203301 
0203401 
020350} 


0203601 
0203701 
0.03801 
0203901 
0204001 


0204101 
0204201 
0204301 
0204401 
0204502 


0204602 
0204702 
0204802 
0204902 
0.05002 


sinh x 


cosh x 


1.00000 


1.00000 
12060000 
1200000 
1.00001 
1.00001 


1.00002 
1.00002 
1.200003 
1200004 
1-€0005 


1.00006 
1200007 
1.00008 
1.00010 
1200011 


1200013 
1.00614 
1.00016 
1.00018 
1.00020 


1.00022 
1.00024 
1.900026 
1.60029 
1.00031 


1.09034 
1200036 
1200039 
12900042 
1.00045 


1.00048 
1.00051 
1200054 
1200058 
1.00061 


1200065 
1.00068 
1.00072 
1.00076 
1200080 


1.00084 
1.00088 
1.00092 
1.00097 
1.00101 


1.00106 
1200110 
1200115 
1.90120 
1.00125 


cosh x 


tanh x 


0209000 


0200100 
0200200 
0.200300 
0200400 
0200500 


0200600 
0200700 
0200800 
0200900 
0201000 


0201100 
001200 
0201300 
0291400 
0201500 


0.01600 
0.201700 
0201800 
0201900 
0202000 


0202100 
0202200 
0202300 
0202400 
0202499 


0202599 
0202699 
0202799 
0202899 
0202999 


0203099: 


0203199 
0203299 
0203399 
0203499 


0.03598 
0203698 
0203798 
0203898 
0203998 


0.04098 
0204198 
0204297 
0204397 
0204497 


0004597 
0204697 
0204796 
0.04896 
0204996 


tanh x 


coth x 


1000200 
500-001 
3334334 
2502001 
200 e002 


166 «669 
142.859 
1252003 
1116114 
1002003 


9029128 
8323373 
7609274 
7124332 
6626717 


6265053 
§8.28292 
5525616 
5226379 
5020067 


4726260 
4564619 
4304859 
4126747 
4020083 


3824702 
3720460 
3527236 
3464924 
3343433 


3202684 
3122607 
3023140 
2904231 
28-5831 


2707898 
2720394 
2643285 
2526540° 
2520133 


2424039 
2328235 
2302701 
2267419 
2202372 


2167545 
21202923 
2028493 
2064245 
2020167 


coth x 


In x 


~6290776 
-62021461 
~5280914 
5652146 
~5229832 


-5211600 
“ἀρρ96)85 
“ἀς8283) 
“ἀ.71053 
“ἀφς605}17 


“4 .50986 
=4042285 
~4.34281 
“ἀφ 2 6870 
“ὦ,..19971 


4013517 
~4.07454 
-4.01738 
-3296332 
3491202 


-3286323 
“39ς8})67ὶ 
“39.77226 
“3.9.72970 
“32.68888 


~3 264966 
3461192 
“2.57555 
-3.54046 
=3 250656 


~3.47377 
—-3044202 
—-32e41125 
-3-238139 
“3.3524ὶ 


“3.52228 
“3.21017 
=3.24419 
“3.21888 


“-Ἅ.}924}18 
3217009 
=-3.214656 
“32.12357 
“3910109 


-3.07911 
~3205761 
-3203655 
-3201593 
-2299573 


In x 


1200000 


1200100 
1200200 
1200300 
1.00401] 
1.00501 


1200602 
1.00702 
1200803 
1.200904 
1201005 


1201106 
1201207 
1201308 
1201410 
1201511 


1201613 
1601715 
1201816 
1201918 
1202020 


1202122 
1202224 
1202327 
1602429 
1202532 


1202634 
1202737 
1202840 
1202942 
1203045 


1¢03149 
1203252 
1203355 
1203458 
1203562 


1203666 
1¢03769 
1203873 
1203977 
1204081 


1204185 
1204289 
1204394 
1204498 
1204603 


1204707 
31204812 
1204917 
1205022 
1205127 


e" 


- ὃ 


1.200000 


0299900 
0299800 
0299700 
0299601 
099501 


0299462 
0099302 
099203 
0299104 
0299005 


0298906 
0298807 
098708 
0298610 
0298511 


0298413 
0298314 
0298216 
0-98118 
0298020 


097922 
0097824 
097726 
0297629 
0297531 


0097434 
0297336 
0097239 
0097142 
0297045 


0296948 
029685) 
0296754 
0296657 
0296561 


0296464 
0296368 
0.96271 
0296175 
0296079 


0295983 
0295887 
0295791 
0295695 
0295600 


0295504 
0295409 
0295313 
0295218 
0295123 


9 


02050 


02051 
00952 
02053 
02054 
04055 


02056 
02057 
0.058 
02059 
02060 


0«062 
00062 
02063 
0064 
02065 


00066 
00067 
02068 
04069 
02070 


0.07} 
0.072 
0.073 
0.074 
0.075 


0.076 
02077 
0-078 
0.079 
02080 


06081 


0-082 
02083 
02084 
0.088 


02086 
0.087 
02088 
0.089 
ρθοῦ90 


02091 
02092 
02093 
02094 
02095 


02096 
0-097 
04098 
0.099 
0.100 


sinh x 


0205002 


0205102 
0205202 
0205302 
0205403 
0205503 


005603 
0205703 
0205803 
0205903 
0206004 


0206104 
0606204 
0206304 
0296404 
0206505 


02066058 
0206705 
0206805 
0206905 
0207006 


0207106 
0207206 
0207306 
0207407 
0207507 


007607 
0207708 
0207808 
0207908 
0208009 


0.08109 
0208209 
0208310 
0208410 
0208510 


0.08611 
0008711 
008811 
0208912 
0209012 


0209113 
0609213 
0209313 
0209414 
0209514 


0.09615 
0209715 
0209816 
0209916 
0210017 


sinh x 


cosh x 


1.00125 


1200130 
1200135 
1.00140 
1.00146 
1.00252 


1200157 
1200162 
1.00168 
1.00174 
1.00180 


1200186 
2200192 
1.00199 
1200205 
1.00211 


1.00218 
1.00225 
1.00231 
1.00238 
1.00245 


1.00252 
1.00259 
1200267 
1200274 
1.00281 


1.00289 
1.00297 
1.00304 
1.00312 
1.00320 


1.00328 
1.00336 
1.00345 
1.00353 
1.00361 


1.00370 
1.00379 
1.00387 
1.00396 
1.00405 


1.00414 
1200423 
1.00433 
1200442 
1.00452 


1200461 
1.00471 
1.00481 
12900490 
12900500 


cosh x 


tonh x 


0204996 


0205096 
0205195 
0205295 
0205395 
0205494 


0205596 
0205694 
0205794 
0205893 
0205993 


0206092 
0206192 
0206292 
0206391 
020649} 


0.206590 
026690 
0206790 
0206889 
0206989 


0207088 
0.07188 
007287 
007387 
0207486 


0207585 
0.07685 
0.07784 
0.07884 
0207983 


0208082 
0.208182 
O0-C8z8l 
0208380 
0208480 


0.08579 
0208678 
008777 
0208877 
0208976 


0.09075 
0209174 
0209273 
0209372 
0209472 


0209571 
0.09670 
0209769 
0-09868 
020996? 


tanh x 


coth x 


2020167 


1926248 
192248) 
18.8856 
1825365 
18.2001 


1728758 
1765629 
1722607 
169688 
1626867 


1664138 
1661497 
15-8940 
1526463 
1524063 


1521735 
1449477 
1427285 
14.5157 
1423090 


1421082 
1329129 
1347230 
1345382 
13-3583 


1341832 
1320127 
3228465 
1226846 
1225267 


12.3727 
1202224 
1220758 
1129327 
11-7930 


1106566 
11.5232 
1123930 
1102656 
1261411 


11.0193 
10.9002 
10.7837 
1026696 
105580 


1024486 
1023416 
1022367 
1021340 
1020333 


coth x 


In x 


#2299573 


“2.97593 
“2.9565) 
“2.0327426 
“2ΦΟΊΒΤ77 
“2900 42 


=2¢8824O 
-2e86470 
-2284731 
“2.83022 
“2.8134) 


“2.Ἴ9688 
“2.78062 
“2.76462 
“2.74887 
“2.73337 


“2.71810 
“2. 70306 
“2.648825 
“2.4 7365 
“2.65926 


-2264508 
-2 263109 
-2061730 
-2 060369 
“2.59027 


-2¢57702 
=2656395 
“2.5 5105 
“2.533 
“2.52573 


“29.533 
“2. ο1ῖ04 
“2οᾳφϑδϑδ9ὶ 
~-224769%4 
#2246510 


=2 24534) 
2244185 
2043042 
#2241912 
“2.40795 


“2.39690 
“2.38597 
“2.375}]6 
2636446 
“2.35388 


“29.3434} 
-22e33304 
~2032279 
72031264 
“2.30259 


In x 


63 
1205127 


1205232 
1205338 
1205443 
1.05548 
1205654 


1.205760 
1205866 
1205971 
1206078 
1206184 


1206290 
1206396 
1.06503 
1.06609 
1.06716 


1.06823 
1.06930 
1207037 
1207144 
1.07251 


1207358 
1¢07466 
1207573 
1207681 
1.07788 


1207896 
1208004 
1.08112 
1208220 
1.08329 


1208437 
1208546 
1.08654 
1208763 
1.08872 


1.08981 
1.09090 
1209199 
1209308 
1209417 


1209527 
1.09636 
1209746 
1209856 
1209966 


1210076 
1210186 
1210296 
1210407 
3210517 


095123 


0295028 
0294933 
0294838 
0294743 
0294649 


02094554 
0294459 
0294365 
029427] 
0294176 


0094082 
0093988 
0093894 
0¢93800 
0093707 


0293613 
0293520 
0293426 
0293333 
093239 


0293146 
093053 
0092960 
092867 
092774 


092682 
0092589 
0092496 
02692404 
0292312 


0292219 
0092127 
092035 
0291943 
0691851 


0+91759 
0291668 
0691576 
0291485 
0291393 


0291302 
0291221 
0691119 
0291028 
0290937 


0290846 
090756 
0290665 
0290574 
0290484 


δι᾿ 


Χ 


02100 


00101 
0.102 
0.103 
0.104 
02105 


02106 
00107 
02108 
02109 
02110 


0.11 
Oell2 
02113 
Oel14 
02115 


00116 
Q@e117 
00118 
00119 
0-120 


00121 
00122 
02123 
00124 
00125 


0.126 
0.127 
02128 
020129 
02130 


020131 
02132 
0.133 
02134 
0.135 


02136 
00137 
0-138 
00139 
0.140 


02141 
02142 
00143 
00144 
0.145 


02146 
00147 
0.148 
00149 
02150 


x 


sinh x 


0210017 


0210117 
0210218 
0210318 
0210419 
0210519 


0210620 
0210720 
0.1082} 
0210922 
0211022 


0211123 
0211223 
0211324 
0011425 
0211525 


0211626 
0.11727 
0.11827 
0.11928 
0212029 


0.12130 
0212230 
012331 
0.12432 
0012533 


0212633 
0212734 
0212835 
0212936 
0213037 


0213138 
0.13238 
0213339 
0213440 
0213541 


0213642 
0013743 
0213844 
0.213945 
0214046 


0214147 
0214248 
0214349 
0214450 
0214551 


0214652 
0214753 
0214854 
0214955 
0.215056 


sinh x 


cosh x 


1.00500 


1200510 
12005212 
1200531 
1.00541 
1.00552 


1.00562 
1.00573 
1.00584 
1,00595 
1.00606 


1.00617 
1.00628 
1.00639 
1.00651 
1.00662 


1.00674 
1.00685 
1.00697 
1.00709 
1.00721 


1.00733 
1200745 
1.00757 
1.00770 
1.00782 


1.00795 
1.00808 
1.900820 
1.00833 
1.00846 


1.00859 
1.00872 
1.00886 
1.00899 
1200913 


1.00926 
1200940 
1.00954 
1.00968 
1.00982 


1.00996 
1.01010 
1.01024 
1201039 
1201053 


1.01068 
1.01082 
1.01097 
1.01112 
1.01127 


cosh x 


tanh x 


0.09967 


0210066 
0210165 
0210264 
0210363 
0210462 


0210560 
0210659 
0.10758 
0.10857 
0.210956 


0211055 
0211153 
0211252 
0611351 
0211450 


0011548 
0011647 
0211746 
0211844 
0.211943 


0.12041 
0212140 
0212238 
0012337 
0212435 


0.212534 
0212632 
0212732 
0212829 
0212927 


0213026 
0.213124 
0213222 
0213320 
0213419 


0.13517 
0213615 
0013713 
0213811 
0213909 


0214007 
0214105 
0214203 
0214301 
0214399 


0214497 
0214595 
0214693 
0214791 
0214889 


tanh x 


coth x 


1020333 


9293463 
9683790 
9274305 
9265003 
9255878 


9246927 
9038143 
9.29523 
9221062 
9212755 


9.04598 
8.96587 
8.88719 
8.80990 
6273395 


8265932 
6.58597 
8251387 
6244299 
8.37329 


8230476 
823735 
6217104 
8.10581 
8.04162 


7297846 
7291630 
7285512 
72079489 
7273559 


7-67720 
7261971 
7256308 
7250730 
7¢45235 


7239822 
72034488 
7029232 
7024052 
72018946 


7013914 
7208952 
7204061 
6299238 
6294482 


6289791 
6285165 
6280602 
6276100 
6071659 


coth x 


In x 


-2230259 


“2.29263 
“2.28278 
“2.21303 
“2.26336 
“2.25379 


“2ι.2έ4.32 
“2.23493 
“2.22562 
“2.2164} 
“2.201727 


“2.19823 
“2.18926 
“2.18037 
“2.17]156 
-2016282 


“2.154}7 
“2.142558 
-2013707 
2212863 
-2212026 


“2911196 
-2210373 
“2.09557 
-2eQ8747 
“2.07944 


“2.07147 
=-2206357 
“2.05573 
“2.4 794 
-2204022 


-2 003256 
-2.02495 
=-2201741 
“2.00992 
~2200248 


“1299510 
1298777 
~1.298050 
“1.97328 
~1-96611 


-1295900 
-1.95193 
—-1294491 
-1293794 
-1293102 


—-1292415 
-1291732 
-~1291054 
-1-90381 
-1289712 


In x 


e* 


1.10517 


1210628 
1210738 
1210849 
1210960 
1211071 


1211182 
1211293 
1211405 
1611516 
1211628 


1211739 
1211851 
1211963 
1212075 
1212187 


1212300 
1612412 
1612524 
1212637 
1212750 


1212862 
1012975 
1213088 
113202 
1213315 


1213428 
1.13542 
1213655 
12613769 
1213883 


1213997 
2014111 
1214225 
1214339 
1214454 


1214568 
1214683 
1214798 
1614912 
1215027 


1215142 
1215258 
1215373 
1215488 
1215604 


1215720 
1215835 
1015951 
1616067 
12616183 


e-* 


0290484 


090393 
090303 
0690213 
090123 
0290032 


0289942 
0289853 
0.89763 
0-89673 
0.89583 


0289494 
0289404 
0289315 
0289226 
089137 


0+89048 
088959 
0.88870 
0.88781 
0-88692 


0.88603 
0.88515 
0-88426 
0288338 
0-88250 


0-88161 
0-88073 
087985 
087897 
0-87810 


0.87722 
087634 
0.87547 
0.87459 
0.87372 


0.87284 
0.87197 
Ο.87110 
Ο.87023 
0.86936 


0.86849 
0.86762 
0Ο.86675 
0.86589 
0.86502 


0.864}6 
0.86329 
0.86243 
0.86157 
0+86071 


sinh x 


0215056 


0215157 
0215259 
0215360 
021546) 
0215562 


0215663 
0215765 
0215866 
0215967 
0216068 


0216170 
0216271 
0016372 
0216474 
0.216575 


0216676 
0216778 
0.216879 
0.16981 
0217082 


0217183 
0.17285 
0.17386 
0217488 
0.217589 


0217691 
0217793 
0617894 
0017996 
0218097 


0218199 
0218301 
0018402 
0.18504 
0.18606 


0218707 
0218809 
0218911 
0.19013 
0219115 


0219216 
0.19318 
0219420 
0.19522 
0219624 


0.19726 
0.19828 
0.19930 
0.20032 
0220134 


sinh x 


cosh x 


1201127 


1201142 
1.01157 
1201173 
1.01188 
1201204 


1201219 
1.01235 
1.01251 
1.01267 
1.01283 


1.01299 
1201315 
1201331 
1.01348 
1201364 


1201381 
1201398 
1.01415 
1.01431 
1.01448 


1201466 
1.01483 
1201500 
1.01518 
1201535 


1.01553 
1.01571 
1.01588 
1201606 
1201624 


1201643 
1.01661 
1.01679 
1201698 
1.01716 


1201735 
1201754 
1.01772 
1.01791 
1201810 


1.01830 
1.01849 
1.01868 
1.01888 
1201907 


1.01927 
1.01947 
1.01967 
1.01987 
1.02007 


cosh x 


tanh x 


0214889 


0214986 
0015084 
0215182 
0615279 
0215377 


0215475 
0015572 
0215670 
0215767 
0215865 


0215962 
0216060 
0016157 
0216255 
0216352 


0216449 
0216546 
0- 16644 
021674} 
0216838 


0216935 
0217032 
0.17129 
0217227 
0217324 


0217420 
0.17517 
0.17614 
Oel7711 
0217808 


0217905 
0218002 
0418098 
0.18195 
0218292 


0218388 
0-18485 
@.18582 
0218678 
0018775 


0.218871 
0218967 
0219064 
0219160 
0619257 


0.19353 
0219449 
0219545 
0219641 
0219738 


tanh x 


coth x 


6071659 


6067277 
626295% 
6258687 
6254476 
6250320 


6046217 
6242167 
6238169 
6034222 
6030324 


6026475 
6022675 
6018921 
6015213 
6011551 


6207933 
6204359 
6200828 
5.97339 
5293891 


5090484 
§87117 
583790 
5280501 
5077250 


§ 274036 
5270859 
5067719 
5 264613 
5061543 


5 58506 
§ 255504 
§ 252535 
5 249598 
5 246693 


§ 243820 
§ 240978 
§.38167 
§ 235386 
5032634 


§ 229911 
§e27218 
§ 024552 
§ 021914 
5019304 


§16721 
5214164 
5211633 
§.09128 
5 206649 


coth x 


In x 


~1289712 


“1.89048 
“1.88387 
“1.867732 
“͵Ί.87080 
“͵.86433 


“1.85790 
“1.85]15) 
“.845]16 
-1283885 
“}.83258 


“}.82635 
“Ἰ.82016 
-1-e81401 
~1280789 
~1280181 


“}.79577 
~1078976 
“1.78379 
“}. 77786 
“}.77]96 


“}., 76609 
“},.76026 
~1¢ 75446 
“].74870 
“}1.74297 


“}.73727 
“1.7316] 
“1.72597 
“19.972037 
“Ἰο71 480 


“}.70926 
“].970375 
“͵Ἶ .69827 
-12¢69282 
~12e68740 


-1268201 
-1067665 
1267331 
~1266601 
-1¢66073 


-1265548 
-1265026 
~1264507 
-1263990 
-1263476 


-1262964 
1662455 
=1261949 
1261445 
=1260944 


In x 


e* 


1.16183 


116300 
1.216416 
1216532 
1016649 
1216766 


1216883 
1217000 
1617117 
12617234 
1217351 


1.17468 
1217586 
1017704 
1217821 
1.17939 


1218057 
1.218175 
1218294 
1218412 
1.18530 


1.218649 
1218768 
1218887 
1219006 
1619125 


1219244 
1219363 
1219483 
1219602 
1219722 


1619842 
1219961 
1.20081 
1220202 
1.20322 


1420442 
1220563 
2220683 
1220804 
1220925 


1.221046 
1621167 
1.21288 
1621410 
1221531 


1.21653 
1221774 
1621896 
1.22018 
1622140 


e-* 


086071 


0.85985 
0.85899 
0.85813 
0.85727 
0.85642 


0.85556 
0.85470 
0.85385 
0.85300 
0.85214 


0.85129 
θ0.85044 
0.84959 
0.84874 
0.84789 


0.84705 
θ.ο84620 
0.84535 
0.8ς45) 
0284366 


0284282 
0284198 
0e84114 
0284030 
0283946 


083862 
0283778 
0083694 
0+83611 
0083527 


0283444 
0+«83360 
0¢83277 
0.83194 
0.83110 


02¢83027 
0282944 
0e82861 
0082779 
082696 


0.82613 
0282531 
0282448 
082366 
0082283 


0282201 
0282119 
0282037 
0281955 
0.81873 


02200 


00201 
00202 
0.203 
00204 
00205 


02206 
00207 
02208 
0.209 
09.210 


0921} 
00212 
00213 
00214 
02215 


00216 
0.217 
0.218 
0.219 
0.220 


0.221 
0.222 
0.223 
00224 
00225 


0.226 
0.227 
0.228 
00229 
0.230 


02231 
00232 
00233 
00234 
00235 


00236 
00237 
00238 
00239 
0.240 


0.24) 
0.242 
0.243 
00244 
02245 


00246 
00247 
020248 
00249 
02250 


x 


sinh x 


0220134 


0220236 
0.20338 
0220440 
0220542 
0020644 


0220746 
0.20848 
0220950 
0.21052 
0021155 


021257 
0221359 
0221461 
0221564 
0221666 


0221768 
021871 
0.21973 
0.22075 
022178 


0.22280 
0022383 
0022485 
0222588 
0222690 


0222793 
0022895 
0622998 
0223101 
0.23203 


0223306 
0223409 
0223511 
0223614 
0023717 


0223820 
0223922 
0224025 
0224128 
0224231 


0224334 
0224437 
0224540 
0024643 
0224746 


0224849 
0224952 
0225055 
0225158 
0225261 


sinh x 


cosh x 


1.02007 


1.02027 
1.02047 
1.02068 
1.02088 
1202109 


1.02129 
1.02150 
1.02171 
1.02192 
1.02213 


1202234 
1.02256 
1.02277 
1202299 
1.02320 


1202342 
1.02364 
1.02386 
1.02408 
1202430 


1202452 
1202474 
1.02497 
1202519 
1202542 


1.02565 
1.02588 
1202610 
1.02634 
1.02657 


1.02680 
1.02703 
1.02727 
1.02750 
1.02774 


1.02798 
1.92822 
1.02846 
1202870 
1.02894 


1202918 
1.02943 
1.02967 
1202992 
1203016 


1.03041 
1.03066 
1.03091 
1.03116 
1.03141 


cosh x 


tanh x 


0219738 


0219834 
0219930 
0220026 
0620122 
0220218 


0220313 
0220409 
0.20505 
0.220601 
0220697 


0220792 
0220888 
0.20984 
0021079 
0221175 


0221270 
0221366 
0221461 
0221556 
0021652 


0021747 
0021842 
0221938 
0622033 
0622128 


0022223 
0222318 
0222413 
0222508 
0222603 


0222698 
0022793 
0222887 
0222982 
0023077 


0623171 
0623266 
0223361 
0223455 
0223550 


0023644 
0223738 
0223833 
0223927 
0224021 


0224115 
0224210 
0224304 
0224398 
0024492 


tanh x 


coth x 


§.06649 


§ 204194 
§.01765 
4299359 
4e969TT 
4294619 


4692284 
4289972 
4287683 
4.85415 
4.83170 


4280946 
4278744 
4276562 
427440] 
4.72261 


4270141 
4268040 
4265959 
4.63898 
4261855 


4259831 
4057826 
4255839 
4253870 
4251919 


4249986 
4248069 
4246170 
4444288 
4042422 


4040573 
4e38740 
4036923 
4235122 
4233337 


4231566 
4029812 
4.28072 
4226347 
4024636 


4022940 
4221258 
4219591 
4017937 
4216297 


4014671 
4213058 
4211459 
4.09872 
4208299 


coth x 


-1260944 


~1260445 
“}.59949 
“1.59455 
-1258964 
“}1.58475 


“1.57988 
-1257504 
-1257022 
1256542 
“}.56065 


“1.55590 
“1.55117 
“Ἰοπδόδ4 
“}.54178 
“1.535712 


-1253248 
-1252786 
“}.52326 
“}.51868 
“}95}4}3 


“}.50959 
“Ἰοδόθ08 
-1-50058 
-1249611 
~-1249165 


-1248722 
-1.48281 
-12e47841 
-1247403 
-1246968 


—1246534 
-1246102 
-1245672 
-1245243 
-1244817 


—-1044392 
—-1243970 
-1243548 
-1243129 
—-1042712 


“}.42296 
“).41882 
“͵ο41469 
“1.41059 
-1240650 


1040242 
-1.39837 
-1239433 
-1-39030 
“}.38629 


In x 


1222140 


1022262 
1022385 
1622507 
1222630 
1622753 


1222875 
1222998 
1223121 
1023244 
1223368 


1223491 
1623615 
1623738 
1223862 
1.23986 


1224110 
1224234 
1624359 
1224483 
1624608 


1024732 
1624857 
1624982 
1625107 
1025232 


1225358 
1225483 
1625609 
125734 
1025860 


1225986 
1226112 
1626238 
1226364 
1226491 


1226617 
1026744 
1226872 
1226998 
2027125 


1027252 
1027379 
1227507 
1627634 
1027762 


1227890 
1228018 
1228146 
1228274 
1228403 


e-* 
0281873 


0.81791 
0681709 
081628 
081546 
0681465 


0281383 
0281302 
0281221 
0281140 
0-81058 


0080977 
0280896 
0280816 
0.80735 
0.80654 


0280574 
0280493 
0280413 
0280332 
0-80252 


0280172 
0280092 
0.80011 
0279932 
0079852 


00679772 
0279692 
0279612 
0279533 
0279453 


0¢79374 
0279295 
0.79215 
0279136 
0679057 


078978 
0278899 
0.78820 
0.78741 
0+« 78663 


0278584 
0-« 78506 
0« 78427 
0278349 
0« 78270 


0278192 
0078114 
Oe 78036 
0277958 
0.77880 


0.250 


00251 
00252 
0.253 
0.254 
0.255 


0.256 
0.257 
Ο.258ὃ 
0.259 
02260 


00261 
02262 
00263 
00264 
0.265 


Οο2δδ 
00267 
02268 
00269 
O2e270 


00271 
Oe272 
00273 
00274 
09.275 


0.276 
0.277 
Ο.278 
0.279 
0.280 


0.281 
0.282 
0.283 
00284 
00285 


00«286 
00287 
02288 
00289 
0.290 


02291 
00292 
00293 
00294 
00295 


00296 
00297 
0.298 
0.299 
02300 


sinh x 


0225262 


0225364 
0225468 
0025571 
0225674 
0025777 


0225881 
0025984 
026087 
0.26191 
0226294 


0026397 
0226501 
0226604 
0226708 
0226811 


0226915 
0.27018 
0227122 
0027226 
0027329 


0227433 
0627537 
0627640 
0027744 
0627848 


0027952 
0228056 
0228159 
0228263 
0228367 


0228471 
0228575 
0228679 
0228783 
0«28887 


0228991 
0229096 
0229200 
0229304 
0229408 


0229512 
0229617 
0.29721 
0229825 
0229930 


0230034 
0230139 
0030243 
030348 
0230452 


sinh x 


cosh x 


1203141 


1.03167 
1.03192 
1.03218 
1203243 
1.03269 


1.03295 
1203321 
1203347 
1.03373 
1.03399 


1203425" 


12603452 
1.03478 
1203505 
1203532 


1.03559 
1.03586 
1.03613 
1203640 
1.03667 


1.03695 
1203722 
1.03750 
1.03777 
1.03805 


1.03833 
1.03862 
1.03889 
1.03917 
1.03946 


1.03974 
1204003 
1.04031 
1.04060 
1.04089 


1.04118 
1.04147 
1.204176 
1204205 
1.04235 


1204264 
1.04294 
1.04323 
1.04353 
1.04383 


1.04413 
1204443 
1.04473 
1.04503 
1204534 


cosh x 


tanh x 


0224492 


0224586 
0024680 
0024774 
0224868 
0224961 


0225055 
0225149 
0025242 
0225336 
0225430 


02025523 
0225617 
0225710 
0225803 
0025897 


0225990 
0.26083 
0226176 
0226269 
026362 


0226456 
0226548 
0226641 
0026734 
0226827 


0226920 
027013 
0227105 
0227198 
0027291 


0227383 
027476 
027568 
0227660 
Oe27753 


0027845 
0027937 
028029 
028121 
0e28213 


0.228305 
0228397 
0228489 
028581 
0228673 


028765 
0228856 
0228948 
0229040 
0229131 


tanh x 


coth x 


4208299 


4206738 
4205190 
4203654 
4.02131 
4200620 


3099121 
3097634 
3496159 
3494695 
3093243 


3291803 
3290373 
3288955 
3087547 
3286151 


3084765 
3283390 
3282025 
3080671 
3079327 


3277993 
3276669 
3075355 
3274051 
3e72757 


3071472 
3270197 
3268932 
3067675 
3066428 


3265190 
3463960 
3062740 
3061529 
3260326 


3259132 
3057947 
3256770 
3055601 
3054440 


3253288 
3052144 
4051008 
3249880 
3048760 


3047647 
3046543 
3045445 
3044356 
3043274 


coth x 


In x 


1238629 


“1.38230 
-1237833 
-1237437 
-12637042 
-1.236649 


-12¢36258 
“1.35868 
“͵Ί.35480 
-1235093 
“}.34707 


-1¢34323 
-1233941 
“1.33560 
“1.9331]18} 
“1.32803 


“1.32426 
“1.3205] 
“1.31677 
“1.31304 
“.ς30933 


“͵οϑοδδά4 
“1.30195 
“1.29828 
“͵1.29463 
“1.29098 


“}1.28735 
“1.28374 
-1-28013 
“1.27654 
“1.27297 


-1226940 
-1226585 
1226231 
“1.25878 
“}.295527 


“1.25176 
“.24827 
“1624479 
-1624133 
1623787 


—-10273443 
-1223100 
-1¢22758 
-1222418 
~1e22078 


-1¢21740 
-1221402 
“1ο21066 
“19.2073} 
“1Ἰ.20397 


In x 


1228403 


1228531 
1228660 
1.28788 
1.228917 
1429046 


1629175 
1229305 
1229434 
1229563 
1229693 


1229823 
1229953 
1230083 
1230213 
1230343 


1230474 
1230604 
1030735 
1230866 
12630996 


1231128 
131259 
1231390 
1231521 
1631653 


1231785 
1231917 
1232049 
1232181 
1.32313 


10632445 
1232578 
1632711 
1232843 
1232976 


1.33109 
1633242 
1233376 
1233509 
1233643 


1233776 
1233910 
1234044 
1234178 
1234313 


1034447 
1234582 
1234716 
1434851 
1234986 


Θὲ 


0.77880 


0.77802 
0077724 
Oe 77647 
0«77569 
0¢77492 


0077414 
0077337 
0« 77260 
0¢77182 
0-e77105 


0277028 
0-76951 
0+ 76874 
0276797 
0676721 


02 76644 
0+«76567 
Oe 76491 
0276414 
Oe 76338 


0076262 
0+ 76185 
076109 
0+«76033 
0275957 


0275881 
0275805 
0275730 
0275654 
0-2 75578 


0+ 75503 
0075427 
0« 75352 
0075277 
0¢75201 


0¢75126 
0275051 
0¢74976 
02e74901 
0274826 


0274752 
0.74677 
02074602 
02074528 
Oe 74453 


Oe 74379 
0«74304 
Q« 74230 
0¢74156 
0¢ 74082 


e-* 


0.300 


0.301]1 
ῦ.302 
0.303 
0.304 
0.305 


0.306 
0.307 
0.308 
02309 
02310 


02311 
0.312 
0.313 
0.314 
0.315 


0.316 
00317 
0.318 
0.319 
0.320 


0.32] 
0.322 
0.323 
0.324 
00325 


02326 
0.327 
0.328 
0.329 
0.330 


0.331 
0.332 
0.333 
0.334 
0.335 


0.336 
0.337 
0.338 
0.339 
0.340 


0.34} 
02342 
0.343 
02344 
02345 


02346 
0.347 
00348 
00349 
0.350 


x 


sinh x 


0230452 


0.30557 
0.30661 
0230766 
0230870 


0230975 


0231080 
0231185 
0231289 
0231394 
0231499 


0231604 
0231709 
0231814 
0231919 
0232024 


0232129 
0232234 
0232339 
0032444 
0632549 


0232654 
0232759 
0232865 
0232970 
0233075 


0.233181 
0633286 
0233391 
0033497 
0233602 


0.33708 
0.33813 
0.33919 
0.34024 
0234130 


0034236 
0234342 
0234447 
0234553 
0234659 


0234765 
0.34871 
0234977 
0235082 
0.35188 


0.35295 
0235401 
0235507 
0235613 
0.35719 


sinh x 


cosh x 


1204534 


1204564 
1.04595 
1.04626 
1204656 
1.04687 


1.04718 
1204750 
1204781 
1204812 
1204844 


1204875 
1204907 
1204939 
1.04970 
1205002 


1205034 
1205067 
1.05099 
1.05131 
1.05164 


1.05196 
1.05229 
1.05262 
1205295 
1.05328 


1.05361 
1.05394 
1205428 
1.05461 
1205495 


1.05528 
1.05562 
1.05596 
1205630 
1205664 


1.05698 
1.05732 
1.05767 
1.05801 
1.05836 


1.05871 
1.05905 
1205940 
1.05975 
1.06011 


1.06046 
1.06081 
1.06117 
1206152 
1.06188 


cosh x 


tanh x 


0629131 


0029223 
0029314 
0029406 
0629497 
0229588 


0229679 
0029771 
0229862 
0229953 
0230044 


02630135 
0230226 
030316 
0230407 
0030498 


0230589 
0230679 
0230770 
0.30860 
0230951 


0231041 
0.231131 
0231222 
0031312 
0031402 


0631492 
0231582 
0231672 
0231762 
0231852 


0231942 
0.32032 
0.32121 
0.3221} 
0232301 


032390 
0232480 
0232569 
0232658 
0232748 


0.32837 
0232926 
033015 
0233104 
0233193 


0233282 
0233371 
0233460 
0.33549 
0233638 


tanh x 


coth x 


3043274 


3242199 
3241132 
3240072 
3239019 
3037973 


3236934 
3435903 
3034878 
3433860 
3232848 


3231844 
3230846 
3029855 
34228870 
3027892 


3226920 
3025954 
3224995 
3024042 
3223095 


3022154 
3221219 
3420290 
3219367 
3218450 


3217539 
3416633 
3215734 
3214840 
301395) 


3213068 
3012191 
3011319 
3010453 
3009591 


3208736 
3207885 
3207040 
3206200 
3205365 


3204535 
3263710 
3202890 
3202075 
3201265 


3200460 
2299659 
2298864 
2298073 
2097287 


coth x 


In x 


“}Ἰ.20397 


“1.20065 
“1.19733 
“1. 19402 
“1.19073 
~1218744 


-1218417 
-1.218091 
-1217766 
—-12017441 
-1217118 


~1216796 
“1.16475 
“}916155 
“1.158326 
“].15518 


-1215201 
~1014885 
-1214570 
—=1214256 
—-1213943 


-1213631 
-1213320 
-1-13010 
=1e12701 
-1212393 


-1212086 
-1211780 
-1211474 
1211170 
-1210866 


=-1.210564 
“1.10262 
-1.09961 
-1-0966} 
-1209362 


-1+09064 
-1-08767 
-1-08471 
-1208176 
-1.-07881 


-1-07587 
-1207294 
=1-07002 
-1.06711 
-1206421 


-1.206132 
-1-05843 
-1-05555 
1205268 
~1204982 


In x 


1034986 


1635121 
135256 
1.235391 
1235527 
1035663 


1235798 
1235934 
1236070 
1236206 
1236343 


1236479 
1236615 
1236752 
1236889 
1237026 


1637163 
137300 
1037438 
1037575 
1637713 


1237851 
1.37988 
1238127 
1238265 
1238403 


1238542 
1.38680 
1.38819 
1238958 
1¢39097 


1239236 
1639375 
1239515 
1239654 
1039794 


1239934 
1040074 
2240214 
1240354 
1240495 


1040635 
1040776 
1640917 
1641058 
1041199 


1241340 
1241482 
1241623 
1041765 
1241907 


e* 


0274082 


0+«74008 
0673934 
0« 73860 
0.73786 
0.73712 


0+. 73639 
Oe 73565 
0273492 
0273418 
Oe 73345 


0073271 
0273198 
O« 73125 
0«73052 
0¢72979 


072906 
0272833 
072760 
072688 
072615 


0272542 
0+«72470 
0072397 
0« 72325 
0072253 


0.72181 
072108 
072036 
0271964 
0+«71892 


0.71821 
0271749 
0.71677 
0.71605 
0271534 


0.71462 
0+71391 
0271320 
071248 
Oe71177 


071106 
0671035 
02 70964 
070893 
070822 


070751 
0.70681 
0.70610 
0-70539 
0« 70469 


e-* 


Χ 


02350 


0351 
0.352 
0.353 
0.354 
0.355 


02356 
02357 
04358 
02359 
02360 


0361 
0.362 
0.363 
0.364 
0.365 


0.366 
0.367 
0.368 
0.369 
0.370 


0.37) 
0.3272 
0.373 
0.374 
0.375 


9.376 
0.377 
0.378 
0.379 
0.380 


0.381 
0.382 
0.383 
0.384 
0.385 


0.386 
0.387 
0.388 
02389 
0.390 


0.391 
09.392 
0.393 
0.394 
0.395 


0.396 
0.397 
0.398 
0.399 


02400 


sinh x 


0235719 


0235825 
0235931 
0236038 
0236144 
0236250 


0236357 
0236463 
0236570 
© 236676 
0236783 


0.36889 
0236996 
0237102 
0237209 
0237316 


0237423 
0037529 
0237636 
0237743 
0237850 


0237957 
0238064 
0238171 
0238278 
0.38385 


0038492 
0238599 
0238707 
0238814 
0238921 


0239028 
0239136 
0239243 
0239351 
0239458 


0239566 
0239673 
0239781 
0239889 
0239996 


0240104 
0240212 
0240319 
0240427 
0240535 


0240643 
0240751 
0240859 
0240967 
0241075 


sinh x 


cosh x 


1.06188 


1606224 
1.06259 
1206295 
1.06332 
1206368 


1206404 
1296440 
1206477 
1206514 
1206550 


1.06587 
1206624 
1.06661 
1.06698 
1.06736 


1.06773 
1206810 
1.06848 
1.06886 
1.06923 


1.06961 
1206999 
1207037 
1207076 
1007114 


1.07152 
1607191 
1.07230 
1.07268 
1.07307 


1.07346 
1.07385 
1207425 
1207464 
1.07503 


1.07543 
1.07582 
1207622 
1207662 
1.07702 


1.07742 
1.07782 
1.07822 
1207863 
1.07903 


1207944 
1207984 
1208025 
1208066 
1208107 


cosh x 


tanh x 


0233638 


0233726 
0233815 
033903 
0433992 
0234080 


0234169 
02634257 
0234345 
0 2 34433 
0234521 


0234609 
0234697 
0234785 
02 34873 
0234961 


0235049 
035136 
0235224 
0235312 
0235399 


0235487 
0235574 
0235661 
0035749 
0235836 


0235923 
Ο.36010 
036097 
0236184 
036271 


0636358 
0.36444 
0036531 
0« 36618 
0036704 


0236791 
036877 
0236963 
0237050 
0637136 


0037222 
0237308 
0037394 
0237480 
0237566 


0437652 
0237738 
0637824 
0437909 
0237995 


tanh x 


coth x 


2097287 


2296505 
2095728 
2294956 
2094188 
2093425 


2092666 
2091912 
2291162 
2290417 
2289675 


2288938 
2088206 
2087477 
2286753 
2086033 


2085316 
2284604 
2083896 
2283192 
2082492 


281796 
2081104 
2680416 
2079732 
2279051 


2278374 
277701 
2077032 
2276366 
2075704 


2075046 
2074391 
2073740 
2273093 
2072449 


2071808 
2071171 
2070537 
2069907 
2069280 


2268657 
2268037 
2267420 
2066807 
2266196 


2265589 
2264986 
2064385 
22063788 
2263193 


coth x 


In x 


~2204982 


12004697 
“1294412 
“1604129 
-12Q3846 
“12903564 


“1293282 
-1¢0903002 
-1e902722 
“1202443 
-1¢02165 


-1-01888 
-1e01611 
-12091335 
-1-01060 
—-1200786 


“1.00512 
-1200239 
“0299967 
-0299696 
“0.99425 


“0.991]155 
“Οο98886 
-0-98618 
-02e98350 
-0-98083 


“0297817 
“0097551 
“0097286 
-0097022 
-0296758 


-0296496 
"0296233 
-0695972 
“0.95711 
“0295451 


“0.95192 
“0.994933 
-0294675 
-0294418 
"0294161 


=0293905 
-009 3649 
-0293395 
-0293140 
-0292887 


—-0292634 
-0292382 
“092130 
-0-91879 
-0«91629 


In x 


e* 


1641907 


142049 
1e42191 
1042333 
1642476 
1642618 


142761 
1242904 
1043047 
12643190 
1243333 


1043476 
143620 
10¢43764 
1.43907 
144051 


1.44196 
1644340 
1244484 
1044629 
1044773 


1644918 
1645063 
1445208 
1045354 
1245499 


12045645 
1245790 
1245936 
1246082 
146228 


1646375 
146521 
146668 
1246815 
1246961 


1047108 
1247256 
1247403 
1647550 
1247698 


1647846 
1047994 
1248142 
1248290 
1.48438 


1.48587 
1648736 
1648884 
1249033 
12649182 


e* 


e-* 


070469 


0270398 
0-70328 
070258 
070187 
0070117 


0700467 
0269977 
0269907 
02669837 
0269768 


0269698 
0269628 
0069559 
0269489 
0269420 


0269350 
069281 
0669212 
0269143 
0069073 


0269004 
0.68935 
068867 
0268798 
0268729 


0268660 
0268592 
0268523 
0268455 
0268386 


0668318 
0268250 
0268181 
0268113 
0268045 


0067977 
0467909, 
0067841 
0067773 
0067706 


067638 
0«67570 
0267503 
0267435 
0267368 


0667301 
0067233 
067166 
00667099 
0267032 


e-* 


02400 


9401 
02402 
02403 
Qe404 
00405 


00406 
02407 
0.408 
0.409 
02410 


Qe411 
02412 
0.413 
02414 
06415 


02416 
0.417 
0.418 
00419 
02420 


00421 
0.422 
0.423 
02424 
00425 


02426 
00427 
02428 
00429 
02430 


0431 
00432 
0.433 
0.434 
0.435 


02436 
00437 
0.438 
00439 
02440 


0.44) 
02442 
00443 
02444 
020445 


00446 
00447 
02448 
02449 
02450 


x 


sinh x 


0241075 


0241183 
0241292 
0241400 
0241508 
0241616 


02041725 
0241833 
0041941 
0242050 
02042158 


0642267 
0242376 
0042484 
0042593 
0242702 


0242810 
0042919 
0243028 
0243137 
0043246 


0243355 
0243464 
0243573 
0243682 
0243791 


0243900 
0244009 
0044119 
0244228 
0044337 


0044447 
0244556 
0244666 
0244775 
0244885 


0244995 
0245104 
0245214 
0245324 
0045434 


0045543 
0045653 
0045763 
0945873 
0045983 


0246093 
0246204 
0046314 
0046424 
0246534 


sinh x 


cosh x 


1208107 


1.08148 
1208190 
1.08231 
1208272 
1.208314 


1208356 
1208397 
1208439 
1208481 
1.08523 


1.08566 
1208608 
1208650 
1208693 
1.08736 


1.08778 
120882} 
1208864 
1.208907 
1208950 


1.08994 
1209037 
1.209081 
1209124 
1209168 


1209212 
1209256 
1.09300 
1209344 
1209388 


1.209433 
1209477 
1.09522 
1209567 
1.99611 


1209656 
1209701 
1.09747 
1209792 
1.09837 


1.09883 
1.09928 
1.09974 
1210020 
1210066 


1210112 
1210158 
1210204 
1210251 
1210297 


cosh x 


tanh x 


0037995 


0238080 
0238166 
038251 
Qe38337 
0238422 


0238507 
0238592 
0238677 
038762 
0238847 


038932 
0239017 
039102 
0239186 
0039271 


0239356 
02394490 
0239524 
0239609 
0239693 


0039777 
0239861 
0239945 
0240029 
0240113 


0240197 
024028] 
0240365 
0240449 
0240532 


0240616 
0240699 
0040783 
0240866 
0240949 


0241032 
0041115 
0241199 
0241282 
0241364 


0241447 
0241530 
0041613 
0241695 
0041778 


024186} 
0241943 
0042025 
0242108 
0242190 


tanh x 


coth x 


2063193 


2062602 
2262014 
2261429 
2e60847 
2260268 


2059692 
2059119 
2258549 
2057982 
2057418 


2256857 
2056299 
2055743 
2255191 
205464] 


2254094 
253550 
2253008 
22052469 
22051933 


2251400 
2250869 
225034) 
2249816 
2049293 


2048773 
2048255 
2047740 
2247228 
2e46718 


2046210 
22¢45705 
2045203 
22044703 
22044205 


2043710 
22043217 
2042727 
2042239 
2041754 


2041270 
2040789 
2040311 
2039834 
2039360 


2238888 
2238419 
2037952 
2037486 
2037024 


coth x 


In x 


0291629 


0091379 
-0291130 
-0290882 
-0290634 
“0290387 


=0290140 
“0.ο89894 
“ἍὈΟ.89649 
-0289404 
-0289160 


-0288916 
“0.88673 
-0288431 
-0-88189 
-0-87948 


-0.87707 
-0287467 
“Ο.87227 
“ἋὈοϑό988 
-0286750 


“0.865}2 
“0.86275 
-0286038 
-0285802 
-0285567 


-0-85332 
-0285097 
-0284863 
-0284630 
-0084397 


-0-84165 
“0.83933 
“0Ο.83702 
“0.8347} 
“0.8324} 


“0.830}} 
“0.82782 
-0282554 
-0082326 
=0082098 


-0e81871 
“0.81645 
-0-e81419 
-0-81193 
-0-80968 


—0280744 
“0280520 
-0280296 
-0.80073 
“0.7985] 


In x 


1249182 


1249332 
1249481 
12649631 
1249780 
1249930 


1250080 
1250230 
150381 
1250531 
1250682 


1250833 
1250983 
1251135 
1251286 
1251437 


1251589 
1251740 
1251892 
1252044 
1252196 


1252348 
1252501 
1252653 
1252806 
1252959 


1253112 
1253265 
1253419 
1253572 
1253726 


1253880 
1254034 
1254188 
1254342 
1254496 


1254651 
1254806 
1254960 
12655116 
165527] 


1255426 
1255582 
1.55737 
1255893 
1256049 


1256205 
1.256361 
1656518 
1.56674 
1.56831 


e-* 


0267032 


0266965 
066898 
066831 
0266764 
066698 


0+66631 
0266564 
0266498 
0+-66431 
0-66365 


0266299 
0266232 
0266166 
0266100 
0+«66034 


0+65968 
065902 
0265836 
065770 
0265705 


065639 
0-65573 
0.65508 
0-65442 
0265377 


0265312 
0265246 
0265181 
0265116 
065051 


0264986 
0264921 
0264856 
0264791 
0264726 


0264662 
0264597 
0264533 
0-64468 
0264404 


0264339 
0264275 
0264211] 
0264147 
0264082 


0264018 
0263954 
063890 
0263827 
0063763 


e-* 


ὃ.450 


.45) 
0.452 
02453 
02454 
02455 


02456 
00457 
02458 
02459 
02460 


0246) 
0.462 
02463 
02464 
02465 


02466 
0.467 
02468 
02469 
02470 


0.47] 


00472 


02473 
0.474 
0.475 


0.476 
0.477 
0.478 
02479 
02480 


0248) 
02482 
02483 
02484 
02485 


02486 
02487 
02488 
0.489 
00490 


00491 
00492 
00493 
02494 
00495 


02496 
0.497 
0.298 
0.499 
0.500 


sinh x 


0246534 


0246645 
0246755 
0246865 
0246976 
0247086 


0247197 
0247307 
0.247418 
04647529 
0247640 


0247750 
0247861 
0.47972 
0248083 
0248194 


0298305 
0248416 
0048527 
0448638 
0248750 


024886} 
0.48972 
0249084 
0249195 
0249306 


0249418 
0249530 
024964} 
0249753 
0249865 


0249976 
0250088 
0250200 
0250312 
050424 


0250536 
0250648 
0.50760 
0250872 
0250984 


0.251097 
0251209 
0.51321 
0251434 
0051546 


0.51659 
0251771 
0651884 
0.51997 
0.52110 


sinh x 


cosh x 


1210297 


1210344 
1210390 
1.10437 
1210484 
1210531 


1210578 
1210625 
1210673 
1210720 
1.10768 


1210816 
1210863 
1210911 
1210959 
3211007 


1211056 
1211104 
1211153 
1211201 
12611250 


1211299 
1211348 
1211397 
1611446 
12211495 


1611544 
1611594 
1611643 
1211693 
1211743 


1611793 
1211843 
1211893 
1211943 
1611994 


1212044 
1212095 
1212145 
1.12196 
1012247 


1212298 
1212349 
1212401 
1012452 
1012503 


1212555 
1212607 
1212659 
121271) 
4612763 


cosh x 


tanh x 


0242190 


0042272 
0042354 
0242436 
0042516 
0242600 


0242682 
0042764 
0042845 
02042927 
043008 


0243090 
0043171 
0043253 
0043334 
0043415 


0243496 
0043577 
0243658 
02043739 
043820 


0243901 
0243981 
0244062 
02044143 
0044223 


0244303 
0044384 
0044464 
0244544 
0044624 


0244704 
0244784 
0044864 
0244944 
0045024 


0245104 
0245183 
0045263 
0045342 
0045422 


0245501 
0245580 
0245659 
0245739 
0045818 


0045897 
0245975 
0046054 
0046133 
0046212 


tanh x 


coth x 


2037024 


20636563 
2236104 
2035648 
2035194 
2034742 


2034292 
2033844 
2233398 
2032954 


2032513 


2032073 
22031635 
231200 
2230766 
2030335 


2229905 
22029478 
2029052 
2028628 
2028207 


2027787 
2027369 
2026953 
2026539 
2026126 


2025716 
2225308 
202490} 
2224496 
2024093 


2023692 
2023292 
2022894 
2022498 
2022104 


2021712 
2021321 
2220932 
2020545 
2220159 


2019776 
2019393 
2219013 
2018634 
2018257 


2017882 
2017507 
2017135 
20165764 
2016395 


coth x 


Inx 


-0279851 


-0279629 
“0279407 
“0.79186 
-0+e78966 
-0278746 


“0978526 
“0.78307 
“Ο.78089 
“0.97787] 
“0.977653 


“0.977436 
“0.9772}9 
-0277003 
“0976787 
“0.76572 


“0.76357 
“0.76143 
“0.75929 
“0.75715 
“0.975502 


“0.75290 
-0275078 
-0+74866 
-0274655 
-00 74444 


—-0274234 
-02¢ 74024 
“0273814 
“02473605 
$0073397 


-0«73189 
-0272981 
“0072774 
“0.72567 
“0.7236)} 


“0.72155 
“0.71949 
-0e71744 
0271539 
0271335 


-0271131 
=-0-70928 
“070725 
“0.70522 
“0.703220 


“0970118 
“0.699}7 
“.69716 
“0.69515 
-0069315 


In x 


1.56831 


1256988 
1657145 
1257302 
1257460 
1657617 


1257775 
1.57933 
1258091 
1258249 
1.58407 


1.58566 
1.58725 
1.58883 
1259042 
1259201 


1259361 
1259520 
1259680 
1.59839 
1.59999 


1260159 
1.60320 
1260480 
1660641 
1.60801 


1260962 
1.61123 
1261285 
1261446 
1261607 


1261769 
1261931 
1.62093 
1262255 
1262418 


1662580 
1262743 
1.62905 
1263068 
1063232 


1263395 
1.263558 
1263722 
163886 
1264050 


2264214 
1264378 
1.64543 
1.64707 
1064872 


063763 


0263699 
0263635 
0263572 
0263508 
0263445 


0263381 
0+63318 
0263255 
0663192 
0¢63128 


0263065 
0063002 
0062939 
062876 
062814 


0262751 
0262688 
0062625 
0262563 
0262500 


0062438 
0262375 
0262313 
062251 
0262189 


062126 
0262064 
0262002 
0261940 
0261878 


0261816 
0661755 
0261693 
0+61631 
0¢61570 


0¢61508 
0261447 
0261385 
061324 
0261263 


0.61201 
061140 
0061079 
0061018 
0660957 


0-60896 
0+60835 
0260774 
0260714 
0260653 


e~* 


02800 


02501 
02502 
0.503 
0.504 
02505 


02506 
0.507 
0.508 
02509 
02510 


0511 
020512 
0.513 
0.514 
0.5}5 


02516 
00517 
02518 
00519 
02520 


00521 
02522 
02523 
00524 
00525 


0.526 
0.521 
0.528 
0.529 
0.530 


00531 
00532 
02533 
02534 
02535 


02536 
0537 
00538 
00539 
02540 


02541 
02542 
0.543 
0.544 
023435 


02546 
00547 
02548 
0.599 
0.550 


sinh x 


0252110 


0252222 
0252335 
0252448 
0252561 
0052674 


0.52787 
0252900 
0.53013 
0.253127 
0253240 


0253353 
0253466 
0253580 
0.53693 
0253807 


0253920 
0254034 
0254148 
0254262 
0254375 


0254489 
0254603 
0254717 
0254831 
0254945 


0255059 
0255173 
0255288 
0255402 
0255516 


0.55631 
0255745 
0.255860 
0255974 
0256089 


0256204 
0.256318 
0256433 
Q 256548 
0256663 


0.56778 
0.56893 
0257008 
0.57123 
0.57238 


057354 
0257469 
0.57584 
0257700 
0297815 


sinh x 


cosh x 


1.12763 


1612815 
1.12867 
1.12919 
1.12972 
1213025 


1.13077 
1213130 
1.13183 
1.13236 
1.13289 


1213343 
1213396 
1.213450 
1.13503 
1213557 


1213611 
1213665 
1213719 
1.13773 
1213827 


1213882 
12613936 
1213991 
1214046 
1214101 


1.14156 
1.214211 
1214266 
1614321 
12614377 


1214432 
1214488 
1214544 
1214600 
1214656 


1214712 
1.14768 
1214825 
1214881 
1.14938 


1.14994 
1215051 
1215108 
1215165 
1215223 


1215280 
1.615337 
1215395 
1215452 
21215510 


cosh x 


tanh x 


0046212 


0246290 
0246369 
0046447 
0046526 
0246604 


0246682 
0046760 
0246839 
0246917 
0246995 


00247072 
0647150 
0047228 
0647306 
0047383 


0047461 
0647538 
0647615 
04647693 
0047770 


0247847 
02047924 
0248001 
0248078 
0248155 


0248232 
0248308 
0248385 
0248462 
0248538 


0248615 
0248691 
0048767 
0248843 
0248919 


0248995 
0249071 
0249147 
0249223 
0049299 


0249374 
0.49450 
0249526 
0249601 
0249676 


0049752 
0249827 
0249902 
02049977 
0250052 


tanh x 


coth x 


2016395 


2¢16028 
2015662 
2015298 
2214935 
2014574 


2e14214 
2013856 
2013499 
2013144 
2012791 


2012439 
2012088 
2011739 
2e11391 
2011045 


2210701 
2.10357 
29ς10016 
2209675 
2209336 


2208999 
2208663 
2008328 
2207995 
2007663 


2207332 
2207003 
2006675 
2006349 
206024 


2205700 
2205377 
2005056 
2004736 
22004418 


22004101 
2203785 
2203470 
2003157 
2002845 


2002534 
2002224 
2201916 
2201609 
2291303 


2200998 
2200695 
2200393 
2000092 
1299792 


coth x 


In x 


-0269315 


0069115 
-0-68916 
“0068717 
-0268518 
-0268320 


-0268122 
-0267924 
~0067727 
-0267531 
“02067334 


-0067139 
-0 266943 
—-0-66748 
-0 266553 
—-0266359 


-0266165 
-0265971 
“0.65778 
-0+265585 
“0.65393 


“0.6520]1 
=0265009 
-0264817 
-0 264626 
—-0 264436 


-0 264245 
~0264055 
-0 263866 
-0263677 
-0263488 


20063299 
-0263111 
“0.62923 
“0.962736 
“Ἧ᾽ὈὨΟο62549 


“0.62362 
“Ο.62176 
“0.61990 
=0261804 
-0261619 


-0 261434 
-0 261249 
-0+61065 
-0-60881 
-0260697 


-0260514 
-0+60331 
-0 260148 
-0 259966 
—-0259784 


Inx 


164872 


1665037 
1665202 
1265367 
1.65533 
1665699 


165864 
1266030 
1266196 
1266363 
1666529 


1.66696 
1266863 
1267029 
1267197 
1267364 


1267531 
1667699 
1267867 
1268035 
1268203 


1268371 
1268540 
1268708 
1268877 
1269046 


1269215 
1269384 
1269554 
169723 
1269893 


1270063 
1.70233 
1270404 
1270574 
1270745 


1270916 
1271087 
1271258 
1271429 
1671601 


1671772 
1271944 
1272116 
1272288 
1272461 


1672633 
1672806 
1272979 
1273152 
2273325 


e-* 


0260653 


060592 
0260532 
0260471 
0260411 
0260351 


0260290 
060230 
0260170 
0260110 
0-60050 


0259990 
0259930 
0259870 
059810 
0259750 


0259690 
059631 
0259571 
0259512 
0059452 


0259393 
0259333 
0259274 
0259215 
0259156 


0259096 
0259037 
0258978 
058919 
0258860 


0258802 
0258743 
0258684 
0+58626 
0258567 


0-¢58508 
0258450 
0258391 
0«58333 
0058275 


0.58217 
0.58158 
0.58100 
0258042 
0257984 


0257926 
0.57868 
0.57810 
0.57753 
0.57695 


sinh x 


0.57815 


0.57931 
0258046 
058162 
0258278 
0258393 


058509 
0258625 
0258741 
0258857 
0258973 


0259089 
0259205 
0259322 
0259438 
0259554 


0.259671 
0259787 
0259904 
0260020 
0260137 


0260254 
0260371 
0.60487 
0260604 
0260721 


0.60838 
0260955 
0261073 
0.61190 
0061307 


0261424 
0261542 
0261659 
0061777 
0061894 


0262012 
0262130 
0262247 
0062365 
0062483 


0262601 
0662719 
0662837 
0.62955 
0263073 


0263192 
0263310 
02663428 
0.63547 
0263665 


sinh x 


cosh x 


1215510 


1215568 
1.215626 
1215684 
1615742 
1.15801 


1.15859 
2215918 
1.15976 
1216035 
1.16094 


1.16153 
1216212 
1.16272 
1216331 
1.216390 


1216450 
1216510 
1216570 
1216630 
1216690 


1.216750 
1216810 
1216871 
1216931 
1.16992 


1.17053 
1217113 
1.17174 
1217236 
1217297 


1217358 
1217420 
121748] 
1217543 
1217605 


1217667 
1.17729 
1.17791 
1217853 
1217916 


1.17978 
1218041 
1218104 
1.18167 
1218230 


1.18293 
1218356 
1.18419 
1.218483 
1218547 


cosh x 


tanh x 


0250052 


050127 
0250202 
0050277 
0¢50351 
0050426 


050500 
0.50575 
0250649 
0.50724 
0250798 


0250872 
0250946 
0251020 
0251094 
0651168 


0251242 
0251315 
0251389 
0251462 
0251536 


0.51609 
0251683 
0251756 
0251829 
0051902 


0251975 
0252048 
0652121 
0252194 
0052267 


052339 
0252412 
0252484 
0252557 
0052629 


0052701 
0252773 
0252846 
0252918 
0252990 


0053061 
0253133 
0253205 
0253277 
0053348 


04653420 
0253491 
0253562 
0053634 
053705 


tanh x 


coth x 


1.99792 


1299494 
1299196 
1298900 
12698605 
1.98311 


1698018 
1697727 
1297436 
1697147 
1696859 


1296572 
1.96286 
1296002 
1295718 
1295435 


1.95154 
1694874 
1294595 
1294316 
1.94039 


1293763 
1693489 
1293215 
1692942 
1292670 


1.92399 
1692130 
1.91862 
1291594 
1691327 


1291061 
1290797 
1.90533 
1090271 
1290009 


1289749 
1289489 
1.689231 
1.88973 
1288716 


1.88461 
1¢88206 
1687952 
1.87700 
1287448 


12687197 
186947 
1286698 
1.86450 
1.286203 


coth x 


In x 


-0 259764 


-0259602 
“0.59240 
“0.59059 
“Ο.ο58879 


“0.ο58699 
“0.58519 
“0.58340 
“0.5816] 
“0.57982 


“0.57803 
“0.57625 
“0.57448 
=0257270 
-0257093 


-0-56916 
“0.56740 
“0.56563 
“0.56387 
“0.5621]12 


-0.56037 
-0 255862 
-0255687 
“0.55513 
-0255339 


“0.55165 
“0.54299] 
“0.548}8 
-0-54645 
-0254473 


“0.54300 
“0.54128 
“0.53957 
“0.53785 
“0.536]14 


“Ὅ.53444 
-0253273 
~0-53103 
“0.52933 
“0.52763 


“0.52594 
—0252425 
-0252256 
-0452088 
-0251919 


-0451751 
“0.51584 


- 70051416 


“0.51249 
“0.51083 


In x 


1673325 


1673499 
1.73672 
1¢73846 
1674020 
1274194 


1674368 
1074543 
1674717 
1274892 
1275067 


1675242 
1.75418 
1.75593 
12675769 
1675945 


1-76121 
1676297 
1276473 
1.76650 
1.76827 


1077004 
1077181 
1.77358 
1277535 
1e77713 


1277891 


1.78069 
le 78247 
178425 
1278604 


1278783 
1278961 
1279140 
1279320 
1679499 


1.79679 
1.79858 
1.80038 
1680219 
1280399 


1280579 
1280760 
1280941 
1281122 
1281303 


1.281484 
1281666 
1281848 
1.82030 
12682212 


δ." 


0057695 


0.57637 
0.57580 
0.57522 
0.57465 
0.57407 


0.57350 
0057293 
0257235 
0257178 
0e57122 


0257064 
057007 
056950 
0256893 
0256836 


056779 
0056722 
0¢ 56666 
0256609 
056553 


0456496 
0256440 
0.56383 
Ο.56327 
0.56270 


0256214 
0056158 
0¢56102 
0256046 
0255990 


0255934 
0255878 
0255822 
055766 
0055711 


0055655 
0255599 
0255544 
0.55488 
0255433 


0055377 
0255322 
0255267 
0.55211 
0¢55156 


0655101 
0255046 
0254991 
0254936 
0254881 


02600 


02601 
02602 
0.603 
02604 
00605 


00606 
00607 
02608 
00609 
0.610 


0.611 


0.612 
0.613 
02614 
02615 


02616 
0.617 
0.618 
09.619 
02620 


00621 
00622 
00623 
00624 
00625 


02626 
0.627 
02628 
00629 
02630 


02631 
00632 
02633 
00634 
0635 


02636 
00637 
02638 
02639 
02640 


00641 
00642 
020643 
00644 
02645 


02646 
00647 
00648 
02649 
02650 


sinh x 


0263665 


0263784 
0263903 
0264021 
0264140 
0264259 


0264378 
0264497 
0264616 
0264735 
0264854 


0264973 
0265093 
0265212 
0.65331 
0265451 


0265570 
0265690 
0.265810 
0265929 
0266049 


0.66169 
0266289 
0266409 
0266529 
0266649 


0266769 
0.66890 
0267010 
0267130 
0267251 


0.67371 
0267492 
0267613 
0267734 
0267854 


0.67975 
0268096 
0268217 
0.68338 
0268459 


0.68581 
0268702 
0268823 
0268945 
0269066 


0269188 
0269309 
0269431 
0.69553 
0269675 


sinh x 


cosh x 


1.218547 


1218610 
1218674 
1.18738 
1218802 
1218866 


1218931 
1218995 
1219060 
1219124 
1219189 


1219254 
1219319 
1219384 
1219449 
1019515 


1219580 
1219646 
1219712 
1219778 
1219844 


1219910 
1219976 
1220042 
1220109 
1220175 


1220242 
120309 
1620376 
1220443 
1220510 


1¢20577 
1220645 
1020712 
1020780 
1220848 


1220916 
1220984 
1221052 
1221120 
1221189 


10621257 
1621326 
1221395 
1621463 
1221532 


21221602 
1221671 
1221740 
1221810 
1.21879 


cosh x 


tanh x 


0253705 


0253776 
0253847 
0253918 
0253989 
0254060 


054131 
0254201 
0254272 
0254342 
0254413 


0254483 
0.54553 
0254624 
0254694 
0254764 


0254834 
0254904 
0254973 
055043 
0255113 


055182 
0655252 
0255321 
0255391 
0255460 


0255529 
0255598 
0255667 
0255736 
0255805 


0055874 
0255943 
0256011 
0256080 
0256149 


0.56217 
0256285 
0256354 
0256422 
0256490 


0256558 
0256626 
0256694 
0256762 
0256829 


0256897 
0256965 
0257032 
0257100 
0257167 


tanh x 


coth x 


1286203 


1285956 
1285711 
1685467 
1285223 
1284980 


1284739 
1284498 
1284258 
1284019 
1283781 


1283543 
1283307 
1283071 
1682837 
1282603 


1282370 
1682137 
1281906 
1281676 
1681446 


1281217 
1280989 
1280762 
1280536 
1280310 


1280086 
1279862 
1279639 
179416 
31079195 


1078974 
1278754 
1¢78535 
1678317 
1278099 


1277882 
1077666 
107745) 
1077236 
1077023 


1276810 
1076597 
1276386 
1276175 
1275965 


1275756 
1275547 
1275340 
1275132 
1074926 


coth x 


In x 


-0.51083 


-02580916 
-0250750 
—=0250584 
-0250418 
-0250253 


-0-50088 
-0249923 
“0.49758 
—-0249594 
—-0249430 


-0249266 
=0 249102 
0.48939 
—~0248776 
=-0248613 


-0248451 
=0248289 
-0248127 
-0247965 
-0-47804 


02047642 
“0.47482 
“0.47160 
“0.47000 


“0οφόϑδο 
“Οοδόδδὶ: 
“0.46522 
“0ο463262 
-0246204 


-0246045 
-0245887 
-0 2045728 
0245571 
$0 045413 


“0.45256 
~0245099 
=0 244942 
=0244785 
=0244629 


=0 044473 
-02044317 
“0.44}26}Σ 
-0244006 
-0243850 


@-0243696 
=0 24354) 
=0 243386 
“0.43232 
“0.4.30178 


In x 


1282212 


1282394 
12682577 
1282759 
1682942 
1283125 


1.83308 
1683492 
1283675 
1683859 
1284043 


1284227 
1284412 
1284596 
1284781 
1284966 


1285151 
1285336 
1285521 
1285707 
1.85893 


1286079 
186265 
1286451 
1286638 
1686825 


1287012 
1287199 
1287386 
1287573 
1¢87762 


1287949 
1288137 
188325 
1288514 
1288702 


12888691 
1¢89080 
1289269 
1289459 
1289648 


1289838 
1290028 
1.90218 
1290408 
1290599 


190789 
1290980 
1291171 
1291363 
1291554 


0254881 


0054826 
02054772 
0054717 
0254662 
0254607 


0254553 
0254498 
0054446 
0254389 
0254335 


0254281 
0054227 
0254172 
0254118 
0254064 


0254010 
0053956 
0253902 
0253848 
0253794 


0253741 
0253687 
0253633 
0253580 
0253526 


0253473 
0253419 
0253366 
0253312 
0053259 


0253206 
053153 
053100 
0253047 
0252994 


0252941 
0252888 
0252835 
0052782 
0.52729 


Ο.52677 
0252624 
0052571 
0252519 
02052466 


0052414 
0.52361 
0-52309 
0252257 
0252208 


6." 


Χ 


02650 


02651 
02652 
02653 
02654 
02655 


02656 
02657 
02658 
02659 
0660 


0-661 
02662 
02663 
02664 
02665 


02666 
00667 
02668 
02669 
02670 


0.67) 
02672 
02673 
0.674 
00675 


00676 
02677 
0678 
0679 
02680 


0468) 
02682 
02683 
02684 
02685 


00686 
02687 
0688 
02689 
00690 


0.69] 
02692 
02693 
020694 
02695 


00696 
0.697 
0.698 
0.699 
0.700 


x 


sinh x 


0269675 


0269797 
0269919 
0270041 
0270163 
0270285 


0270407 
0270530 
0270652 
Oe 70775 
0270897 


0271020 
0271142 
0271265 
0271388 
0.271511 


0271634 
0071757 
0271880 
0272003 
0272126 


0272250 
0072373 
0272497 
072620 
0272744 


0272868 
0272991 
0073115 
0273239 
0073363 


0273487 
0273611 
0.73735 
0273860 
0273984 


0274109 
0274233 
0274358 
0274482 
074607 


0074732 
0274857 
0.74982 
0675107 
0275232 


0.75357 
0275482 
0275607 
0075733 
0.75858 


sinh x 


cosh x 


1¢21879 


1221949 
1222019 
1222089 
1222159 
1.22229 


1222300 
1622370 
1622441 
Le22511 
1222582 


1222653 
1e22724 
1622795 
1¢22867 
1222938 


1.23010 
1223081 
1223153 
1623225 
1623297 


1223369 
1623442 
1623514 
1223587 
1223659 


1.23732 
1623805 
1223878 
1623951 
1224025 


1224098 
1.24172 
1624245 
1224319 
1.24393 


1224467 
1224541 
1.24616 
1¢2469N 
1624765 


1224839 
12624914 
1624989 
1225064 
1225139 


1.25214 
1.25290 
1625365 
1625441 
1.625517 


cosh x 


tanh x 


0.57167 


0257234 
0.57301 
0257369 
0257436 
0.57503 


0.57570 
0257636 
0257703 
0.57770 
0257836 


0257903 
0257969 
0258036 
0.58102 
0.58168 


0258234 
0.58300 
0258366 
0258432 
0258498 


0258564 
058629 
0258695 
0258760 
0258826 


025889} 
0258957 
0259022 
0259087 
0259152 


0459217 
0259282 
0259347 
0259411 
0259476 


0259541 
0259605 
0259670 
0259734 
0259798 


0259862 
0059927 
0259991 
060055 
0260118 


0260182 
0260246 
0-«60310 
0260373 
0260437 


tanh x 


coth x 


12¢74926 


1274720 
1274516 
1674311 
1274108 
1273905 


1273703 
1073502 
1273301 
1e73101 
1272902 


1272703 
1672505 
1272308 
1e72111 
1271915 


1271720 
1¢7.1526 
1.71332 
1.71139 
1070946 


1670754 
12670563 
1.70372 
1270182 
169993 


1269804 
1269616 
1669429 
1269242 
1269056 


1.6887} 
1.68686 
1268502 
1.68318 
1.68135 


1.67953 
1e67771 
1.67590 
1267409 
2667229 


1.67050 
1.6687] 
1.266693 
1.66515 
1266338 


1.66162 
1.65986 
1.65812 
1.65636 
1665462 


coth x 


-0243078 


“0.42925 
“0.ς4277]ὶ 
“0.42618 
“0ο42465 
“0.42312 


“0.42159 


0042007 


-0e41855 
“02041703 
0241552 


-0241400 
“0.41249 
-0241098 
“0240947 
-0240797 


~0240647 
“0240497 
-0240347 
“0.40}97 
-0240048 


-0- 39899 
-0239750 
-0239601 
=-0239453 
-0239304 


-0-39156 
-0239008 
-0-38861 
-0238713 
~-0+38566 


~0-38419 
“0.38273 
-0 238126 
-0-37980 
-0237834 


~0-37688 
~0 237542 
“0237251 
~0-37106 


~0 36962 
~0-36817 
“Ο.36673 
“0 «36528 
-02 36384 


“0.3624} 
“Ο.36097 
“Ο.35954 
“Ο.9325810 
“0.325667 


In x 


1691554 


1091746 
1291938 
1292130 
1492322 
1292514 


1292707 
12692900 
1293093 
1693286 
1293479 


1293673 
1693867 
1294061 
12694255 
1294449 


194644 
1294838 
1295033 
1295228 
1295424 


1295619 
1695815 
1-960112 
1296207 
1296403 


1296600 
196796 
1296993 
1297190 
1297388 


1697585 
1.97783 
1.97981 
1.98179 
1298377 


1298576 
1¢98774 
1.98973 
1699172 
1299372 


1e995T1 
1699771 
1699972 
2-00171 
2200371 


2.00571 
2200772 
2200973 
2001174 
2201375 


e* 


0052205 


0252152 
0652100 
0452048 
0251996 
0251944 


0251892 
0251840 
0251789 
0051737 
051685 


051633 
0051582 
051530 


.. 0051479 


0251427 


0051376 
0651325 
0051273 
051222 
0051172 


051120 
0051069 
051018 
0250967 
0250916 


0050865 
0050814 
050763 
0250712 
0250662 


02¢50611 
0250560 
050510 
0250459 
0250409 


0050359 
050308 
050258 
0250208 
0050158 


0250107 
0250057 
0-50007 
0249957 
0249907 


0249858 
049808 
0249758 
049708 
049659 


e~* 


0.700 


0.701 
0.702 


09.703. 


0.704 
0.705 


0.706 
0.707 
0.708 
0.709 
0.710 


0.711 
Oe712 
00713 
0.714 
0.715 


0.716 
0.717 
0.718 
0.719 
0.720 


0.72] 
Ὀ.722 
0.723 
0.724 
0.725 


0.726 
0.727 
0.728 
0.729 
00730 


0.73] 
0.732 
00733 
00734 
00735 


0.736 
0.737 
0.738 
0.739 
0.740 


00741 
0.742 
02743 
02744 
02745 


02746 
00747 
02748 
O0e749 
02750 


sinh x 


0.75858 
0275984 


0076110) 


0076235 
0276361 
0+76487 


0276613 
0076739 
0 «76865 
0276991 
0.77117 


0077244 
0077370 
0077497 
0277623 
0677750 


0.77876 
0.78003 
0.78130 
0.78257 
0278384 


0.78511 
0.78638 
0.78766 
0.78893 
0279020 


0.79148 
0279275 
0279403 
0279531 
0079659 


0279786 
0279914 
0280042 
0.80171 
0280299 


0280427 
0280555 
0280684 
0.80812 
0280941 


0.81070 


0281199 


0281327 
0281456 
081585 


0.81714 
0281844 
0281973 
0282102 
082232 


sinh x 


cosh x 


1.25517 


1625593 
1225669 
12625745 
1225821 
1225898 


1625974 
1226051 
1.26128 
126205 
1426282 


1226359 
1026436 
1226514 
1.26591 
1.26669 


1626747 
126825 
1.226903 
1226981 
1e27059 


1.27138 
1227216 
1.27295 
1627374 
1027453 


1227532 
1227611 
1627690 
1¢27770 
1027849 


1227929 
1228009 
1228089 
1.28169 
1228249 


1228330 
1¢28410 
1228491 
1628572 
1628652 


1228733 
1.28815 
1228896 
1628977 
1229059 


1629140 
1029222 
1629304 
1629386 
1229468 


cosh x 


tanh x 


0060437 


0260500 
0260564 
0260627 
0260690 
0260753 


0260816 
0260879 
0260942 
0261005 
0261068 


0261130 
0261193 
061255 
0261318 
0.61380 


0061443 
0061505 
0261567 
0261629 
0261691 


0261753 
0261815 
0261876 
0261938 
0262000 


0262061 
062123 
0262184 
0262245 
0062307 


0262368 
0262429 
0262490 
0262551 
0262611 


0262672 
0062733 
0262794 
0262854 
0062915 


0262975 
0663035 
0263095 
0263156 
0263216 


0263276 
0263336 
0063395 
0263455 
0263515 


tanh x 


coth x 


1265462 


1265289 
1265116 
1264943 
164772 


1064600 


1264430 
1264260 
1264090 
163921 
1263753 


1263585 
12663418 
1263251 
1463085 
1262919 


1062754 
162589 
1662425 
162261 
1662098 


1261936 
10¢61774% 
1261612 
161452 
1261291 


1261131 
1260972 
1260813 
1260655 
1060497 


1260339 
1260183 
160026 
1259870 
1259715 


1259560 
1259406 
1259252 
1259099 
1058946 


1258793 
1258642 
1258490 
1258339 
1258189 


1658039 
1257889 
1257740 
1657592 


1657443, 


coth x 


In x 


0035667 


-0235525 
“ὍΟ.35382 
“Ὅ0.35240 
“Ὅ.35098 
“0.34956 


“0.34816 
“0.34672 
“0.3453] 
-0234390 
$0 034249 


-0 234108 
“0.23968 
-0033827 
-0233687 
0033547 


-02¢33408 
"0233268 
-02033129 
“0.22939 
-0232850 


-0232712 
“0.32573 
“0.3224.35 
“Ο0.32296 
“0.32158ὃ 


“0.32202ὶ 
“0.31883 
“Ο.317245 
-0231608 
-00e31471 


-0231334 
-0231197 
“0231061 
-0230925 
“0.320788 


-0+«30653 
-0«30517 
-0+-30381 
“0.30246 
“0230111 


“0.29975 
“Ο0.2984] 
“0029706 
-0229571 
—-0 229437 


-0 229303 
“0929169 
“Ὅ0ν.29035 
“0.28902 
“0.28768 


In x 


2001375 


2001577 
2201778 
2201980 
2002182 
2002385 


2002587 
2202790 
2202993 
2203196 
2203399 


2203603 
2003806 
2204010 
2204214 
2294419 


2204623 
2204828 
2205033 
2205238 
2205443 


2005649 
2205855 
2206061 
2006267 
2006473 


206680 
2206886 
2207093 
2207301 
2207508 


2207716 
2207923 
2208132 
2208340 
2208548 


2208757 
2208966 
2209175 
2209384 
2209594 


2209803 
2210013 
2010223 
2210434 
2210644 


2210855 
2211066 
20611277 
2011488 
211700 


0249689 


0249609 
0249559 
0249510 
049460 
0249411 


0249361 
0249312 
0249263 
0049214 
0249164 


0049115 
0249066 
0249017 
0248968 
0+48919 


0248870 
0248821 
0248773 
0048724 
0048675 


0248627 
0048578 
0248529 
0248481 
0248432 


0248384 
0248336 
048287 
0248239 
048191 


0248143 
0248095 
0248047 
0047999 
047951 


0047903 
047855 
0047807 
0.47759 
0¢47711 


0047664 
0247616 
047568 
0047521 
0047473 


0247426 
0047379 
0047332 
0047284 
047237 


e-* 


x 


0.750 


0.75] 
0.752 
02753 
020754 
00755 


00756 
0.757 
0.758 
02759 
0.760 


0.761 
0.762 
4763 
02764 
020765 


0.766 
0.767 
0.768 
0.769 
0-770 


Oe771 
Oe772 
0.773 
0.774 
00775 


00776 
0.777 
00778 
0.779 
00780 


02781 
0.782 
0-783 
0.784 
0.785 


0.786 
0.787 
0.788 
0.789 
0.790 


0.791 
0.792 
0.793 
00794 
0.795 


0.796 
0.797 
0.798 
0.799 
0.800 


sinh x 


0282232 


0282361 
028249) 
0282620 
0282750 
0282880 


0283010 
0283140 
0.83270 
0283400 
0283530 


0283661 
0283793 
0283922 
0284052 
0284183 


0284314 
0284445 
0284576 
0284707 
0284838 


0284969 
0285100 
0285231 
0.85363 
0285494 


0285626 
0285758 
0285889 
0286021 
0286153 


0.86285 
0286417 
0286550 
0286682 
0.86814 


0286947 
0287079 
0.87212 
0287345 
0287478 


0287610 
0.87743 
0087877 
0288010 
088143 


0.88276 
0288410 
0288543 
0288677 
0.88811 


sinh x 


cosh x 


1229468 


1229551 
1229633 
1629716 
1229798 
1229881 


1629964 
1230047 
1230130 
1.30214 
1230297 


1230381 
1430464 
1230548 
1230632 
1230716 


1.30801 
1230885 
1230970 
1231054 
1231139 


1631224 
1231309 
1631394 
1631479 
1231565 


1631650 
1631736 
1231822 
1231908 
1031994 


1232080 
1232166 
132253 
1232340 
1032426 


132513 
1232600 
1232687 
1432775 
1232862 


1232950 
1.33037 
1033125 
1633213 
1233301 


1233389 
1233478 
1233566 
1233655 
1633743 


cosh x 


tanh x 


0263515 


0263575 
0263634 
0263694 
063753 
0263812 


063871 
0263931 
0263990 
0064049 
0264108 


0264167 
0064225 
0264284 
0264343 
0264401 


0264460 
0264518 
0264576 
0264635 
0264693 


0264751 
0264809 
0264867 
0264925 
0264983 


0265040 
0265098 
0665156 
0265213 
0065271 


0265328 
0665385 
0265443 
0265500 
0265557 


0265614 
0265671 
0265727 
0265784 
0265841 


0265898 
0265954 
066011 
0066067 
0266123 


0266179 
0266236 
0266292 
0266348 
0266404 


tanh x 


coth x 


157443 


1257296 
1257149 
157002 
1256856 
1256710 


1256564 
1256419 
1656275 
1656132 
1.55988 


1255844 
1655702 
155560 
1055418 
1255276 


1255136 
154995 
1254855 
1254716 
1054576 


1254438 
154299 
125416) 
1254024 
1253887 


1253750 
1253614 
1253478 
1253343 
1253208 


1653074 
1252940 
1.252806 
1252673 
1252540 


1652407 
1252275 
1252143 
1652012 
12651881 


1251751 
1251621 
1251491 
12651362 
1651233 


1251104 
1250976 
1250848 
1250721 
1250594 


coth x 


In x 


-0228768 


0228635 
“0228502 
-0028369 
~02028236 
“0.28104 


“0227971 
-022 7839 
“0027707 
“Ο.27575 
cad OF) 2 71444 


-0e27312 
-00e27181 
“0227050 
-0-26919 
-0226788 


-0226657 
“0226527 
“0.26397 
“0.26266 
“Ο0.26136 


-0226007 
-0025877 
-0225748 
-0-25618 
-0 2025489 


“0225360 
-0225231 
“00625103 
“0024974 
0224846 


-0224718 
“0.24590 
-0024462 
-0224335 
-0024207 


-0224080 
-0223953 
-0023826 
-0223699 
"0023572 


-0023446 
-0223319 
-0223193 
~0023067 
-9222941 


-0222816 
-0022690 
“0022565 
-0022439 
-0222314 


In x 


2011700 


2011912 
2012124 
2012336 
2012548 
2012761 


2012974 
2013187 
2013400 
2013614 
2013828 


2014042 
2014256 
2014470 
2014685 
2014899 


2015114 
215330 
2015545 
2015761 
215977 


2016193 
2016409 
2016626 
2016842 
2017059 


2017276 
2017494 
201377211 
2017929 
2018147 


2018365 
2018584 
2218803 
2019022 
2019241 


2019460 
2019680 
2019899 
2020119 
2020340 


2020560 
220781 
2021002 
2021223 
2021444 


2021666 
2021887 
2022109 
2022332 
2022554 


0247237 


047189 
0047142 
0247095 
0047048 
0247001 


0246954 
0246907 
046860 
0246813 
0046767 


046720 
0246673 
0246627 
0046580 
0246533 


0246487 
0246440 
0246394 
0246348 
0246301 


0246255 
0«46209 
0246163 
0246116 
0246070 


0246024 
0245978 
0045932 
0245886 
0+«4564} 


0245795 
0045749 
0245703 
0245658 
0245612 


0245566 
0045521 
0045475 
0245430 
0245384 


0045339 
0245294 
02045249 
0045203 
0¢45158 


0245113 
0245068 
0245023 
0244978 
0244933 


02800 


0.801 
0.802 
0.803 
02804 
02805 


0.806 
0.807 
0.808 
0.809 
02610 


0-811 
00812 
09.813 
02814 
02815 


00816 
00817 
02818 
00819 
0.820 


0.82} 
0.822 
0.823 
02824 
06825 


0.826 
0.827 
0.828 
0.829 
0.830 


0.831 
0.832 
0.833 
0.834 
θ.835 


02836 
0.837 
02838 
00839 
02840 


0.841 
0.842 
0.843 
02844 
02845 


02846 
0.847 
02848 
0.849 
0.850 


sinh x 


0.88812 


0288944 
0289078 
0289212 
0289346 
0289480 


0.89615 
0.89749 
0.89883 
0.90018 
0290152 


0290287 
0290422 
0290557 
0220692 
0.90827 


0290962 
0291097 
0291232 
0291368 
0291503 


0291639 
0291775 
0.91910 
0292046 
0.92182 


0.92318 
0292454 
0292591 
0292727 
0292863 


0293000 
0293137 
0293273 
0293410 
0093547 


0293684 
0.93821 
0293958 
0294095 
0294233 


0094370 
0294508 
0094645 
0294783 
0294921 


0295059 
0295197 
0295335 
0295473 
0295612 


sinh x 


cosh x 


1.33743 


1233832 
1633921 
1634011 
1234100 
1234189 


1634279 
1234368 
1.34458 
1234548 
1234638 


1034729 
1.234819 
1234909 
1.35000 
1235091] 


1235182 
1635273 
1235364 
12635455 
1235547 


1235638 
1.35730 
1.35822 
1635914 
1.236006 


1236098 
1236190 
1236283 
1636376 
1236468 


1.236561 
1036654 
1.36748 
1236841 
1.36934 


1.37028 
1237122 
1237216 
1237310 
1237404 


1637498 
1237593 
1.37687 
1.37782 
1.37877 


1.37972 
1.238067 
1238162 
1438258 
1238353 


cosh x 


tanh x 


0266404 


0266460 
0266515 
0266571 
0666627 
0266682 


066738 
0066793 
0266849 
0266904 
0266959 


0267014 
0067069 
0267124 
0667179 
0067234 


0067289 
0067343 
0267398 
0067453 
0667507 


0267561 
0067616 
0267670 
0267724 
0267778 


0267832 
0267886 
0267940 
0267994 
0268048 


0268101 
0268155 
0268208 
0268262 
0268315 


0268368 
0268422 
0268475 
0268528 
0268581 


0268634 
0268687 
0268739 
0268792 
0268845 


068897 
0268950 
0269002 
0269055 
0269107 


tanh x 


coth x 


1250594 


1250467 
1650341 
1250215 
1250090 
149965 


1049840 
1249716 
1249592 
1249468 
1049345 


1249222 
1249100 
1248978 
1648856 
1248734 


1248613 
1048493 
1648372 
1648252 
1248133 


1248014 
1047895 
1647776 
1647658 
1247540 


1047423 
1647305 
1247189 
1047072 
1246956 


1246840 
1046725 
1246610 
1246495 
1246380 


1046266 
1246153 
1246039 
1245926 
12645813 


145701 
145589 
1045477 
1645365 
1245254 


1045143 
1245033 
1244923 
1244813 
1244703 


coth x 


In x 


02022314 


“0.22189 
“0.22065 
-0221940 
“0921816 
“0.92169 


“0Ο.921567 
“0921443 
-0021319 
-02021196 
0021072 


-0220949 
"0220825 
-02e20702 
-0220579 
-0220457 


-0220334 
-0020212 
“0.920089 
“0.19967 
—-0219845 


“0.19723 
“Ὅ.1960] 
“0.19480 
-0219358 
-0219237 


-0219116 
-0218995 
-0218874 
-0218754 
“0.18633 


-0218513 
-0218392 
“0218272 
-0218152 
-0218032 


-0217913 
-02017793 
—02017674& 
“0.917554 
“0917435 


“0917316 
-0e17198 
-00«17079 
“0216960 
-0216842 


“0216724 
-0216605 
-0216487 
-0216370 
-02e16252 


In x 


2022554 


2022777 
2023000 
2023223 
2023446 
2023670 


2023893 
2024117 
2024342 
2024566 
2024791 


22025016 
2025241 
2025466 
2025692 
2025918 


2026144 
2026370 
2026596 
2226823 
2027050 


2027277 
2027505 
2027732 
2027960 
2228188 


2028416 
2028645 
2028874 
2029103 
2029332 


2029561 
2029791 
2230021 
2030251 
2230481 


2230712 
2030943 
2031174 
2031405 
2031637 


22031868 
2232100 
2032333 
2032565 
2032798 


2233031 
2033264 
2033497 
2033731 
22033965 


e-* 


0244933 


0244888 
0¢44843 
0244798 
0044754 
0244709 


0044664 
0044619 
0044575 
0244530 
0244486 


0044441 
0044397 
0244353 
0244308 
0044264 


0044220 
0044175 
0044131 
0244087 
0044043 


0043999 
0243955 
0243911 
0043867 
0243823 


0243780 
0043736 
0243692 
0043649 
0243605 


0043561 
0243518 
0043474 
0243431 
0¢43387 


0243344 
043301 
0043257 
0043214 
0043171 


0243128 
02¢43085 
0243042 
0242999 
0242956 


0042913 
0242870 
0042827 
042784 
0042741 


e~* 


Χ 


0.850 


02851 
02852 
0.853 
0.854 
0.855 


02856 
0.857 
02858 
0.859 
0.860 


0.86) 
0.862 
0.863 
0.864 
0.865 


12866 
02867 
02868 
0.869 
0.870 


0.871 
0.872 
0.873 
0.874 
02875 


0.876 
0.877 
0-878 
0.879 
0-880 


0-881 
0-882 
02883 
0.884 
0.885 


0.886 
0.887 
0.888 
02889 
0-890 


0.891 
0.892 
0.893 
0.894 
0.895 


0.896 
0.897 
0.898 
0.899 
02900 


sinh x 


0295612 


0295750 
0295888 
0696027 
0296166 
0296305 


0296443 
096582 
0296721 
0.96861 
0.97000 


0.97139 
0297279 
0297418 
0297558 
0297698 


0297838 
0.97978 
0298118 
0298258 
0.98398 


0.98538 
0.98679 
0.98819 
0298960 
099101 


0299242 
0299382 
0299523 
0299665 
0.99806 


0499947 
1200089 
1200230 
1200372 
1200514 


1200655 
1.00797 
1.00939 
1201081 
1.01224 


1201366 
1201508 
120165] 
1.601794 
1201936 


1.02079 
1202222 
1.02365 
1202508 
4202652 


sinh x 


cosh x 


1.38353 


1638449 
1238545 
1238641 
1.38737 
1.38833 


1.38929 
1239026 
1639122 
1239219 
1239316 


1.39413 
1239510 
1.39608 
1.39705 
1.39803 


1239901 
1.39999 
1.40097 
1.40195 
14640293 


1240392 
1240490 
1.40589 
1240688 
1.40787 


1.40886 
1240985 
1641085 
1641184 
1241284 


1241384 
1241484 
14641584 
1641684 
1.41785 


1.41886 
1241986 
1242087 
1642188 
1¢42289 


1642391 
1642492 
1642594 
1642695 
1642797 


1.42899 
1243001 
1243104 
1243206 
1643309 


cosh x 


tanh x 


0269107 


0269159 
026921) 
0269263 
0069315 
0269367 


0269419 
0669471 
0269523 
0269574 
0269626 


0269677 
0269729 
0669780 
0269831 
0269882 


0269934 
0269985 
0+ 70036 
0270087 
070137 


0-70188 
0270239 
0270290 
0+ 70340 
0270391 


0.70441 
0¢70491 
0270542 
0270592 
0270642 


Oe 70692 
0+«70742 
00790792 
0270842 
0670892 


0-70941 
0270991 
0271040 
0271090 
0071139 


0.71189 
0071238 
0271287 
071336 
0071385 


0271434 
071483 
0271532 
0271581 
0271630 


tanh x 


coth x 


1244703 


1244594 
1244485 
1644377 
1244268 
1244160 


1244053 
1243945 
1643838 
143731 
1643625 


1643519 
1243413 
1643308 
1643202 
1643097 


1242993 
1242888 
142784 
1242681 
1642577 


1042474 
124237} 
1042269 
1042166 
12642065 


1241963 
1241861 
1241760 
141660 
1241559 


1041459 
1641359 
1641259 
141160 
12641061 


1640962 
1240863 
1¢40765 
1240667 
1240569 


1640472 
1040374 
1640278 
1640181 
140085 


1.39988 
1639893 
1639797 
12397902 
1239607 


coth x 


In x 


"0216252 


“0216134 
-0216017 
-0215900 
“0215782 
-0215665 


-0-215548 
-02e15432 
-0015315 
"02015199 
"0215082 


“0214966 
“0214850 
-00e14734 
-0214618 
"0214503 


-0214387 
“0.14272 
“Ο.16156 
“Ο.1404]ὶ 
“Ο.13926 


-0e13811 
“02013697 
"0213582 
-0213467 
“0213353 


-0213239 
-0e13125 
“ΟὍΦ13011 
-0e12897 
-0212783 


“0012670 
-0212556 
"0212443 
-0212330 
“0212217 


-0e12104 
“0211991 
“0211878 
“0211766 
-0-11653 


-0211541 
-0211429 
-0011317 
~-02e11205 
-02e11093 


“0210981 
-0+10870 
“0210759 
"0210647 
“0210536 


In x 


e* 


2233965 


2034199 
2034433 
2034668 
2034902 
2035137 


2035373 
2035608 
2235844 
2236080 
2636316 


2236553 
2236789 
2037026 
2037263 
2037501 


2037738 
2037976 
2038214 
2238453 
2238691 


2238930 
2039169 
2039408 
2039648 
2239888 


2240128 
2240368 
2240608 
2040849 
2041090 


2041331 
2241573 
2041814 
2242056 
2042298 


2042541 
2042784 
2043026 
2043270 
2043513 


2043757 
2+44000 
2044245 
2044489 
2044734 


2044978 
2045224 
2245469 
2045714 
2045960 


004274} 


0242699 
042656 
0042613 
0242571 | 
0242528 


0242486 
0242443 
0042401 
0042359 
0042316 


0242274 
0242232 
0042189 
0042147 
0042105 


0242063 
02042021 
0241979 
0¢41937 
0241895 


0+41853 
0041811 
0e41770 
0041728 
0+41686 


0241645 
041603 
0041561 
0041520 
0241478 


0041437 
041395 
0041354 
0¢41313 
0041271 


041230 
0241189 
0241148 
041107 
041066 


0241025 
0240984 
0240943 
0240902 
0240861 


0+«40820 
0040779 
040738 
040698 
0240657 


e~* 


x 


02900 


0-901 


02902 
0.903 
0.904 
0.905 


0.906 
0.907 
0.908 
0.909 
0.910 


0.911 
02912 
0.913 
0.914 
0.915 


0.916 
0.917 
0.918 
0.919 
0.920 


0.921 
0.922 
0.923 
00924 
00925 


020926 
00927 
02928 
02929 
02930 


02931 
02932 
0-933 
02934 
0.935 


02936 
02937 
0-938 
0.939 
0.940 


02941 
02942 
02943 
02944 
02945 


02946 
00947 
02948 
02949 
02950 


sinh x 


1602652 


1202795 
1.02938 
1203082 
1203226 
1203370 


1203513 
1203657 
1203801 
1203946 
1204090 


1204234 
1.204379 
1204523 
1.04668 
1204813 


1204958 
1205103 
1.05248 
1.205393 
1205539 


1.05684 
1.05830 
1.05975 
1.206121 
1206267 


1206413 
1206559 
1206705 
1.0685} 
1.06998 


1207144 
1207291 
1207438 
1.07584 
1.07731 


1.07878 
1.08026 
1.08173 
1208320 
1.08468 


1208615 
1.08763 
1.08911 
1209059 
1209207 


1.09355 
1209503 
1.209651 
1.209800 
1209948 


sinh x 


cosh x 


1.43309 


1643411 
1643514 
1643617 
1643720 
1643824 


1643927 
1244031 
1244134 
1244238 
1244342 


1244446 
1244551 
1644655 
1244760 
1044865 


1644969 
1645075 
1245180 
1645285 
1645390 


1245496 
1245602 
1.45708 
1.245814 
1245920 


1246026 
1246133 
1246239 
1246346 
1.46453 


1246560 
1246667 
1646775 
1.46882 
1246990 


1.47098 
1247206 
1047314 
12647422 
1247530 


1647639 
12647748 
1247857 
1247966 
1248075 


1648184 
1448293 
1648403 
1648513 
148623 


cosh x 


tanh x 


071630 


071678 
0071727 
071776 
0071824 
0071872 


0671921 
0271969 
0272017 
072065 
0072113 


0072161 
0672209 
0272257 
0672305 
0672352 


0.272400 
00672448 
0272495 
0672542 
0272590 


072637 
0072684 
0072731 
0.72778 
0672825 


072872 
0072919 
0.72966 
0.73013 
0.73059 


0¢73106 
0273152 
0273199 
0273245 
073292 


0273338 
0273384 
0273430 
0073476 
0273522 


0.73568 
0073614 
Oe 73660 
0273705 
0273751 


0073797 
0273842 
0273888 
0-« 73933 
0273978 


tanh x 


coth x 


1639607 


1239512 
1239417 
1239323 
1239229 
1239136 


1239042 
1238949 
1638856 
1038763 
1238671 


1238579 
1638487 
1238395 
1238304 
1638213 


1238122 
1238031 
1637941 
1237850 
1¢37761 


1637671 
137581 
1637492 
1237403 
1237315 


1637226 
1237138 
12037050 
1236962 
1236875 


1236788 
1236701 
1636614 
1236527 
1236441 


1236355 
1636269 
1236184 
1236098 
1236013 


1235928 
1235844 
1635759 
1635675 
1635591 


12635507 
1235424 
1635341] 
1635258 
1235175 


coth x 


In x 


-0210536 


-0010425 
-0+«10314 
-02e10203 
-0+10093 
“0209982 


-0209872 
“0209761 
-0209651 
-0209541 
=-0209431 


-0209321 
0209212 
-0209102 
-0208992 
-0208883 


“0208774 
-02eN8665 
-0208556 
“0008447 
-0208338 


-0208230 
-0.-08121 
-0-08013 
-0207904 
-0207796 


“0207688 
-02e07580 
“0207472 
~0207365 
“0097257 


-0207150 
~0207042 
“0206935 
~0206828 
~0206721 


“0.06614 
“0206507 
~0206401 
“0206294 
-0-06188 


“0.608 
“0295975 
—-0eN5869 
-0075763 
-0205657 


-0«05551 
-02N5446 
=0205340 
-02e05235 
-0205129 


In x 


2045960 


2046206 
2246453 
2246699 
2 046946 
2247193 


204744) 
2047688 
2047936 
2048184 
2048432 


2248681 
2248930 
2049179 
2049428 
2249678 


2049927 
2050177 
2250428 
2250678 
2250929 


2251180 
2051431 
2251683 
2051935 
2052187 


2052439 
22052692 
2052945 
2253198 
2253451 


2053704 
2253958 
2254212 
2054467 
2054721 


2254976 
2255231 
2255487 
2055742 
2255998 


2256254 
2256511 
2056767 
2057024 
2057281 


2057539 
2057796 
2258054 
2258313 
2258571 


0240657 


0240616 
040576 
0240535 
0240495 
0240454 


0240414 
040373 
0240333 
0240293 
0240252 


0240212 
0240172 
0240132 
0240092 
0240052 


0240012 
039972 
0239932 
039892 
0239852 


0239812 
0039772 
039733 
0039693 
0239653 


0239614 
0239574 
0239534 
0239495 
0239455 


0239416 
0239377 
0239337 
0239298 
0239259 


0239219 
0239180 
0239141 
0¢39102 
039063 


0239024 
0238985 
0238946 
0.38907 
0.38868 


0.38829 
0.38790 
0.38752 
0«38713 
0638674 


Χ 


0.950 


0.951 
0.952 
0.953 
0.954 
0.955 


02956 
00957 
02958 
02959 
02960 


02961 
02962 
0.963 
0.964 
0.965 


0966 
0.967 
0-968 
0.969 
00970 


0.971 
0.972 
0.973 
0.974 
0.975 


0.976 
0.977 
0.978 
0.979 
0.980 


020981 
02982 
0-983 
0.984 
0.985 


0.986 
0.987 
0.988 
0.989 
02990 


0-991 
02992 
0.993 
0.994 
0.995 


0.996 
0.997 
0.998 
0.999 
1e000 


sinh x 


1209948 


1210097 
1210246 
1210395 
1210544 
1210693 


1210842 
1210991 
1611142 
22112912 
1211440 


1211590 
111740 
1211890 
1212040 
1212190 


1612341 
1212491 
10612642 
1612792 
1212943 


1213094 
10613245 
1213396 
1213547 
1213699 


1213850 
1214002 
1214154 
1214305 
1614457 


1214609 
1214761 
1214914 
115066 
1615219 


1215371 
1215524 
1215677 
1615830 
1215983 


1216136 
1216289 
1216443 
1216596 
1216750 


1216904 
1217058 
1217212 
12617366 
1217520 


sinh x 


cosh x 


1.248623 


1248733 
1248843 
1248953 
1249064 
1.49174 


1.49285 
1249396 
1649507 
1249618 
1.49729 


1.49841 
1249953 
1.50064 
1250176 
1.50289 


1.50401 
1250513 
1.250626 
1.50739 
1.50851 


1.50964 
1.51078 
1.51191 
1.51304 
1.51418 


1.51532 
1251646 
1.51760 
1651874 
1.51988 


2.52103 
1.52218 
1.52332 
1.52447 
1.52563 


1.52678 
1.52793 
1252909 
1253025 
1.53141 


1.53257 
1.53373 
1.53489 
1.53606 
1.53722 


1.53839 
1.53956 
1.54073 
1.54191 
1254308 


cosh x 


tanh x 


073978 


0274024 
0074069 
0274114 
0274159 
0074204 


0274249 
0274294 
074338 
074383 
0274428 


0274472 
0274517 
0274561 
O« 74606 
074650 


0+74694 
0274738 
0274782 
0074826 
0274870 


0274914 
0274958 
0.75002 
0275046 
0275089 


0675133 
0275176 
0275220 
0+ 75263 
0075307 


0275350 
0275393 
0275436 
0075479 
0675522 


0¢ 75565 
Oe 75608 
0275651 
0275694 
075736 


075779 
0075821 
0075864 
0275906 
0075949 


0675991 
0+¢76033 
0276075 
Ο.761}17 
Ο.76]59 


tanh x 


coth x 


1635175 


1235092 
1235010 
1234928 
1234846 
1034764 


12634682 
1234601 
1234520 
12634439 
134359 


134278 
1234198 
1234118 
1634038 
1633959 


1633879 
1633800 
1.33721 
1633643 
1233564 


1.33486 
1233408 
1633330 
1633252 
1633175 


1233097 
1233020 
1032944 
1032867 
1632791 


21632714 
1232638 
1632562 
1032487 
10¢32411 


1232336 
1632261 
1232186 
1032112 
1232037 


1631963 
1631889 
1631815 
1031741 
1031668 


1231595 
1e31522 
1231449 
1231376 
12631304 


coth x 


In x 


-0-05129 


-0205024 
“0204919 
-~0.04814 
-0204709 
-0 204604 


-0-04500 
-0.-04395 
-0204291 
=0204186 
-0204082 


-0.03978 
“0.03874 
-0203770 
-0 203666 
-0-03563 


=0 203459 
“0003356 
-0-03252 
-0203149 
=-0203046 


-0602943 
-0202840 
“0002737 
-0202634% 
“0202532 


-0202429 
“0202327 
-0202225 
-0-02122 
-0202020 


-0.01918 
-0-01816 
-0.01715 
-0-01613 
“0201511 


-02eN1410 
-0.201309 
-0-01207 
-0-01106 
-0201005 


-0200904 
-0.00803 
-0200702 
0200602 
-0-00501 


-0-00401 
-0-00300 
-0-00200 
-0200100 

0e¢N0000 


In x 


258571 


2258830 
2259089 
2259348 
2059607 
2059867 


2260127 
2660387 
2060648 
2060909 
2261170 


2061431 
2261693 
2061954 
2062216 
2062479 


2062741 
2263004 
2063267 
2263531 
2263794 


2264058 
2064323 
20645867 
2264852 
2265117 


2265382 
2065647 
2265913 
2266179 
2 266446 


2066712 
2266979 
2067246 
2067514 
2067781 


2268049 
2268317 
2268586 
2068854 
2269123 


2269393 
2069662 
2269932 
2070202 
2070472 


2070743 
2271014 
2071285 
271556 
2071828 


e* 


0238674 


0«¢38635 
0.38597 
0.38558 
0.38520 
0.3848} 


0.38443 
0238404 
0.38366 
0.38328 
0.38289 


0.38251 
Ο.38213 
0.38175 
0.38136 
0.38098 


0.38060 
0.38022 
0.37984 
0.37946 
0.37908 


0.37870 
Ο.37833 
0.37795 
0037757 
037719 


0037682 
0037644 
0¢37606 
0037569 
0037531 


00e37494 
0237456 
0237419 
037381 
0037344 


0037307 
0037269 
0037232 
037195 
0237158 


0037121 
0237083 
0237046 
0237009 
0036972 


0236935 
0+« 36898 
0236862 
0236825 
0236788 


e-* 


12000 


12001 
1002 
12003 
12004 
12005 


12006 
12007 
12008 
12009 
12010 


¥-011 
12012 
22013 
1.014 
12015 


22016 
1-017 
1.018 
19.9019 
12020 


16021 
1.022 
1.023 
1.024 
1.025 


1.026 
10027 
12028 
1.029 
1.030 


12031 
12032 
12033 
12034 
12035 


1.036 
12037 
1-038 
1-039 
12040 


1041 
12042 
1.043 
32044 
12045 


12046 
1.047 
12048 
22049 
1.050 


sinh x 


1.217520 


1.17674 
1617829 
1217984 
1218138 
1218293 


1218448 
1218603 
1218758 
1218914 
1219069 


1619225 
1219380 
1219536 
1219692 
1219848 


1220004 
1220160 
1.20317 
1220473 
1220630 


1.20787 
1220944 
1221101 
1.221258 
1221415 


1.21572 
1221730 
1621887 
1222045 
122203 


122361 
1022519 
1622677 
122836 
1022994 


1.23153 
1223311 
12623470 
1223629 
1.23788 


1.23947 
12624107 
1224266 
1624426 
1224585 


1624745 
1224905 
1225065 
1225225 
1225386 


sinh x 


cosh x 


1254308 


% 254426 
1.54543 
1454661 
1.54779 
1254898 


1255016 
1255134 
1255253 
1.55372 
1.5549] 


1255610 
1.55729 
1255849 
1255969 
1.56088 


1.56208 
1256328 
1.56449 
1256569 
1.256689 


1.56810 
1.56931 
1.57052 
1.57173 
1257295 


1257416 
1257538 
12576690 
1257782 
1657904 


1258026 
1258148 
1258271 
1.58394 
1258517 


1258640 
1258763 
1258886 
1259010 
1259134 


1259257 
1259381 
1259506 
1259630 
1259755 


1.59879 
1260004 
2.60129 
1260254 
21260379 


cosh x 


tanh x 


0276159 


0276201 
0e 76243 
0676285 
0076327 
0276369 


076410 
0076452 
O-« 76493 
076535 
0276576 


0.76618 
0276659 
0276700 
Oe 76741 
0276782 


0.76823 
0+ 76864 
0276905 
0276946 
0+ 76987 


0677027 
0-77068 
0277109 
0077149 
0277190 


0277230 
077270 
0.77310 
0277351 
0077391 


0277431 
Oo77471 
Oo77511 
0677551 
Oe77591 


077630 
077670 
077710 
Oe77749 
Oe77789 


0077828 
077868 
0¢77907 
0277946 
0077985 


078025 
0«78064 
078103 
0278142 
078182 


tonh x 


coth x 


1231304 


1231231 
1231159 
1231087 
1631015 
1230944 


1630872 
1430801 
1.30730 
1230660 
1230589 


1.30518 
1230448 
1230378 
1230308 
1230238 


1230169 
1230100 
1230030 
129961 
1629893 


1629824 
1029756 
1029687 


1229619: 


102955) 


1229484 
1029416 
1229349 
1229281 
129214 


1029147 
1229081 
1629014 
1628948 
1¢28882 


1228816 
1228750 
128684 
1228619 
1028553 


1228488 
1228423 
1228358 
1228293 
1628229 


1228165 
128100 
1228036 
1027973 
1027909 


coth x 


In x 


0200000 


0200100 
000200 
0200300 
0200399 
0200499 


0200598 
0.00698 
02e00797 
0200896 
0.00995 


0001094 
02091193 
0201292 
0201390 
0201489 


0201587 
0001686 
0201784 
0201882 
001980 


0202078 
0002176 
0002274 
0202372 
0202469 


02567 
0eN2664 
0092762 
002859 
0202956 


0203053 
0003150 
0203247 
0203343 
0203440 


0203537 
0203633 
0203730 
0203826 
0203922 


0204018 
0204114 
0204210 
0204306 
0204402 


0204497 
0204593 
0294688 
0204784 
OeN4879 


Inx 


2071828 


2¢72100 
2072372 
2072645 
2272918 
2073191 


2073464 
2073738 
2¢74012 
22074286 
2074560 


2074835 
2275110 
2275385 
2275661 
2075936 


2076212 
2076489 
2076765 
2077042 
2077319 


2077597 
2077875 
278153 
2278431 
2278710 


2278988 
2079268 
2079547 
2079827 
2280107 


2280387 
2080667 
2280948 
2081229 
2e81511 


2081792 
2282074 
2682356 
2282639 
2082922 


2683205 
2083488 
2083772 
2084056 
2084340 


2084624 
2084909 
22085194 
2085479 
2085765 


0236788 


0036751 
036714 
036678 
0+« 36641 
0236604 


0236568 
0-¢36531 
0636495 
0036458 
0036422 


0.36385 
0.36349 
0.36313 
0.36277 
0236240 


0236204 
0+«36168 
036132 
0236096 
036059 


036023 
035987 
0235951 
0235916 
0235880 


0235844 
0+ 35808 
0035772 
0235736 
0635701 


035665 
0.35629 
0235594 
0-35558 
035523 


0235487 
035452 
035416 
04¢35381 
0235345 


035310 
0235275 
0235240 
0235204 
035169 


0235134 
0+35099 
0235064 
0235029 
0234994 


12050 


1-051 
1052 
1-053 
12054 
12055 


1056 
12057 
12058 
12059 
1060 


12061 
1-062 
12063 
12064 
12065 


12066 
12067 
12068 
1.069 
1-070 


1.071 
12072 
1-073 
10074 
1075 


12076 
1.077 
12078 
12079 
1080 


1.08) 
1.082 
19083 
1.084 
1.085 


1-086 
1.087 
12088 
12089 
12090 


12091 
12092 
1.093 
1.094 
1.095 


1.096 
12097 
12098 
1.099 
12100 


sinh & 


1.25386 


125546 
1225707 
1625867 
1.226028 
1226189 


126350 
1.26511 
1226673 
1226834 
1626996 


1627157 
1.227319 
1227481 
1627643 
1627806 


1.27968 
21228130 
1228293 
1228456 
1228619 


1228782 
1228945 
1229108 
1.29271 
1229435 


1.29598 
1629762 
14629926 
1230090 
1630254 


1630418 
1.30583 
1630747 
1230912 
3231077 


1231242 
1231407 
1231572 
1.231737 
1231903 


1232068 
1632234 
1232400 
1232566 
1032732 


1.32898 
1633065 
1633231 
1.33398 
1633565 


sinh x 


cosh x 


1660379 


1.60505 
1.60631 
1.60756 
1.60882 
1.61008 


1.61135 
1.61261 
1.61388 
1261514 
1261641 


1661768 
1661896 
1262023 
1662151 
1.62278 


1462406 
1.62534 
1262662 
1.62791 
1662919 


1263048 
1263177 
1663306 
1663435 
1263565 


1263694 
1463824 
1.63954 
1264084 
1264214 


1264344 
1664475 
1264605 
1264736 
1.64867 


1.64998 
1.65130 
1.65261 
1.65393 
1265525 


1265657 
1265789 
1265921 
1266053 
1266186 


1266319 
1.66452 
1266585 
1.66718 
1266852 


cosh x 


tanh x 


0+7818) 


0678219 
078258 
0278297 
0678336 
0078374 


078413 
0.78451 
0678490 
0¢78528 
0¢78566 


0«78605 
0278643 
0678681 
0678719 
0678757 


0.78795 
0«78833 
0.78871 
0278908 
0078946 


0278984 
0679021 
0279059 
0279096 
0079134 


0679172 
0279208 
0679246 
0279283 
079320 


02079357 
0279394 
0279431 
0079468 
0279505 


02795841 
0279578 
0279615 
067965} 
0279688 


0079724 
0079761 
0079797 
0279833 
0279870 


0279906 
0079942 
0279978 
080014 
0280050 


tanh x 


coth x 


1027909 


1627845 
1227782 
1627719 
1627656 
1027593 


1227530 
1027468 
1627405 
1227343 
1627282 


1e27219 
1627157 
1227096 
1027034 
1626973 


1426912 
162685} 
126790 
1626729 
1226669 


1¢26608 
1626548 
1226488 
1626428 
1626368 


1226309 
1626249 
1626190 
122613] 
12626072 


1626013 
1625954 
125896 
1625837 
1625779 


1625721 
1.25663 
1625605 
1625547 
1625490 


1625432 
1625375 
1225318 
1225261 
1425204 


1425147 
1225091 
1025034 
2624978 
4024922 


coth x 


in x 


0204879 


0.04974 
0205069 
0205164 
0205259 
0205354 


0205449 
0.05543 
0205638 
0205733 
0205827 


0205921 
0206015 
0206110 
0206204 
0006297 


0206391 
0206485 
0.06579 
0206672 
0206766 


0206859 
0.06953 
0207046 
0207139 
0207232 


0207325 
0207418 
06075211 
0.07603 
0007696 


02e07789 
00-0788} 
0007973 
0208066 
0208158 


0008250 
0608342 
0008434 
0208526 
0.08618 


0208709 
02-0880] 
0.08893 
0208984 
0009075 


009167 
0209258 
0209349 
0209449 
02009531 


In x 


2085765 


2286051 
2086337 
2086624 
2286910 
2287198 


2087485 
2087772 
2288060 
2288349 
2088637 


2288926 
2289215 
2089504 
2289794 
2290084 


2090374 
2290665 
2090955 
2091247 
2091538 


2291830 
2092122 
2092414 
2092706 
2092999 


2093292 
2093586 
2093880 
2094174 
2094468 


2094763 
2295057 
2095353 
2095648 
2095944 


2096240 
2296536 
2096833 
2697130 
2097427 


2097725 
2298023 
2¢98321 
2298619 
2098918 


2099217 
2099517 
2099816 
3200116 
3a00417 


6. 


0234994 


0234959 
02¢34924 
034889 
00634854 
0234819 


0034784 
0¢34750 
00634715 
034680 
0234646 


0.3461} 
0.34576 
0034542 
0234507 
0¢ 34473 


0234438 
0234404 
0¢ 34370 
0634335 
0234301 


0¢34267 
0234232 
0234198 
0234164 
0234130 


034096 
0234062 
0¢34028 
0233994 
033960 


0033926 
0e33892 
033858 
0033824 
033790 


033756 
0¢33723 
0033689 
0033655 
0033622 


0233588 
0233554 
063352) 
0633487 
0033454 


02033422 
0°33387 
0033354 
0¢33320 
0033287 


1ο100 


16101 
16102 
1-103 
19.104 
1.105 


1.106 
19.107 
12108 
1.109 
1.110 


lelll 
1.112 
320113 
1114 
16115 


30116 
1e117 
1.118 
106119 
1.120 


1.121} 
1.122 
1.123 
1.124 
1.125 


1.128 
1.127 
1.128 
12129 
1.130 


1.135] 
9132 
1.133 
1.134 
1.139 


1.136 


1.137 
}.138 
}.139 
1.140 


1.14) 
1.142 
12143 
1.144 
1.145 


12146 
1.147 
1.148 
1.149 
1.150 


Χ 


sinh x 


1.33565 


1233732 
1.33899 
1634066 
134233 
1234401 


1.34568 
1.34736 
1.34904 
1235072 
1235240 


1.35408 
1235577 
1235745 
1235914 
1236083 


1236252 
1.36421 
1.36590 
1636759 
1.36929 


1.37098 
1.37268 
1.37438 
1237608 
1.37778 


1237949 
1238119 
1238290 
138460 
1.38631 


1238802 
1238973 
1239145 
1.39316 
1239488 


1239659 
1239831 
1240003 
1240175 
1040347 


1240520 
1240692 
1.40865 
1241038 
1641211 


1241384 
1241557 
1241731 
1241904 


1642078 


sinh x 


cosh x 


1.66852 


1.66986 
1e67119 
1667253 
1.67387 
1267522 


1.67656 
1.67791 
1267926 
1.68061 
1268196 


1268331 
1268467 
1268602 
1268738 
1268874 


1269010 
1269147 
1269283 
1669420 
1669557 


1269694 
1269831 
1.69968 
1.70106 
Le 70243 


1.70381 
1270519 
1.70658 
1e70796 
1270934 


1271973 
1671212 
1271351 
1271490 
1271630 


1271769 
1271909 
1272049 
1.72189 
1e72329 


1272470 
1672610 
1.72751]} 
1.72892 
1.73033 


1.73175 
1.73316 
1.73458 
1273599 
1¢73741 


cosh x 


tanh x 


080050 


0280086 
0280122 
0680157 
0280193 
0.80229 


0280264 
0.80300 
0.80335 
0.80371 
0280406 


0280442 
0280477 
0-e80512 
0280547 
0280582 


0.80617 
0.80652 
0.80687 
0.80722 
0280757 


0.80792 
0.80826 
0.80861 
0280896 


080930 


0280965 
0.80999 
0.81033 
0.81068 
0.81102 


0.81136 
0.81170 
0.81204 
0281238 
0.81272 


0281306 
0281340 
0281374 
0281408 
0261441 


0.81475 
0.81509 
0.81542 
0.81576 
0281609 


0.281642 
0281676 
0281709 
0281742 
081775 


tanh x 


coth x 


1624922 


1024866 
1224810 
1224755 
1224699 
12624644 


1024588 
1224533 
1024478 
1624423 
1624368 


1624314 
1024259 
1624205 
2024151 
1624097 


1624043 
1023989 
1023935 
1023882 
123828 


1223775 
1223722 
1023669 
1223616 
1023563 


1023511 
1623458 
1023406 
1023354 
1623302 


1623250 
12623198 
1223146 
1223095 
1623043 


1022992 
1022941 
1.22889 
1.22838 
1622788 


1622737 
1222686 
1222636 
1222586 
10622535 


1022485 
1622435 
1222385 
1022336 
1622286 


coth x 


In x 


0209531 


0209622 
0.09713 
009803 
0209894 
0.N9985 


0210075 
0210165 
0210256 
0210346 
0210436 


0210526 
010616 
0010706 
0210796 
010885 


0210975 
0211065 
0211154 
0011244 
0011333 


0211422 
Oe11511 
0+«11600 
011689 
0211778 


0+11867 
0211956 
0012045 
0212133 
0012222 


0212310 
04612399 
0612487 
02612575 
0012663 


00612751 
0012839 
0012927 
0613015 
0613103 


0013191 
0213278 
0213366 
0613453 
0013540 


0213628 
0613715 
0213802 
0213889 
0213976 


In x 


e* 


3200417 


3200717 
301018 
3201319 
3201621 
3201922 


3202225 
3202527 
3202830 
3203133 
3003436 


3403739 
3204043 
3004348 
3204652 
3204957 


320526 
320556 
3.05873 
3206179 
3206485 


3306792 
3207099 
3207406 
3207714 
3208022 


3208330 
3208638 
3208947 
3209256 
3209566 


3209875 
3.10185 
3210496 
3210806 
3011117 


3011429 
3011740 
3212052 
3212364 
3012677 


3412990 
3413303 
3213616 
3213930 
3014244 


3014559 
3214873 
3215188 
3415504 
3015819 


e-* 


0.33287 


0.33254 
02633221 
033187 
0+33154 
0633121 


0-33088 
033055 
0033022 
0632989 
0232956 


0632923 
0232890 
0632857 
0032824 
0032792 


0232759 
0¢32726 
0232693 
0032661 
0¢32628 


0232595 
0232563 
0«¢ 32530 
0032498 
032465 


0232433 
0+- 32400 
032368 
0232336 
0432303 


0.32271 
0232239 
0232207 
0232174 
0232142 


0232110 
032078 
0032046 
0232014 
0031982 


0.31950 
0231918 
0.31886 
0231854 
0631822 


0231791 
0231759 
031727 
0231695 
0231664 


1.150 


1.15] 
1.152 
1.153 
1.154 
1.155 


1.156 
19.157 
1.158 
1.159 
ἴ.160 


1.16] 
1.162 
1.163 
10164 
1.165 


1.166 
10167 
1.168 
1.169 
12170 


16171 
1.172 
19.9173 
1.174 
1.175 


1.176 
1.177 
1-178 
16179 


412180 


1-181 
1.182 
1.183 
1.184 
1.185 


1.186 
1.187 
1.188 
1.189 


.19190 


1.191] 
1.192 
1.193 
1.194 
1.195 


10196 
1.197 
1.198 
[9199 
Le200 


x 


sinh x 


1642078 


1642252 
1642426 
1642600 
1642774 
10642948 


1.43123 
1643297 
1643472 
1243647 
1643822 


1243998 
12644173 
12044349 
1244524 
1-44700 


1644876 
1045052 
1245228 
1245405 
1245581 


1.45758 
1245935 
1246112 
1.46289 
1046466 


1246644 
1246821 
1246999 
1.47177 
1647355 


1647533 


1647711 
1.47890 
1248068 
1648247 


1048426 
1248605 
1248784 
1648964 
1249143 


1249323 
1.49502 
1249682 
1.49862 
1250043 


1250223 
1250404 
1.50584 
1250765 
1250946 


sinh x 


cosh x 


12673741 


1473884 
1.74026 
1274168 
1.74311 
1674454 


1674597 
1.74740 
1274884 
1.75027 
1.75171 


1.75315 
1275459 
1.275603 
1.75748 
1.75892 


1276037 
1.76182 
1.76327 
1.76472 
1.76618 


1.76764 
1.76909 
1.77056 
1.77202 
1.677348 


1.77495 
1.77641 
1.77788 
1.77935 
1.78083 


1.78230 
1.78378 
1278526 
1.78673 
1.78822 


1.78970 
1.79119 
1.79267 
1.79416 
1.79565 


1.79714 
1.79864 
1.80013 
1.80163 
1.80313 


1.80463 
1.80614 
1.80764 
1.80915 
1.81066 


cosh x 


tanh x 


081775 


0.81809 
0.281842 
0.81875 
0681907 
0281940 


081973 
0282006 
0282039 
0.82071 
0282104 


0.82137 
0282169 
0682202 
0482234 
0282266 


0.82299 
0.82331 
0282363 
0282395 
0.82427 


0282459 
0.82491 
0282523 
0282555 
0082587 


0282619 
0282650 
0282682 
0682714 
0282745 


0.82777 
0.82808 
0282840 
028287] 
0282902 


0282933 
0282965 
0282996 
0283027 
0283058 


0283089 
0283120 
0683151 
0.83182 
0283212 


0283243 


0283274 


0.83304 
0.83335 
0.83365 


tanh x 


coth x 


1022286 


1622237 
1022187 
1622138 
1622089 
1622040 


121991 
1621942 
1221894 
1621845 
1.621797 


1221748 
1221700 
1¢21652 
1621604 
1221557 


1221509 
1221461 
1221414 
1221366 
1.21319 


1621272 
1.21225 
1221178 
1.21131 
1221085 


1621038 
1620992 
1020945 
1220899 
1220853 


1220807 
1620761 
1220715 
2220670 
1020624 


1220579 
1220533 
1220488 
1.20443 
1220398 


1220353 
1220308 
1620264 
1220219 
1220175 


120130 
1220086 
1220042 
1219998 
1219954 


coth x 


In x 


0+13976 


0214063 
0614150 
0014237 
0214323 
0014410 


0014497 
0214583 
0+«14669 
0214756 
0014842 


0214928 
0215014 
0215100 
0215186 
0015272 


0215358 
0015444 
0215529 
0-15615 
02015700 


0615786 
0615871 
0615956 
0216042 
Ο.16127 


Ο.16212 
Ο.16297 
Ο.16282 
Ο.16467 
0216551 


016636 
0616721 
016805 
0276890 
02616974 


017059 
0017143 
0017227 
0017311 
02017395 


0017479 
0217563 
0617647 
0217731 
0017815 


017898 
0017982 
018065 
0618149 
0618232 


In x 


e* 


3215819 


3016135 
3016452 
3216768 
3217085 
3017402 


3217720 
3218038 
3218356 
3018674 
3418993 


3219312 
3219632 
319952 
3220272 
3220592 


320913 
3021234 
3021556 
3021877 
3022199 


3022522 
3222844 
3023167 
3023491 
3023814 


324138 
3024463 
3024787 
3e25112 
3025437 


3025763 
3026089 
3026415 
3026742 
3027069 


3027396 
3027723 
328051 
3028380 
3028708 


3029037 
3029366 
3029696 
3430026 
330356 


3230686 
3231017 
3631348 
331680 
3e32012 


e-* 


0231664 


031632 
0231600 
0231569 
0631537 
0631506 


0231474 
0231443 
0631411 
0231380 
0631349 


0.31317 
0+31286 
0.631255 
0631223 
0231192 


0.31161 
0+31130 
0231099 
0.31068 
031037 


0.31006 
030975 
0+30944 
0.30913 
0230882 


0.30851 
030820 
0+30789 
0+30759 
0+30728 


0230697 
0030666 
0230636 
0430605 
030575 


0230544 
0230514 
0230483 
0230453 
0230422 


0230392 
0230361 
0.30332 
0.30301 
030270 


0230240 
0+ 30210 
030180 
0¢30150 
0230119 


sinh x 


1250946 


1.51127 
1251309 
1.251490 
1651672 
1251853 


12652035 
1.52217 
1.252400 
1252582 
1252764 


1252947 
1.53130 
1.253313 
1253496 
1.53679 


1253863 
1654046 
154230 
1254414 
1254598 


1254782 
1.54966 
1.255151 
1255336 
1255520 


1255705 
1.55891 
1256076 
1.56261 
1256447 


1.56633 
1256819 
1.57005 
1257191 
1.57377 


1.57564 
1257750 
1.57937 
1.58124 
1658311 


1258499 
1258686 
1258874 
1259062 
1259250 


1259438 
1259626 
1.259815 
1260003 
1260192 


sinh x 


cosh x 


1281066 


1.81217 
1.81368 
1281519 
1.81671 
1.81823 


1.81974 
1.82127 
1282279 
1.82431 
1.82584 


1.82737 
1282890 


'1483043 


1.83197 
1.83350 


1.83504 
1283658 
1.83812 
1283966 
1684121 


1284276 
1.84430 
1284586 
12.8474} 
1284896 


1285052 
1.85208 
1.85364 
1.85520 
1285676 


1.85833 
1.85989 
1286146 
1.86303 
1286461 


1.286618 
128.776 
1286934 
1.87092 
1287250 


1287408 
1.87567 
1.87726 
1.87885 
1288044 


1.88203 
1288363 
1.88522 
1288682 
12688842 


cosh x 


tanh x 


0283365 


0.83396 
0683426 
0283457 
0283487 
0283517 


0283548 
083578 
0-«83608 
0.83638 
0283668 


0.83698 
0.83728 
0283758 
083788 
0283817 


0283847 
0.83877 
0283906 
0283936 
0283965 


0.83995 
0484024 
0284054 
0284083 
0284112 


0284142 
0.8417] 
0284200 
0284229 
0284258 


084287 
084316 
0.84345 
0284374 
0284402 


0284431 
0284460 
0284488 
0.84517 
0284546 


0284574 
0.84603 
0284631 
0284659 
0084688 


0.84716 
0284744 
0284772 
0284800 
0284828 


tanh x 


coth x 


1619954 


1619910 
1219866 
1219823 
1e19779 
1219736 


1219692 
1019649 
1219606 
1219563 
1219520 


1619477 


1619435 
1019392 
1219349 
1619307 


121926§ 
1219223 
119181 
1219139 
1e¢19097 


1219055 
1219013 
1018972 
118930 
1618889 


1018847 
1218806 
1618765 
1018724 
118683 


1018642 
1218602 
1218561 
1218521 
1218480 


1218440 
1218400 
1218359 
1218319 
1018279 


1218240 
1218200 
1218160 
4218121 
1218081 


1218042 
12618002 
1217963 
1017924 
1017885 


coth x 


In x 


0218232 


0.18315 
0218399 
02)18482 
0218565 
0218648 


0218731 
0218814 
0218897 
0218979 
0219062 


0219145 
0219227 
02193190 
0219392 
0019474 


0619557 
0019639 
0019721 
0219803 
0.19885 


0219967 
0220049 
0220131 
0220212 
0220294 


0220376 
0220457 
0020539 
0220620 
0.20701 


0220783 
0420864 
0220945 
0221026 
0021107 


0271188 
0021269 
0221350 
0021430 
00621511 


0221592 
0621672 
0221753 
0221833 
0021914 


0221994 
0022074 
0022154 
0622234 
0022314 


In x 


3232012 


3032344 
3432676 
3033009 
3033342 
3033676 


3634010 
3034344 
3034678 
3235013 
3035348 


3035684 
3236020 
3036356 
3036693 
3037029 


3237367 
3437704 
3038042 
3238380 
3038719 


3239058 
3439397 
3439736 
3240076 
3040417 


3640757 
3241098 
3041439 
3241781 
3042123 


3642465 
3242808 
3243151 
3243494 
3243838 


3044182 
3244526 
3044871 
3045216 
3045561 


3245907 
3246253 
3246600 
3046946 
3047293 


3247641 
3247989 
3248337 
3248685 
3049034 


0-30119 


0230089 
0230059 
0+30029 
0229999 
0029969 


0229939 
029909 
0229879 
0229850 
0229820 


029790 
029760 
0229730 
0629701 
0029671 


0229641 
0229612 
0229582 
0229553 
0229523 


0229494 
0229464 
0229435 
0229405 
0029376 


0229346 
0229317 
0229288 
0429259 
0029229 


0229200 
0229171 
02629142 
029113 
029083 


0229054 
0229025 
0228996 
028967 
0228938 


0-28909 
0e28881 
0+28852 
028823 
0028794 


0+28765 
0228737 
0228708 
0028679 
028650 


e-* 


sinh x 


1.260192 


1.603812 
1260570 
1.60759 
1260949 
1.61138 


1.61328 
1.61518 
1.61708 
1.61898 
1.62088 


1.62279 
1662470 
1.62660 
1.62851 
1.63043 


1263234 
1263426 
1.63617 
1.63809 
1264001] 


2264193 


1264386 
1264578 
1.64771 
1264964 


1.65157 
1.65350 
1.65543 
1.65736 
1.265930 


1266124 
1.66318 
1.66512 
1266706 
1266901 


1267096 
1267290 
1.67485 
1267680 
1.67876 


1268071 
1268267 
1268463 
1268659 
1268855 


1.69051 
1269248 
1.69444 
1269641 
1.69838 


sinh x 


cosh x 


1.88842 


2.89003 
1.89163 
1289324 
1.89485 
1289646 


1.89807 
1.89968 
1.90130 
1290292 
1290454 


1.90616 
1290778 
3.90941 
1691104 
12691267 


1691430 
1691593 
1291757 
1.91920 
1692084 


1.92248 
1.92413 
1.92577 
1.92742 
1.92907 


1.93072 
1493237 
1293402 
1293568 
1693734 


1.93900 
1294066 
1294233 
1294399 
1.94566 


1294733 
1.94900 
1.95068 
1.295235 
1295403 


1.9557} 
1.95739 
1.95907 
1.96076 
1296245 


1296414 
1.96583 
1.96752 
1.96922 
1.97091 


cosh x 


tanh x 


0.84828 


0.84856 
0284884 
0284912 
0284940 
0284968 


0.84996 
0285023 
0.85051 
0285079 
0685106 


0285134 
0685161 
0285189 
0.85216 
0285244 


0.85271 
0.85298 
0285325 
0.85353 
0285380 


02-8540? 
0285434 
0285461 
0.85488 
0285515 


0.85542 
0.85568 
0285595 
0285622 
0285648 


085675 
085702 
0+85728 
0285755 
0685781 


0.85808 
0.85834 
0285860 
0.85886 
0.85913 


0285939 
0285965 
0685991 
086017 
086043 


0.86069 
0-86095 
0.86121 
0.86147 
0.86172 


tanh x 


coth x 


1217885 


1217846 
1.17807 
12617769 
1217730 
1617691 


1217653 
1.217615 
1.17576 
1617538 
1217500 


1217462 
1.17424 
1217386 
1217348 
1617311 


1617273 
1217236 
1217198 
1017161 
lel 7124 


1617087 
1217050 
1e17013 
1216976 
1216939 


1216902 
1216866 
1616829 
1.16793 
1616756 


1216720 
1216684 
1.16648 
1216612 
1216576 


1216540 
1216504 
1216468 
1216433 
1016397 


1216362 
1216326 
1216291 
1216256 
1e16221 


1216186 
1216151 
1216116 
1216081 
1216047 


~ coth x 


In x 


0022314 


0222396 
0022474 
0222554 
0022634 
0022714 


02022793 
022873 
0022952 
0023032 
0223111 


0-23191 
0223270 
0023349 
02234428 
023507 


0223586 
0223665 
0223744 
0.23823 
023902 


023980 
024059 
024138 
0224216 
0224295 


04624373 
0224451 
0224530 
0224608 
0224686 


0224764 
0024842 
0224920 
0224998 
0025076 


025154 
0225231 
0225309 
0225387 
0625464 


0.25542 
0225619 
0225697 
0025774 
0225851 


0225928 
0226005 
0226082 
026159 
0026236 


In x 


3449034 


3249384 
3449733 
3250083 
3050433 
3250784 


3251135 
3051486 
3251838 
3052190 
3052542 


3.52895 
3¢53248 
3253601 
3453955 
3054309 


3454664 
3255019 
3255374 
3255729 
3256085 


3256442 
356798 
3457155 
3257512 
3257870 


3258228 
3258587 
3258945 
3259304 
3259664 


3260024 
3260384 
3660745 
3261106 
3061467 


3061828 
3262190 
3062553 
3062916 
3063279 


3263642 
3464006 
3264370 
3264735 
3265100 


3265465 
3.65831 
3266197 
3266563 
3266930 


0.28650 


0228622 
0228593 
0228565 
0228536 
0228508 


0228479 
0228451 
0228422 
0228394 
0228365 


0.28337 
0228309 
028280 
0228252 
0028224 


0228196 
0.28168 
0.28139 
0228111 
028083 


0-28055 
0«28027 
0027999 
0e27971 
0027943 


0.27915 
Oe278R7 
027859 
0227832 
0227804 


0.27776 
0«27748 
0227720 
0-27693 
0«27665 


0¢27637 
0227610 
0227582 
0027555 
0027527 


027500 
Oe27472 
0027445 
Oe27417 
0e27390 


0+27362 
00627335 
0227308 
0627280 
0027253 


Χ 


1.300 


1.301 
1.302 
12303 
1.304 
1.305 


1ν306 
1.307 
1.308 
120309 
16310 


1.31} 
12312 
12313 
16314 
1.315 


1.356 
19.317 
1.318 
1.319 
1.320 


1.352) 
19.322 
1.323 
2.326 
1.325 


1.326 
1.327 
1.328 
1.329 
1.330 


16331 
1.332 
1.333 
1.334 
1.335 


10336 
1.337 
1.338 
1.339 
1.340 


1.34} 
1.342 
16343 
12344 
12345 


1.346 
1.347 
1.348 
1.349 
1.350 


x 


sinh x 


1.69838 


1.270035 
1270233 
1270430 
1.270628 
1.70826 


1271024 
1271222 
1271420 
1271619 
1271818 


1272017 
1.672216 
1272415 
1.72614 
1072814 


1273014 
1.73214 
1.73414 
1273614 
1273814 


1.274015 
1.74216 
1274417 
1.74618 
1274819 


1.275021 
1.75222 
12675424 
1275626 
1.75828 


1.76031 
1276233 
1.76436 
1276639 
1076842 


1277045 
1277249 
1.77452 
1277656 


1.277860 | 


1.78064 
1278268 
1678473 
1278677 
1678882 


1.79087 
1279293 
1279498 
1279704 
1673909 


sinh x 


cosh x 


1297091 


1.97261 
1297431 
1297602 
1.97772 
1297943 


1.98114 
1298285 
1298456 
1.98628 
1.98800 


1.98972 
1.99144 
1.99316 
1.99489 
1.99661 


1.99834 
200007 
2.00181 
2200354 
2200528 


2000702 
2200876 
2201050 
2201225 


2001399 


2291574 
2201749 
2291925 
2202100 
2292276 


2292452 
2202628 
2202804 


2202981 


2003158 


2203335 
2293512 
2203689 
2203867 
2294044 


2204222 
220440] 
2204579 
2204758 
2 004936 


2205115 
2205294 
2205474 
2205653 
2605833 


cosh x 


tanh x 


0086172 


0286198 
0286224 
0¢86249 
0486275 
086300 


086326 
0.8635) 
0286377 
0286402 
0686428 


0286453 
0286478 
0+86503 
0.86528 
0286554 


0286579 
0-86604 
0286629 
0286654 
0.86678 


0286703 
0286728 
0286753 
0286778 
0286802 


0286827 
04-8685) 
0.86876 
0+86900 
0286925 


0286949 
0686974 
0486998 
0687022 
0287047 


0287071 
0287095 
0.87119 
0287143 
0.87167 


0.87191 
0287215 
0+87239 
0287263 
0287287 


0.87311 
0287334 
0287358 
0287382 
0287405 


tanh x 


coth x 


1616047 


1616012 
1615977 
1215943 
1215909 
1215874 


1215840 
1215806 
10615772 
1215738 
1215704 


1215670 
1615636 
115603 
115569 
1215535 


1615502 
1615469 
1015435 
1015402 
1015369 


1615336 
1215303 
1015270 
1615237 
1615204 


10615172 
1215139 
1615107 
1215074 
1615042 


1215009 
1014977 
1214945 
1014913 
12614881 


1214849 
1614817 
1014785 
1214754 
1¢14722 


1214690 
1614659 
1614628 
1214596 
1214565 


1214534 
1214503 


161447}. 


1014440 
1014410 


coth x 


In x 


0026236 


026313 
0226390 
0026467 
0226544 
0026620 


0226697 
0426773 
0226850 
0226926 
0«27003 


O«27079 
0627155 
0027231 
027308 
02027384 


027460 
027536 
0027612 
0027687 
0027763 


0627839 
027915 
0027990 
0e28066 
002814] 


0628217 
028292 
0.278367 
0678443 
0228518 


0228593 
0728668 
0028743 
028818 
028893 


0+28968 
02029043 
029118 
0229192 
0029267 


0229342 
0229416 
0229491 
0229565 
0029639 


0229714 
0229788 
0029862 
0229936 
0230010 


In x 


e* 


3266930 


3267297 
3067664 
3268032 
3268400 
3068769 


3269138 
3269507 
3069877 
3470247 
3270617 


3270988 
3271359 
3e71731 
3072103 
3072475 


3272848 
3273221 
3473594 
3473968 
3074342 


3074717 
3075092 
3075467 
3075843 
3076219 


3276595 
3276972 
3077349 
3277726 
3278104 


3678483 
3678861 
3279240 
379620 
380000 


3280380 
3280760 
3e81142 
3281523 
3281904 


3282286 
382669 
3283052 
3283435 
3083819 


3084203 
3284587 
3484972 
3285357 
3085743 


e* 


0027253 


0227226 
027199 
027172 
0e27144 
0e27117 


0.27090 
0227063 
0027036 
0227009 
0226982 


026955 
026928 
026901 
0026874 
0226847 


0226821 
0026794 
0226767 
0¢26740 
0226714 


0«26687 
0+«26660 
0026634 
026607 
0226580 


0226554 
0026527 
0«26501 
0226474 
0226448 


0226421 
026395 
0226369 
0226342 
026316 


026290 
0226263 
0026237 
0226211 
026185 


02265158 
0626132 
0226106 
0-«26080 
0226054 


0226028 
0+26002 
0225976 
025950 
0225924 


e-* 


1.350 


12351 
1.352 
1.353 
1.354 
1.355 


1.356 
1.357 
1.358 
10359 
12360 


1.361 
1.362 
1.363 
1.364 
1.365 


1.366 
1.367 
1.368 
1.369 
1.370 


16371 
1.372 
1.373 
1.374 
1.375 


1.376 
1.377 
1.378 
1.379 
.19380 


1.38 
1.382 
1.383 
1.384 
}.385 


1.386 
1.387 
16388 
1.389 
12390 


16391 
1.392 
1.393 
1.394 
1.395 


1.396 
1.397 
1.398 
1.399 
12400 


sinh x 


1.79909 


1280115 
1280321 
1280528 
1.80734 
1.80941 


1.81148 
1.281355 
1.281562 
1.281769 
1.81977 


1282184 
1.82392 
1.82600 
1282809 
1.83017 


1.83226 


1.83435. 


1.83644 
1.83853 
1.84062 


1284272 
1.84482 
1.84691 
1284902 
1.85112 


1285322 
1.85533 
1.85744 
1.85955 
1.86166 


1.86378 
1.86589 
1.86801 
1.287013 
1.87225 


1.87437 
1.87650 
1.87863 
1.88076 
1.88289 


1.88502 
1.88716 
1.88929 
1289143 
1689357 


1289571 
1.89786 
1.290000 
1.290215 


(1690430 


sinh x 


cosh x 


2205833 


2206013 
2206194 
2206374 
2206555 
2206735 


2206916 
2207098 
2207279 
2297461 
2207643 


2.07825 
2208007 
2208190 
2208372 
2208555 


2.08738 
2298922 
2299105 
2209289 
22909473 


2209657 
220984} 
2210026 
2010211 
2010396 


2210581 
2010766 
2010952 
2211138 
2011324 


2211510 
2211697 
2211883 
2212070 
2012257 


2012445 
2212632 
2212820 
213008 
2013196 


2213385 
2013573 
2013762 
2013951 
2214140 


2014330 
22014520 
2014709 
2214900 
2215090 


cosh x 


tanh x 


0287405 


0687429 
0287452 
0-87476 
0.87499 
02087523 


0287546 
0287570 
0.87593 
0.87616 
0287639 


0287662 
0287686 
0+87709 
0287732 
0287755 


0.87778 
0287801 
0.87824 
0.287846 
0287869 


0.87892 
0287915 
0.87937 
0.87960 
0287983 


088005 
0-88028 
0288050 
0288073 
0288095 


0.88117 
0288140 
0.88162 
0288184 
0288207 


0288229 
0.88251 
0.88273 
0288295 
0.88317 


0288339 
0288361 
0288383 
0288405 
0288427 


0288448 
0288470 
0288492 
0288514 
0¢88535 


tanh x 


coth x 


1214410 


1214379 
1214348 
1014317 
1014286 
1014256 


1014225 
1014195 
1214165 
1014134 
2014104 


1014074 
1214044 
1214014 
1613984 
1013954 


1613924 
1213894 
1613865 
113835 
1213805 


1.13776 
1.13747 
1213717 
1213688 
1013659 


1613630 
1¢13601 
1.1357) 
}.13543 
1.13514 


1.13485 
1.13456 
1.13427 
1.13399 
1213370 


1013342 
1213313 
1.213285 
1613257 
1213228 


1213200 
1013172 
1213144 
1213116 
1213088 


113060 
1213032 
1213005 
112977 
1612949 


coth x 


in x 


0230010 


0230085 
0230158 
0230232 
0230306 
0230380 


0230454 
0230528 
0230601 
02320675 
0030748 


030822 
0230895 
0.30969 
02031042 
0231115 


. 0031189 


0631262 
02¢31335 
0231408 
00321481 


0031554 
0631627 
0231700 
0231773 
0031845 


0231918 
0031991 
0232063 
0032136 
0032208 


0232281 
0222353 
0232426 


0232498 . 


0232570 


0032642 
0032714 
0032786 
0232858 
0232930 


04¢33002 
0233074 
0233146 
0233218 
0033289 


0233361 
0033433 
0033504 
0033576 
0233647 


In x. 


3285743 


386128 
3286515 
3286902 
3087289 
3087676 


3088064 
3088452 
3288841 
3289230 
3089619 


3290009 
3290399 
3290790 
3291181 
3091572 


3091964 
3092356 
3092749 
3093142 
3093535 


3093929 
3694323 
394717 
3095112 
3095508 


3295903 
3296299 
3296696 
3097093 
3097490 


3297888 
3098286 
3098684 
3299083 
3499483 


3299882 
4200282 
4.00683 
4201084 
4.01485 


4.01887 
4.202289 
4202691 
4.03094 
4203497 


4203901 
4.04305 
4204710 
4205115 
4205520 


6- 


0.25924 


0.25898 
0.25872 
0.25846 
0.25821 
0025795 


0625769 
0625743 
025717 
0225692 
025666 


0225640 
0e25615 
0225589 
0425564 
0225538 


0625513 
0225487 
0225462 
0225436 
0025411 


0225385 
0225360 
0225335 
0025309 
0025284 


0025259 
025233 
025208 
0225183 
0025158 


0025133 
0225108 
0225082 
02625057 
0225032 


0225007 
024982 
0024957 
0224932 
0224908 


0224883 
0224858 
0624833 
0224808 
0024783 


0224759 
0224734 
02024709 
0224684 
0224660 


e-* 


12400 


12401 
1.402 
1.402 
12404 
1405 


12406 
1.407 
12408 
10409 
1.410 


1411 
10412 
1413 
1.414 
19.415 


12416 
1.417 
1.4}8 
1.419 
1.420 


1.42) 
1.422 
1.423 
1.424 
1.425 


1.426 
1.427 
1.428 
19.429 
1.430 


1.43} 
1.432 
}.433 
1.434 
1.435 


1.436 
1.437 
1.438 
1.439 
1440 


1644) 
1.442 
1.443 
Ἰοφός 
λοᾳφά5 


10446 
10447 
12448 
10449 
1.450 


sinh x 


1290430 


1290645 
1.90861 
1291076 
1291292 
1691508 


1.91724 
1291940 
1.92157 
1692374 
1292591 


1292808 
1.93025 
1293242 
1293460 
1.93678 


1293896 
1.694114 
1.94333 
1294551 
1294770 


1294989 
1295209 
1295428 
1295648 
1695867 


1.96087 
1.96308 
1296528 
1096749 
1.296970 


1697191 
1.97412 
1.97633 
1.97855 
1298076 


1.98298 
1298521 
1.98743 
1298966 
1299188 


1.99411 
1299635 
1.99858 
2200082 
2200305 


2200529 
2200753 
2200978 
2201202 
2201427 


sinh x 


cosh x 


2215090 


2215280 
2e15471 
2215662 
2015853 
2216045 


2216236 
2216428 
2016620 
2216812 
2e17005 


2017198 
22017391 
2017584 
2el7777 
217971 


2218164 
2218358 
2218553 
2018747 
2218942 


2219137 
2019332 
2019527 
2019723 
2219918 


2020114 
2220310 
220507 
2020704 
2220900 


2021097 
2021295 
2021492 
2021690 
2021888 


2022086 
2022285 
2022483 
2022682 
2022881 


2023080 
2023280 
2223480 
2¢23680 
22023880 


2024080 
2024281 
2024482 
2224683 
2024884 


cosh x 


tanh x 


0288535 


0.88557 
0.88578 
0«88600 
0+«88621 
0288643 


0288664 
0+88686 
0.88707 
0.88728 
0.88749 


0.88771 
0688792 
0.288813 
0.88834 
0288855 


0288876 
088897 
0288918 
088939 
0+88960 


088981 
0289002 
0289022 
0289043 
0289064 


0289084 
0689105 
0289126 
089146 
0289167 


0289187 
089208 
0289228 
0289248 
0289269 


0289289 
0289309 
0289329 
0289350 
0289370 


0289390 
0289410 
0289430 
0289450 
0289470 


0289490 
0289510 
0289530 
0289549 
0089569 


tanh x 


coth x 


1212949 


1012922 
1212894 
1212867 
1212840 
1012812 


1212785 
1212758 
1012731 
1012704 
1012677 


1212650 
112623 
1612596 
112569 
1012543 


1012516 
1212490 
1212463 
1612437 
1212410 


1212384 
1012358 
1612331 
10612305 
1612279 


1012253 
1el2227 
1.212201 
1212175 
1612150 


1612124 
1212098 
1612072 
1¢12047 
1212021 


1211996 
1611971 
1611945 
1211920 
1211895 


1211869 
1211844 
1211819 
10611794 
1211769 


1011744 
1211720 
1211695 
1211670 
12611645 


coth x 


In x 


0033647 


0233719 
0233790 
0233861 
0233933 
0234004 


0234075 
0034146 
0034217 
0034288 
0234359 


0234430 
0234501 
0234572 
0234642 
0234713 


0034784 
0034854 
0234925 
0234995 
0235066 


0635136 
0235206 
02635277 
0235347 
035417 


0035487 
0235557 
0035627 
0235697 
0035767 


0235837 
0235907 
0235977 
0036047 
0236116 


0636186 
0236256 
0636325 
0236395 
02036464 


0236534 
036603 
0236672 
0036742 
0¢36811 


0236880 
0036949 
0237018 
0237087 
0237156 


In x 


4205520 


4205926 
4206332 
4.06738 
4007145 
4207553 


4207960 
4.208369 
408777 
4209186 
4209596 


4210005 
4210416 
410826 
4%o11237 
4e11649 


4012061 
4012473 
4212885 
4013299 
4013712 


4214126 
4214540 
4014955 
4215370 
4215786 


416202 
4216618 
4217035 
4217452 
417870 


418288 
4218706 
4219125 
4019545 
4.19965 


4020385 
4220805 
4e21226 
4221648 
4e22070 


Ge22492 
4e22915 
4223338 
4223761 
42024185 


4024610 
425034 
4225460 
425885 
4.226311 


0224660 


0624635 
0224610 
0224586 
0224561 
0024537 


0224512 
0624488 
024463 
0624439 
0224414 


0224390 
0224366 
022434) 
0024317 
0624293 


024268 
0024244 
0624220 
02«24196 
0024171 


0024147 
0624123 
0224099 
0224075 
0224051 


024027 
0224003 
0223979 
0623955 
0623931 


0223907 
023883 
0423859 
0223835 
0223812 


0.23788 
0623764 


‘0023740 


0623716 
0223693 


0223669 
023645 
0223622 
023598 
02023575 


0223551 
023528 
0223504 
0«23480 
0023457 


1.450 


1.45} 
1.452 
1.453 
120454 
10455 


1.456 
1.457 
1458 
1459 
1°¢460 


1.461 
19.462 
1.463 
12464 
10465 


1466 
10467 
1468 
10469 
1.470 


1.471 
1.472 


 2¢473 


10474 
1.475 


1.476 
10477 
1.478 
1.479 
1480 


12481 
1482 
1483 
1484 
1485 


1486 
12487 
1488 
10489 
1.490 


1.491 
1.492 
1.493 
1.494 
1495 


12496 
1.497 
12498 
1.499 
12500 


sinh x 


2001427 


2201652 
2201877 
2202103 
2202328 
2202554 


2202780 
2203006 
2003233 
2203459 
2203686 


2203913 
2204140 
2204368 
2204595 
2204823 


2205051 
2605280 
2205508 
2205737 
2205965 


2206195 
2606424 
2206653 
2206883 
2207113 


2207343 
2207573 
2207804 
2208034 
2208265 


2208497 
2208728 
2208959 
2e09191 
2209423 


2209655 
2209888 
2210120 
2210353 
2210586 


2210819 
2211053 
2011286 
2011520 
2011754 


2211989 
2012223 
2012458 
2612693 
2212928 


sinh x 


cosh x 


2024884 


2025086 
2225288 
2025490 
2025692 
2225894 


2226097 
2226300 
2026503 
2026706 
2e26910 


2027114 
2027318 
2027522 
2027726 
2027931 


2028136 
2228341 
2028547 
2028752 
22028958 


2029164 
2629370 
2029577 
2029784 
2229991 


2230198 
20304C5 
2030613 
2230821 
2031029 


2e31238 
2231446 
2031655 
2031864 
2032073 


2032283 
2032493 
2232703 
2032913 
2033123 


2033334 
2033545 
2033756 
2033968 
2034179 


2034391 
2634603 
2234816 
2¢35028 
2035241 


cosh x 


tanh x 


0.89569 


0.89589 
0.89609 
0289628 
0289648 
0.89668 


0289687 
0.89707 
0289726 
0289746 
0289765 


0.89785 
0289804 
0.89823 
0.89843 
0.89862 


0.89881 
0.289900 
0289920 
0289939 
0289958 


0.89977 
0.89996 
0290015 
0290034 
0290053 


0290072 
0290090 
0290109 
0290128 
0290147 


0290166 
0290184 
0290203 
090221 
0290240 


0290259 
02690277 
0290296 
0290314 
0290332 


0.90351 
0290369 
0290388 
0290406 
0290424 


0290442 
0290460 
0290479 
0290497 
0.90515 


tanh x 


coth x 


10611645 


Lell621 
1211596 
10e11572 
1611547 
1611523 


1211499 
1e11474 
1211450 
10211426 
111402 


1211378 
1611354 
1611330 
1611306 
1611282 


1611258 
1211234 
1.1121) 
1.11187 
1.11163 


1211140 
1211116 
1211093 
1.ο11069 
1211046 


1611023 
1¢11000 
1210976 
1010953 
1210930 


1210907 
1210884 
10¢10861 
1-10838 
1610816 


1610793 
1210770 
1010747 
1210725 
1610702 


21210680 
1610657 
1210635 
10¢10612 
1610590 


1210568 
1210546 
12610523 
1210501 
1210479 


coth x 


In x 


0«37156 


0637225 
0037294 
0037363 
0237432 
0637501 


0237569 
0¢37638 
0037707 
0637775 
0237844 


0637912 
0637981 
0638049 
0038117 
0238186 


0238254 
0238322 
0238390 
02328458 
0238526 


0238594 
0238662 
0238730 
0238798 
0238866 


038934 
0239001 
0239069 
0239137 
0239204 


0039272 
0239339 
0039407 
0239474 
0239541 


0239609 
0239676 
0239743 
0239810 
0239878 


0639945 
0240012 
0240079 
0240146 
0040213 


0040279 
0240346 
02e40413 
0240480 
0240547 


In x 


e* 


4626311 


426738 
4027165 
4027592 
4228020 
4028448 


4028877 
4&e29306 
4¢29736 
4230166 
430596 


4031027 
4e31458 
4231890 
4632322 
4032754 


4033187 
4033621 
4034055 
034489 
4034924 


4235359 
4035794 
4636230 
4036667 
4237104 


4037541 
4437979 
4038417 
4.38855 
439295 


4239734 
440174 
4240614 
4041055 
4041497 


4241938 
4242380 
4042823 
4243266 
4243710 


4444153 
4244598 
4045043 
4245488 
4245934 


4246380 
4046826 
447273 
4e47721 
4048169 


e-* 


0223457 


023434 
0223410 
0623387 
0+ 23363 
023340 


0023317 
0023293 
0623270 
0023247 
0023224 


0223200 
0023177 
0023154 
0¢23131 
0223108 


0223085 
023062 
0223039 
Oe 23016 
0022993 


022970 
0022947 
0022924 
022901 
022878 


0222855 
022832 
022809 
0022787 
0022764 


Oe22741 
0e22718 
022696 
0e22673 
0222650 


022628 
0222605 
0022582 
022560 
0022537 


0622515 
0022492 
0222470 
0022447 
0022425 


0022402 
022380 
02022358 
0022335 
022313 


x 
22500 


1.501 
1.502 
1.503 
1.504 
1.505 


12506 
1.507 
1.508 
1.509 
1.510 


1.511 
1.512 
1.513 
1.514 
1.515 


1.516 
1.517 
1.518 
1519 
12520 


1.521 
1.522 
1.523 
1.524 
1.525 


1.526 
1.527 
1.528 
1.529 
1.530 


1.531 
1.532 
1.533 
1.534 
1.535 


12536 
1.537 
1.538 
1539 
1.540 


12541 
1.542 
1.543 
1544 
12545 


10546 
1.547 
1.548 
1.549 
1.550 


sinh x 


2012928 


2213163 
22013399 
2013635 
22¢13871 
2014107 


2014343 
2214580 
2214817 
2215054 
2215291 


2215529 
2015766 
2216004 
2016242 
2016481 


22016719 
2216958 
2017197 
2017436 
2017676 


2217915 
2218155 
2218395 
2018636 
2018876 


2019117 
2219358 
2219599 
2219840 
2220082 


2220324 
2020566 
2220808 
2221051 
2021293 


2021536 
2021780 
2022023 
2022267 
2022510 


2022755 
2022999 
2023243 
2023488 
2023733 


2023978 
2024224 
2024469 
2024715 
2224961 


sinh x 


cosh x 


2035241 


2035454 
2035667 
2235881 
2236095 
2236309 


2036523 
2036737 
2236952 
2037167 
2037382 


2037597 
2237813 
2238029 
22038245 
223846} 


2238678 
2238895 
2239112 
2039329 
2039547 


2039765 
2239983 
2240201 
2040419 
2040638 


2240857 
2041076 
2041296 
2041516 
2041736 


2241956 
2042176 
2042397 
2042618 
2242839 


2043060 
2043282 
2243504 
2043726 
2243949 


2044171 
2044394 
2244617 
22044841 
2045064 


2245288 
22045512 
2045736 
2245961 
2046186 


cosh x 


tanh x 


0290515 


0290533 
090551 
0290569 
0290587 
0290605 


0090623 
029064} 
0290658 
0290676 
0090694 


090712 
0690729 
0290747 
0290765 
0.90782 


0290800 
0290817 
0290835 
0290852 
0290870 


0.90887 
0290905 
0290922 
0290939 
0090957 


0290974 
0290991 
0291008 
0291025 
0291042 


0291060 
0291077 
0291094 
0091111 
0291128 


0091145 
0291161 
0291178 
0291195 
0.91212 


0.91229 
0291246 
0291262 
0291279 
0e91296 


0291312 
0291329 
0291345 
0291362 
0291379 


tanh x 


1610435 
1210413 
1210391 
1210369 


1610348 
1610326 
1610304 
1210283 
121026] 


1210239 
1210218 
1210196 
2210175 
1610154 


1210132 
1210111 
1210090 
1210069 
1210048 


1210027 
1210005 
1209984 
1209964 
1209943 


1.09922 
1.09901 
1209880 
1209860 
1209839 


1209818 
1.09798 
1009777 
1209757 
1209736 


4209716 
1209695 
1209675 
1209655 
1209635 


1209614 
1209594 
1209574 
1209554 
1209534 


1209514 
1209494 
1209474 
1209455 
12609435 


coth x 


0240547 


0640613 
0240680 
0240746 
0240813 
0240879 


0240946 
0041012 
041078 
0041145 
0041211 


041277 
0241343 
0241409 
0e41476 
0241542 


0241608 
0041673 
0241739 
0241805 
0041871 


0241937 
0242003 
0242068 
0242134 
0042199 


0042265 
0042331 
0242396 
0042461 
0042527 


0242592 
0642657 
0042723 
0242788 
0242853 


0042918 
0242983 
0243048 
0243113 
0643178 


0243243 
0243308 
0.43373 
0243438 
0243502 


0043567 
0243632 
0243696 
0243761 
0243825 


In x 


e* 


4048169 


4248617 
4049066 
4249515 
4049965 
4250415 


4250866 
4251317 
4051769 
4e52221 
4252673 


4253126 
4253579 
4254033 
4254487 
4254942 


4.55397 
4.55853 
4256309 
4.56766 
457223 


4.57680 
4.58138 
4258596 
4259055 
4059514 


4259974 
4.60434 
4.60895 
4261356 
4.61818 


4262280 
462742 
4263205 
4263669 
4264133 


& 264597 
4.65062 
4265527 
4265993 
4266459 


&.66926 
4267393 
4267861 
4268329 
4268797 


4269266 
4269736 
4270206 
4.70676 
71147 


0022313 


0222291 
0022268 
0622246 
0022224 
0022202 


022180 
022157 
0022135 
0e22113 
0222091 


0222069 
0022047 
0022025 
022003 
0221981 


0221959 
021937 
0.21915 
0221893 
6221871 


0221849 
0-21827 
021806 
0021784 
0021762 


021740 
0«21719 
0.21697 
0221675 
0221654 


0221632 
0e21610 
0021589 
0021567 
021546 


0221524 
021503 
0021481 
0221460 
0221438 


0221417 
0221395 
0221374 
021353 
0¢21331 


0221310 
0221289 
0221267 
0221246 
0221225 


sinh x 


2024961 


2025207 
2025454 
2025701 
2025948 
2226195 


2226442 
2226690 
2226938 
2027186 
2027434 


2027683 
2027932 
2228181 
2228430 
2028679 


2028929 
2029179 
2029429 
2229680 
2229930 


2¢30181 
2230432 
2230683 
2230935 
2231187 


2231439 
2031691 
22031943 
2032196 
2032449 


2632702 
2032956 
2233209 
26 33463 
2033717 


2e33972 
2034226 
223448) 
2034736 
2234991 


2035247 
2635502 
2635758 
2036015 
2036271 


26 36528 
2e36785 
2037042 
2037299 
2037557 


sinh x 


cosh x 


2046186 


22046411 
2 046636 
2246862 
2247088 
2047314 


2047540 
2047767 
2047993 
2048221 
2248448 


2048675 
2248903 
2249131 
2249360 
2049588 


2049817 
2250046 
2250275 
2250505 
2250735 


2250965 
2051195 
2051426 
2251656 
2251887 


2252119 
2252350 
2252582 
2252814 
2053047 


2253279 
2093512 
2693745 
2253978 
2254212 


2054446 
2254680 
2654914 
2255149 
2255384 


2255619 
2255854 
2256090 
2296326 
2056562 


2256798 
22057035 
2057272 
2257509 
2257746 


cosh x 


tanh x 


0.91379 


0291395 
0291411 
0291428 
0291444 
091461 


Oo91477 
0291493 
0-91510 
0291526 
0291542 


0.91558 
0091574 
0.91591 
0291607 
091623 


0291639 
0291655 
0091671 
0291687 
0291703 


0291718 
0291734 
0.291750 
0291766 
0291782 


0091797 
0291813 
091829 
0291845 
0291860 


0.91876 
0.91891 
0291907 
0291922 
0291938 


0291953 
0291969 
0691984 
0292000 
0692015 


0292030 
0292046 
0292061 
0.92076 
0292091 


0292106 
0692122 
0292137 
0292152 
0.92167 


tanh x 


coth x 


1209435 


12609415 
1209395 
1209376 
1209356 
1209337 


1209317 
1209298 
1209278 
1.09259 
1209239 


1209220 
109201 
1209182 
1.09162 
1009143 


Le09124 
1209105 
1209086 
1209067 
1.09048 


1209029 
1209010 
1208992 
1208973 
1008954 


1008935 
L1e08917 
1608898 
1.08880 
1.608861 


1208843 
1208824 
1208806 
1208787 
1608769 


1.08751 
1.08733 
1.08714 
1208696 
1.08678 


1208660 
1208642 
1.908624 
1.08606 
1.08588 


1¢08570 
1208552 
1208534 
Le08517 
1208499 


coth x 


In x 


0643825 


0243890 
0243954 
0244019 
0244083 
0244148 


0244212 
0244276 
0244340 
0244404 
0244469 


0244533 
0244597 
0244661 
0244725 
0244789 


0044852 
0244916 
0244980 
0245044 
0245108 


0245171 
0245235 
0245298 
0245362 
0245426 


0245489 
0045552 
0245616 
0045679 
0045742 


0245806 
0245869 
0245932 
0245995 
0246058 


0246122 
0246185 
0246248 
0046310 
0646373 


0246436 
0246499 
0246562 
0046625 
0246687 


0246750 
0246813 
0246875 
0246938 
0247000 


In x 


4671147 


471618 
4.72090 
4672563 
4473035 
4.73509 


4.73982 
4274457 
4.74931 
4.75406 
4.75882 


4.76358 
4.76835 
4277312 
4.77789 
478267 


4.78746 
4.79225 
4279704 
4.80184 
4.80665 


4.81146 
4.81627 
4.282109 
4.82591 
4.83074 


483557 
4.84041 
4284526 
4.85010 
4.85496 


4.85981 
4.86468 
4.86954 
48744) 
4.87929 


4.88417 
4.88906 
4.89395 
4.89885 
4.90375 


4290866 
4o91357 
4.91848 
4.92340 
& 92833 


4293326 
4.93820 
4.94314 
4.94808 
4295303 


0021225 


0221204 
0621182 
0e21161 
0621140 
0021119 


0221098 
ΟΦ 21077 
0.21056 
0.21035 
0.21014 


0.20993 
0.20972 
0.2095}]| 
0.20930 
θ0.20909 


δ.20888 
0620867 
0220846 
0020825 
0220805 


0020784 
0020763 
0220742 
Ο.2072] 
042070]1 


0.20680 
0.20659 
0.20639 
0.20618 
0.20598 


Ο.20577 
Ο.20556 
0.20536 
0.20515 
0.20495 


0020474 
0220454 
0+20433 
020413 
020393 


0020372 
0.20352 
0.20331 
Ο.20311]1 
Ο.2029] 


0420271 
0220250 
0- 20230 
020210 
0220190 


sinh x 


2037557 


2237815 
2238073 
2238331 
2238590 
2038849 


2239108 
2239367 
2239626 
2239886 
2240146 


2240406 
2240667 
2240928 
2241189 
2241450 


2041711 
2241973 
2042235 
2042497 
2042760 


2043022 
2043285 
22043548 
2243812 


2044075. 


2 044339 
2244603 
2244868 
2045132 
2045397 


2045662 
2245928 
2246193 
20 46459 
2046725 


2046992 
2047258 
2047525 
2047792 
2048059 


2248327 
2248595 
2248863 
2249131 
2249400 


2249669 
2249938 
2250207 
2050477 
2050746 


sinh x 


cosh x © 


2057746 


2257984 
2258222 
2258460 
2258699 
2258937 


2259176 
2259416 
2259655 
2259895 
2260135 


2660375 
2260616 
2060857 
2261098 
2261339 


226158} 
2261822 
2262064 
2062307 
2062549 


2062792 
2263035 
2263279 
2263523 
2063767 


226401) 
2 264255 
2264500 
2264745 
2264990 


2265236 
2265482 
2265728 
2265974 
2266221 


2066467 
2266715 
2266962 
2267210 
2067457 


2267706 
2267954 
2268203 
226845? 
2268701 


2268951 
2269200 
206945) 
226970) 
226995) 


cosh x 


tanh x 


0692167 


0.92182 
0.92197 
0292212 


0292227 


0092242 


0292257 
0092272 
0292286 
0292301 
0292316 


0292331 
0292346 
092360 
0292375 
0292390 


0292404 
0292419 
0292433 
0492448 
0292462 


0.92477 
0292491 
0292506 
0292520 
0292535 


0292549 
0292563 
0292578 
0292592 
0292606 


092620 
0292635 
0292649 
0292663 
0.92677 


0292691 
0092705 
0292719 
0292733 
02092747 


0.92761 
0092775 
0292789 
0292803 
0292817 


0.92831 
0292844 
0292858 
0292872 
0292886 


tanh x 


coth x 


1208499 


1208481 
1208464 
1208446 
1608428 
120841] 


1208393 
1.08376 
1208358 
120834) 
108324 


1208306 
1208289 
1608272 
1208255 
1.08237 


1208220 
1208203 
1208186 
1208169 
1208152 


1208135 
1208118 
1608101 
1¢08084 
1208068 


1208051 
1208034 
1e08017 
1208001 
1207984 


1207968 
1207951 
1607935 
1207918 
1207902 


1.07885 
1207869 
1.07852 
1.07836 
1207820 


1607804 
1607787 
1¢07771 
1607755 
1207739 


1607723 
1207707 
12607691 
16907675 
1207659 


coth x 


In x 


047000 


0247063 
0247125 
0e47188 
0247250 
0247312 


0047375 
0047437 
0247499 
00475621 
0047623 


0247686 
0247748 
0047810 
0247872 
0247933 


00647995 
0248057 
0648119 
0248181 
0248243 


0248304 
0248366 
0248428 
0648489 
0248551 


0248612 
0248674 
0248735 
0648797 
0248858 


0248919 
0.48981 
0249042 
0249103 
0249164 


0049225 
0049287 
0249348 
0249409 
0249470 


0249531 
0249592 
0249652 
0249713 
02649774 


0249835 
0249896 
0249956 
0250017 
0250078 


In x 


e* 


4295303 


4295799 
4296295 
4.96791 
4297288 
4097786 


4298284 
4.98783 
4299282 
4299781 
5.200281 


5.00782 
5.01283 
5.01784 
5202286 
5202789 


5203292 
5203795 
5204299 
5204804 
5205309 


5205815 
5206321 
5206827 
5007334 
5207842 


5008350 
5208859 
5009368 
5209877 
5010387 


5210898 
5211409 
5211921 
5212433 
5212946 


5013459 
5013973 
5014487 
5215002 
5015517 


5216033 
5216549 
5217066 
5217583 
$e18101 


§-18619 
52019138 
5219658 
5020178 
5220698 


e* 


e~* 


0020190 


020169 
0220149 
0220129 
0220109 
0220089 


020069 
0220049 
0220029 
0220009 
0619989 


0219969 
0219949 
0219929 
0219909 
0219889 


0219869 
0219849 
0219829 
02«19810 
0219790 


0219770 
0219750 
0-1973i 
0e19711 
0219691 


0219671 
0219652 
0219632 
0219613 
019593 


0219573 
0219554 

0219534 
0219515 
0219495 


0219476 
0219456 
0219437 
0219417 
0019398 


0219379 
0219359 
0019340 
0219321 
0219301 


0219282 
0219263 
0219243 
0219224 
0219205 


TABLE 5 


Trigonometrical functions 
Degrees in terms of radians 
Range: ¢ = 0° tod = 90° 


01 ο0 


02 00 


03 00 


04 00 


0.0000 


0.0017 
0.0035 
020052 
020070 
0.0087 


0.0105 
020122 
060140 
020157 
000175 


02-0192 
020209 
020227 
020244 
02.0262 


0.0279 
0.0297 
020314 
0.0332 
020349 


0.0367 
020384 
020401 
020419 
020436 


0.0454 
020471 
020489 
020506 
000524 


020541 
020559 
020576 
020593 
0.061} 


0.0628 
020646 
020663 
020681 
060698 


020716 
00733 
020750 
0.0768 
020785 


020803 
0.0820 
02-0838 
020855 
0.0873 


x 


sin 9 


0.0000 


0.0017 
0.0035 
0.0052 
020070 
020087 


0.0105 
0.0122 
0.0140 
0.0157 
020175 


0.0192 
020209 
0.0227 
0.0244 
020262 


0.0279 
020297 
0.0314 
0.0332 
0.0349 


0.0366 
020384 
0.0401 
020419 
0.0436 


0.0454 
020471 
0.0488 
020506 
0.20523 


0.0541 
0.0558 
020576 
0.0593 
0.20610 


0.0628 
0.0645 
0.0663 
020680 
020698 


0.0715 
0.0732 
0.0750 
0.0767 
02-0785 


0.0802 
0.0819 
0.0837 
0.0854 
0.0872 


Cos φ 


COS P 


120000 


120000 
120000 
120000 
120000 
120000 


029999 
0.9999 
0.9999 
0.9999 
0.9998 


0.9998 
0.9998 
0.9997 
0.9997 
0.9997 


029996 
029996 
009995 
029995 
02.9994 


0.9993 
0.9993 
029992 
0.9991 
029990 


0.9990 
0.9989 
0.9988 
029987 
0.9986 


0.9985 
0.9984 
0.9983 
0.9982 
0.9981 


0.9980 
029979 
029978 
029977 
009976 


00.9974 
0.9973 
029972 
0.9971 
009969 


029968 
0.9966 
0.9965 
029963 
009962 


sin @ 


tan @ 


020000 


02-0017 
020035 
020052 
020070 
020087 


020105 
020122 
020140 
020157 
020175 


020192 
020209 
000227 
020244 
020262 


020279 
020297 
020314 
020332 
020349 


0.0367 
020384 
020402 
020419 
020437 


020454 
000472 
000489 
020507 
020524 


02-0542 
02-0559 
020577 
020594 
020612 


020629 
02-0647 
020664 
020682 
020699 


000717 
020734 
020752 
020769 
0.0787 


020805 
020822 
020840 
020857 
020875 


cot φ 


cot 9? 


oo 


572296 
286.48 
190.98 
143424 
114.59 


95449 
81.85 
71262 
63466 
57029 


52-08 
47074 
44.07 
40.92 
38219 


35280 
33469 
31-82 
30014 
28264 


27.27 
26403 
24290 
23-86 
22290 


22.02 
21420 
20245 
19474 
19.08 


18.46 
17.89 
17.34 
16,83 
16.35 


15.89 
15446 
15206 
14267 
14230 


13495 
13-62 
13430 
13200 
12271 


12.43 
12216 
11.91 
11.66 
1143 


tan φ 


125708 


1.5691 
1.5673 
125656 
1.25638 
125621 


1.5603 
1.5586 
1.5568 
1.5551 
125533 


1.5516 
1.5499 
1.5481 
125464 
125446 


125429 
125411 
125394 
12.5376 
125359 


1.5341 
125324 
125307 
125289 
125272 


125254 
1.5237 
125219 
125202 
125184 


125167 
125149 
125132 
1.5115 
165097 


125080 
125062 
125045 
1¢5027 
3125010 


124992 
1264975 
124957 
124940 
124923 


124905 
124888 
124870 
1264853 
12-4835 


00 89 


00 88 


00 87 


00 86 


06 00 


07 00 


08 00 


09 00 


020873 


020890 
020908 
020925 
020942 
020960 


020977 


0.0995 
021012 
021030 
001047 


021065 
001082 
021100 
001117 
001134 


021152 
0201169 
021187 
001204 
021222 


021239 
0201257 
001274 
001292 
021309 


001326 
001344 
021361 
001379 
001396 


021414 
001431 
021449 
021466 
021484 


021501 
021518 
021536 
021553 
0.157) 


0.1588 
021606 
021623 
021641 
021658 


00-1676 
021693 
021710 
021728 
001745 


sin @ 


0.0872 


0.0889 
0.0906 
0.0924 
0.0941 
0.0958 


0.0976 
0.0993 
0.1011 
0.21028 
0.3045 


0.1063 
0.21080 
021097 
021115 
021132 


021149 
0.1167 
0.1184 
021202 
0.1219 


0.1236 
0.1253 
001271 
021288 
021305 


0.1323 
021340 
021357 
021374 
021392 


021409 
021426 
021444 
021461 
021478 


0.1495 
0.1513 
0.1530 
0.1547 
0.1564 


0.1582 
021599 
021616 
0.1633 
021650 


0.1668 
021685 
0.21702 
021719 
0.1736 


cos Φ 


cos @ 


029962 


029960 
029959 
0.9957 
0.9956 
0.9954 


029952 
0.9951 
0.9949 
0.9947 
0.9945 


029943 
029942 
029940 
029938 
029936 


02-9934 
029932 
0.9930 
0.9928 
029925 


0.9923 
0.9921 
0.9919 
0.9917 
029914 


0.9912 
029910 
029907 
0.29905 
029903 


029900 
0.9898 
0.9895 
0.9893 
0.9890 


0.9888 
0.9885 
029882 
0.9880 
009877 


0.9874 
0e9871 
0.9869 
0.9866 
0.29863 


0.29860 
0.9857 
0.9854 
0.9851 
029848 


sin @ 


tan @ 


020878 


020892 
020910 
020928 
020945 
0.0963 


0.0981 
0.0998 
021016 
0.1033 
001051 


021069 
021086 
021104 
00e1122 
021139 


001157 
021175 
001192 
021210 
001228 


021246 
021263 
001281 
001299 
001317 


021334 
021352 
001370 
021388 
021405 


001423 
021441 
021459 
001477 
021495 


021512 
021530 
021548 
01566 
021584 


021602 
001620 
021638 
021655 
021673 


021691 
021709 
021727 
021745 
061763 


cot Φ 


cot ¢° 


11.430 


11.205 
10.988 
10.780 
10.579 
10.385 


10.199 
10.019 
9.845 
9.677 


9.514 


9.357 
9.205 
9.058 
8.915 
8.777 


8.643 
8.513 
8.386 
8.264 
82144 


8.028 
72916 
72806 
72700 
72596 


76495 
720396 
7.300 
Ἴ.207 
70115 


72026 
62940 
6.855 
6.772 
62691 


62612 
6.535 
64460 
62386 
6.314 


60243 
60174 
62107 
62041 
52976 


52912 
5.850 
5.789 
59.130 
50671 


tan @ 


124835 


1.4818 
124800 
124783 
1.4765 
124748 


124731 
1.4713 
124696 
164678 
1.4661 


124643 
124626 
2124608 
1.459) 
1.4573 


124556 
1.4539 
124521 
124504 
124486 


124469 
124451 
1.4434 
124416 
124399 


124382 
164364 
124347 
124329 
124312 


104294 
164277 
124259 
124242 
124224 


124207 
124190 
124172 
1.4155 
124137 


124120 
124102 
124085 
1.4067 
124050 


124032 
164015 
1.3998 
123980 
1.3963 


00 84 


00 83 


00 82 


00 8} 


11 00 


12 00 


13 00 


14 00 


x 


001745 


021763 
021780 
001798 
021815 
021833 


0.1850 
02-1868 
021885 
0201902 
001920 


001937 
021955 
001972 
021990 
022007 


002025 
022042 
022059 
002077 
022094 


002112 
002129 
Oe2147 
022164 
02182 


022199 
Oe2217 
002234 
002251 
002269 


002286 
062304 
Oe2321 
022339 
002356 


002374 
022391 
022409 
002426 
002443 


022461 
062478 
022496 
022513 
0.2531 


022548 
02566 
042583 
022601 
022618 


sin @ - 
0.1736 


0.1754 
0.1771 
0.1788 
021805 
021822 


0.1840 
0.1857 
0.1874 
0.1891 
0.1908 


0.1925 
021942 
021959 
001977 
021994 


0.2011 
0.2028 
022045 
022062 
022079 


022096 
0.2113 
062130 
002147 
022164 


0.2181 
022198 
022215 
0.2233 
022250 


0.2267 
002284 
022300 
0.2317 
022334 


0.2351 
0.2368 
022385 
042402 
062419 


0.22436 
022453 
022470 
02487 
022504 


022521 
0.2538 
022554 
022571 
0.2588 


cos Φ 


cos @ 


0.9848 


0.9845 
049842 
0.9839 
02.9836 
029833 


029829 
0.9826 
029823 
029820 
029816 


0.9813 
0.9810 
029806 
0.9803 
029799 


029796 
029792 
0.9789 
029785 
029781 


0.9778 
009774 
0.9770 
0.9767 
0.9763 


0.9759 
009755 
0.9751 
029748 
009744 


029740 
0e9736 
009732 
029728 
069724 


029720 
0.9715 
0.9711 
0.9707 
009703 


029699 
029694 
029690 
0.9686 
029681 


009677 
029673 
029668 
029664 
0.9659 


sin g 


tan @ 


0.1763 


021781 
001799 
061817 
021835 
021853 


001871 
0.1890 
061908 
021926 
001944 


021962 
061980 
021998 
062016 
002035 


022053 
602071 
022089 
0062107 
002126 


002144 
022162 
022180 
0e2199 
042217 


042235 
022254 
O«e2272 
022290 
022309 


002327 
022345 
002364 
002382 
09.240] 


0.2419 
022438 
022456 
022475 
062493 


042512 
022530 
002549 
062568 
002586 


022605 
022623 
022642 
022661 
0.2679 


cot Φ 


103963 


1.3945 
1.3928 
123910 
1.3893 
1.3875 


1.3858 
1.3840 
123823 
123806 
1.3788 


1.3771 
123753 
163736 
1.3718 
123701 


1.3683 
123666 


1236468. 


123631 
123614 


123596 
123579 
1.3561 
1263544 
123526 


1.3509 
1.349} 
1.3474 
123456 
163439 


163422 
1.3404 
123387 
123369 
1.3352 


1¢3334 
1.3317 
123299 
1.23282 
123265 


163247 
1.3230 
123212 
123195 
163177 


123160 
123142 
123125 
123107 
123090 


00 79 


00 78 


00 77 


00 76 


16 00 


17 00 


18 00 


19 00 


x 


002618 


002635 
002653 
022670 
002688 
002705 


002723 
022740 
022758 
062775 
0«2793 


0«2810 
002827 
022845 
002862 
022880 


022897 
002915 
002932 
022950 
022967 


0.2985 
023002 
03019 
023037 
003054 


023072 
023089 
043107 
003124 
063142 


023159 
0.3176 
003194 
063211 
003229 


003246 
003264 
003281 
03299 
023316 


003334 
02335} 
03368 
023386 
003403 


003421 
023438 
023456 
003473 
023491 


xs 


sin 9 


022588 


022605 
022622 
022639 
022656 
002672 


0.22689 
022706 
022723 
022740 
002756 


0.2773 
0.2790 
0.2807 
022823 
022840 


0.2857 
022874 
0.2890 
0.2907 
022924 


0.2940 
0.2957 
002974 
022990 
0.3007 


023024 
023040 
023057 
023074 


023090 


023107 
023123 
023140 
023156 
03173 


0.3190 
023206 
023223 
003239 
023256 


023272 
023289 
023305 
0.3322 
03338 


0.3355 
023371 
0.3387 
023404 
023420 


cos Φ 


cos Φ 


029659 


0.9655 
029650 
029646 
029641 
029636 


029632 
029627 
0.9622 
0.9617 
029613 


029608 
029603 
029598 
0.9593 
0-2-9588 


0.9583 
0.9578 
0.9573 
0.9568 
029563 


029558 
0.9553 
029548 
029542 
0.9537 


0.9532 
0.9527 
0.9521 
0.9516 
009511 


0-2-9505 
029500 
029494 
0-2-9489 
0.9483 


0.9478 
02.9472 
029466 
029461 
0.9455 


069449 
029444 
029438 
029432 
029426 


029421 
029415 
029409 
029403 
029397 


sin φ 


tan φ 


022679 


022698 
Oe2717 
062736 
002754 
0062773 


002792 
Ο.281} 
022830 
022849 
002867 


002886 
002905 
002924 
062943 
002962 


0.2981 
0-3000 
03019 
023038 
003057 


0.3076 
023096 
063115 
03134 
003153 


0.3172 
0.319] 
00-3211 
023230 
003249 


023269 
023288 
03307 
063327 
023346 


03365 
023385 
023404 
043424 
023443 


023463 
03482 
023502 
0.3522 
0.3541 


0.356) 
0.3581: 
0.3600 
0.3620 
023640 


cot Φ 


cot @ 


30732 


30706 
30681 
32655 
30630 
32606 


30582 
3.2558 
30534 
36511 
30487 


30465 
32442 
32420 
32398 
30376 


34354 
34333 
32312 
30291 
3e27] 


30251 
30230 
3e211 
3019] 
3e172 


39.152 
3.133 
39.115 
32096 
32078 


32060 
32042 
32024 
32006 
2.989 


20971 
20954 
20937 
22921 
22904 


2-888 
2.872 
2.856 
22840 
20824 


2-808 
20793 
20778 
20762 
2.747 


tan 9 


x 


123090 


123073 
123055 
123038 
1.3020 
1.3003 


122985 
1.2968 
1.22950 
122933 
122915 


1.2898 
12288] 
122863 
1462846 
1.2828 


1.22811 
1.2793 
1e2776 
12758 
16274] 


162723 
122706 
1.2689 
12267) 
162654 


122636 
122619 
122601 
162584 
122566 


142549 
1.253) 
122514 
162497 
122479 


122462 
122444 
162427 
122409 
1.2392 


162374 
1262357 
1.2339 
162322 
122305 


162287 
162270 
162252 
1.2235 
1.2217 


x 


00 74 


00 73 


00 72 


00 71 


21 00 


22 00 


23 00 


24 00 


02349) 


023508 
023526 
003543 
023560 
023578 


03595 
03613 
023630 
0.3648 
003665 


023683 
0237090 
03718 
003735 
003752 


023770 
003787 
023805 
023822 
023840 


003857 
003875 
003892 
023910 
003927 


003944 
023962 
0.3979 
023997 
004014 


024032 
024049 
024067 
004084 
004102 


004119 
024136 
024154 
004171 
0.418» 


0.4206 
004224 
0.424} 
024259 
0204276 


004294 
0204311 
024328 
004346 
024363 


sin @ 


023420 


023437 
023453 
043469 
023486 
023502 


0.3518 
0.3535 
0.355) 
0.3567 
023584 


0.3600 
023616 
0.3633 
063649 
023665 


0.3681 
023697 
0.3714 
0.3730 
023746 


023762 
0.3778 
0.3795 
0.23811 
0.3827 


0.3843 
0.3859 
0.3875 
0.3891 
0.3907 


0.23923 
0.3939 
0.3955 
0.397) 
0.3987 


0.4003 
024019 
024035 
0.4051 
024067 


024083 
024099 
0264115 
0.4131 
024147 


024163 
024179 
024195 
024210 
024226 


COs Φ 


cos @ 


009397 


029391 
0.9385 
029379 
029373 
029367 


0.9361 
029354 
0.9348 
029342 
029336 


029330 
029323 
009317 
0.9311 
029304 


029298 
029291 
0.9285 
0.9278 
009272 


029265 
029259 
029252 
029245 
029239 


029232 
0.9225 
029219 
029212 
029205 


029198 
0.9191 
0.9184 
029178 
009171 


0209164 
029157 
029150 
029143 
029135 


029128 
069121 
02-9114 
029107 
029100 


029092 
02.9085 
029078 
029070 
02.9063 


sin φ 


ton Φ 


03640 


023659 
023679 
023699 
003719 
023739 


023759 
02.3779 
023799 
0.3819 
063839 


023859 
0.3879 
0+ 3899 
023919 
023939 


0.3959 
023979 
024000 
024020 
024040 


024061 
02408) 
064101 
064122 
024142 


024163 
024183 
024204 
024224 
004245 


024265 
024286 
024307 
004327 
024348 


024369 
024390 
024411 
004431 
024452 


024473 
024494 
004515 
024536 
0204557 


024578 
024599 
06462) 
024642 
0-2-4663 


cot # 


cot @ 


207475 


207326 
227179 
227034 
226889 
206746 


226605 
2264646 
206325 
226187 
226051 


225916 
225782 
205649 
225517 
225386 


205257 
225129 
225002 
204876 
204751 


204627 
204504 
204383 
204262 
204142 


204023 
223906 
223789 
203673 
2.3559 


203445 
263332 
223220 
223109 
202998 


202889 
202781 
202673 
202566 
222460 


202355 
202251 
202148 
202045 
201943 


201842 
201742 
201642 
221543 
201445 


tan ¢ 


162217 


1.2200 
1.2182 
1.2165 
162147 
222130 


122113 
1.2095 
122078 
1.2060 
122043 


162025 
1.2008 
121990 
1.1973 
121956 


121938 
121921 
121903 
121886 
121868 


121851 
121833 
121816 
12.1798 
1.178] 


1.1764 
161746 
1.1729 
1.1712 
121694 


121676 
121659 
121642 
121624 
121606 


121589 
12-1572 
121554 
121537 
121519 


121502 
121484 
1.1467 
121449 
161432 


121414 
121397 
121380 
121362 
101345 


x 


00 69 


00 68 


00 67 


00 66 


26 00 


27 00 


28 00 


29 00 


024363 


024381 
024398 
024416 
004433 
024451 


024468 
024485 
024503 
024520 


004538 


024555 
024573 
024590 
024608 
004625 


024643 
024660 
004677 
004695 
004712 


024730 
004747 
004765 
04782 
024800 


004817 
024835 
024852 
004869 
02-4887 


024904 
004922 
024939 
004957 
004974 


024992 
025009 
025027 
025044 
09.506) 


025079 
025096 
025114 
05131 
025149 


025166 
02-5184 
025201 
025219 
005236 


x 


sin φ 


004226 


024242 
0.4258 
024274 
024289 
024305 


024321 
024337 
0.24352 
024368 
024384 


024399 
024415 
02443] 


004446 


024462 


024478 
024493 
024509 
024524 
024540 


024555 
024571 
024586 
004602 
024617 


004633 
024648 
044664 
004679 
024695 


0.4710 
024726 
064741 
024756 
004772 


024787 
024802 
024818 
024833 
004848 


024863 
064879 
024894 
004909 
024924 


024939 
024955 
024970 
024985 
025000 


COS P 


cos Φ 


029063 


029056 
0.9048 
0.9041 
029033 
0.9026 


029018 
0.9011 
0.9003 
0.8996 
0.8988 


0.8980 
0.8973 
0.8965 
0.8957 
028949 


028942 
02-8934 
028926 
0.8918 
0.8910 


028902 
0.8894 
028886 
0.8878 
028870 


028862 
028854 
02.8846 
0.8838 
0.8829 


0.882? 
0.8813 
0.28805 
028796 
0.28788 


0.8780 
0.8771 
028763 
0.8755 
028746 


0.8738 
028729 
0.8721 
028712 
028704 


0.8695 
0.8686 
0.8678 
02-8669 
028660 


sin @ 


tan Φ 


02-4663 


024684 
024706 
024727 
024748 
0264770 


024791 
024813 
024834 
024856 
024877 


024899 
004921 
024942 
024964 
024986 


025008 
025029 
025051 
05073 
025095 


025117 
025139 
025161 
025184 
025206 


005228 
025250 
005272 
025295 
0.5317 


0.5340 
025362 
025384 
005407 
005430 


025452 
025475 
025498 
025520 
025543 


025566 
025589 
025612 
025635 
025658 


0.5681 
025704 
005727 
005750 
005774 


cot φ 


cot @ 


201445 


221348 
221251 
221155 
221060 
220965 


220872 
220778 
220686 
220594 
220503 


220413 
220323 
200233 
200145 
200057 


129970 
1.9883 
129797 
1-971) 
12-9626 


12.9542 
129458 
129375 
1¢9292 
129210 


12-9128 
1.9047 
12-8967 
128887 
1.8807 


128728 
128650 
128572 
128495 
128418 


1.834} 
1.8265 
1.8190 
1.8115 
12-8040 


107966 
127893 
1.27820 
167747 
167675 


1.7603 
127532 
1.746) 
1.739} 
1.732} 


ἴαηφ 


121345 


161327 
121310 
1.1292 
1.1275 
121257 


121240 
161222 
121205 
1.1188 
121170 


161153 
101135 
121118 
121100 
1201083 


121065 
121048 
121030 
161013 
120996 


1.0978 
1.096) 
120943 
120926 
1.0908 


1.0891 
1.0873 
120856 
1.0838 
1.0821] 


1.0804 
1.0786 
120769 
120751 
120734 


1.0716 
1.0699 
1.0681 
1.0664 
100647 


1.0629 
120612 
1.0594 
1.0577 
120559 


120542 
120524 
120507 
1.0489 
120472 


00 63 


00 62 


00 61 


31 00 


32 00 


33 00 


34 00 


025236 


065253 
065271 
05288 
005306 
005323 


0.534) 
025358 
0.5376 
025393 
0.541} 


0.5428 
025445 
0.25463 
025480 
025498 


025515 
0.5533 
025550 
025568 
025585 


025603 
025620 
025637 
025655 
025672 


025690 
005707 
065725 
025 7&2 
025760 


005777 
025794 
025812 


005829 


005947 


025864 
025882 
025899 
005917 
005934 


025952 
025969 
025986 
0«6004 
02602] 


026039 
026056 
026074 
0.26091 
006109 


x 


sin @ 


0.5000 


0.5015 
0.25030 
0.25045 
025060 
0.5075 


05090 
025105 
0.25120 
065135 
025150 


025165 
0.25180 
0.5195 
025210 
05225 


0.5240 
025255 
0.5270 
025284 
025299 


005314 
025329 
0.5344 
0.5358 
0.5373 


025388 
025402 
025417 
305432 
025446 


0.5461 
025476 
0.5490 
025505 
025519 


0.5534 
0.5548 
0.5563 
0.5577 
025592 


06-5606 
025621 
0.5635 
025650 
025664 


0.5678 
025693 
0.5707 
0.5721 
025736 


cos φ 


COS # 


08660 


08652 - 


028643 
028634 
028625 
0-«8616 


0¢8607 
028599 
0.8590 
0.858) 
0.8572 


0.8563 
028554 
028545 
028536 
028526 


0.8517 
0.8508 
0.8499 
028490 
028480 


028471 
028462 
028453 
028443 
028434 


028425 
028415 
028406 
028396 
028387 


0.8377 
0.8368 
0.8358 
0.8348 
028339 


068329 
0.8320 
028310 
0-8300 
02-8290 


0.828) 
0.827) 
0.826) 
0.825) 
0.824ᾳὶ 


0.823} 
0.822] 
0.8211 
0.28202 
0.8192 


sin Φ 


tan @ 


005774 


005797 
025820 
025844 
025867 
025890 


025914 
025938 
025961 
025985 
026009 


026032 
026056 
026080 
026104 
026128 


0«6152 
006176 
026200 
066224 
026249 


006273 
006297 
026322 
026346 
0.637) 


006395 
026420 
026445 
006469 
006494 


026519 
026544 
026569 
026594 
026619 


026644 
026669 
026694 
0«6720 
006745 


02«677)1 
006796 
026822 
026847 
02-6873 


026899 
006924 
026950 
026976 
027002 


cot φ 


cot Φ 


1.7321 


127251 
107182 
127113 
167045 
166977 


126909 
126842 
1.6775 
126709 
126643 


166577 
1.6512 
126447 
166383 
1.6319 


126255 
1.6191 
12-6128 
126066 
126003 


1.5941 
125880 
1.5818 
165757 
125697 


125637 
1.5577 
125517 
145458 
125399 


125340 
1.5282 
125224 
1.5166 
165108 


1265051 
164994 
124938 
124882 
164826 


124770 
1.64715 
124659 
14605 
1.64550 


164496 
104442 
124388 
124335 
124281 


tan @ 


1.0472 


120455 
160437 
1.0420 
120402 
120385 


160367 
1.0350 
1.0332 
1.0315 
1.0297 


120280 
1.0263 
1.0245 
120228 
1.0210 


1.0193 


1.0175 
1.0158 
1.0140 
120123 


120105 
120088 
12-0072 
1.0053 
120036 


1.0018 
1.0001 
0.9983 
029966 
029948 


0.9931 
0.9913 
0.9896 
0.9879 
0.9861 


029844 
0.9826 
029809 
0.9791 
009774 


009756 
069739 
0.9721 
029704 
0.9687 


0.9669 
029652 
02-9634 
029617 
0.9599 


00 59 


00 58 


00 57 


00 56 


36 00 


37 00 


38 00 


39 00 


0.6109 


026126 
026144 
026161 
026178 
026196 


026213 
006231 
026248 
026266 
026283 


0.6301 
026318 
026336 
026353 
026370 


026388 
026405 
026423 
026440 
026458 


026475 
026493 
026510 
026528 
026545 


026562 
026580 
026597 
066615 
06632 


026650 
006667 
0«6685 
026702 
066720 


006737 
026754 
026772 
026789 
026807 


026824 
026842 
026859 
0+6877 
026894 


026912 
026929 
026946 
026964 
026981 


sin @ 
025736 


025750 
0.5764 
0.5779 
025793 
0.5807 


0.5821 
0.25835 
025850 
025864 
025878 


0.5892 
0.25906 
025920 
025934 
0.5948 


025962 
025976 
025990 
026004 
0.6018 


0.6032 
026046 
026060 
0.6074 
0.26088 


0.6101 
0.6115 
0.6129 
0.6143 
026157 


0.6170 
026184 
026198 
0.6211 
026225 


0.6239 
0.6252 
0.6266 
026280 
06293 


026307 
066320 
026334 
026347 
02636) 


026374 
0.6388 
0.26401 
026414 
0.6428 


COS - 


COs Φ 


028192 


0.8181 
0.8171 
0.8161 
068151 
0.8141 


0.8131 
0.812} 
0.8}}} 
0.8100 
0.8090 


0.8080 
0.28070 
0.8059 
028049 
028039 


0.8028 
02-8018 
0.8007 
007997 
027986 


0.7976 
047965 
0.7955 
027944 
027934 


027923 
0.7912 
027902 
0e7891 
00-7880 


0.7869 
0.7859 
0.7848 
0.7837 
0.7826 


0.7815 
02.7804 
0.7793 
07782 
0.7771 


0.7760 
027749 


027738. 


Oe7727 
027716 


027705 
047694 
0-2-7683 
027672 
0.7660 


sin @ 


tan @ 


027002 


027028 
027054 
00.7080 
0e7107 
07133 


067159 
0«7186 
0-e7212 
027239 
007265 


007292 
027319 
Oe 7346 
0¢7373 
027400 


027427 
007454 
007481 
027508 
0+ 7536 


0-2 7563 
07590 
027618 
027646 
027673 


Oe7701 
0.7729 
Oe7757 
0.7785 
0Ο.7813 


0.7841 
0.7869 
0.78698 
0.7926 
007954 


027983 
00-8012 
028040 
02-8069 
0«8098 


00-8127 
00-8156 
028185 
0e8214 
008243 


028273 
0238302 
02-8332 
028361 
0.8391 


cot φ 


cot Φ 


1.428) 


164229 
124176 
124124 
1040721 
124019 


1.23968 
1.3916 
123865 
1263814 
123764 


12.3713 
1.3663 
1.3613 
123564 
123514 


1.3465 
123416 
1263367 
123319 
1.3270 


1.3222 
123175 
123127 
123079 
123032 


162985 
122938 
122892 
122846 
102799 


162753 
102708 
122662 
122617 
102572 


122527 
1.2482 
122437 
162393 
162349 


122305 
1.226} 
102218 
1.2174 
16213) 


122088 
12.2045 
122002 
121960 
12.1918 


tan φ 


029599 


029582 
029564 
0.9547 
029529 
029512 


0-2-9495 
0.9477 
02-9460 
029442 
029425 


029407 
0.9390 
0.9372 
0.9355 
0.9338 


029320 
029303 
029285 
029268 
029250 


0.9233 
0.9215 
0.9198 
029180 
029163 


029146 
029128 
0.9111 
029093 
009076 


0.9058 
029041 
0.29023 
029006 
0.8988 


0.8971 
0.8954 
0.8936 
0.8919 
0.8901 


08884 
02e8866 
08849 
028831 
028814 


028796 
0.8779 
0.8762 
028744 
0.8727 


00 53 


00 52 


00 53 


41 00 


42 00 


43 00 


44 00 


026981 


006999 
0.7016 
067034 
02-7051 
027069 


007086 
007103 
007121 
0.7138 
007156 


07173 
067191 
027208 
007226 
027243 


0+7261 
0.7278 
027295 
067313 
07330 


027348 
007365 
0.7383 
027490 
027418 


027435 
027453 
007470 
007487 
007505 


007522 
027540 
007557 
027575 
007592 


027610 
027627 
027645 
0.7662 
007679 


027697 
07714 
0207732 
Oe7T49 
007767 


007784 
0«7802 
007819 
007837 
007854 


x 


sin @ 


0.6428 


0.26441 
0.6455 
0.6468 
026481 
026494 


026508 
0.6521 
0.6534 
066547 
0.6561 


026574 
06587 
026600 
026613 
026626 


026639 
026652 
006665 
026678 
0.6691 


026704 
066717 
026730 
026743 
026756 


0.26769 
066782 
006794 
026807 
0206820 


026833 
026845 
026858 
0.6871 
026884 


026896 
026909 
026921 
026934 
006947 


026959 
0.6972 
026984 
02.6997 
027009 


0.7022 
027034 
047046 
0.7059 
0.7071 


COS Φ 


cos Φ 


0. 7660 


047649 
0.7638 
02-7627 
Oe 7615 
027604 


027593 
067581 
0.7570 
0.7559 
0.7547 


Oe 7536 
047524 
0.7513 
0.7501 
027490 


027478 
0+ 7466 
027455 
Oe 7443 
027431 


0.7420 
0.7408 
067396 
047385 
027373 


0.7361 
027349 
007337 
047325 
007314 


027302 
047290 
0.7278 
027266 
007254 


0.7242 
027230 
0.7218 
0.7206 
007193 


027181 
027169 
067157 
027145 
007133 


0.7120 
0.7108 
027096 
027083 
027071 


sin g 


tan φ 


028391 


028421 
028451 
028481 
008511 
0.854) 


008571 
0+8601 
0.8632 
08662 
0.8693 


008724 
0.8754 
0.8785 
0.8816 
068847 


008878 
028910 
028941 
008972 
029004 


029936 
0.9067 
0.9099 
029131 
029163 


029195 
029228 
029260 
009293 
029325 


029358 
029391 
029424 
0.9457 
029490 


029523 
029556 
029590 
029623 
02-9657 


009691 
029725 
009759 
009793 
009827 


069861 
029896 
029930 
029965 
1¢0000 


cot 


cot Φ 


1.1918 


1.1875 
1.1833 
121792 
121750 
121708 


161667 
161626 
121585 
161544 
121504 


161463 
121423 
121383 
1.1343 
121303 


12.1263 
101224 
1261184 
161145 
121106 


121067 
12.1028 
2.0990 
120951 
120913 


1.0875 
120837 
120799 
120761 
1¢0724 


120686 
120649 
120612 
12.0575 
120538 


120501 
120464 
160428 
120392 
160355 


120319 
120283 
160247 
120212 
120176 


°120141 


120105 
120070 
160035 
220000 


fan y 


x 


0.8727 


0.8709 
028692 
028674 
08657 
028639 


08622 
028604 
0.8587 
028570 
0.8552 


028535 
0.8517 
028500 
028482 
028465 


008447 
028430 
028412 
028395 
028378 


0.8360 
028343 
0.8325 
028308 
0+8290 


028273 
028255 
028238 
028221 
028203 


0.8186 
028168 
0.8151 
0.8133 
0.8116 


0.8098 
0.28081 
028063 
028046 
0«8029 


028011 
0¢7994 
007976 
027959 
0.794} 


027924 
0.7906 
0.7889 
007871 
007854 


x 


00 49 


00 48 


00 47 


00 46 
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EXPLANATIONS OF USE OF TABLES 


A. Method of linear interpolation 


If, for the sake of greater accuracy in calculation, intermediary 
values must be found lying between the tabulated values, 
linear interpolation is usually used. The interval between two 
values given is divided into equal parts (usually 10), intermediary 
values of the function tabulated being obtained corresponding to 
the points of division (see Fig.). 


ἢ μ᾽ 
3 
on nnn n= 3-290 


| 


Geometrically, this means that the chord between the two 
known values is used as an approximation to the actual segment 
of the curve corresponding to the given function between these 
points. The ordinate corresponding to the required value of the 
function then extends up to the chord instead of to the curve. 
The error Ad is then markedly dependent on the form of the 
function and, for curves which depart considerably from linearity, 
can be so large as to render such interpolation impermissible. 
An idea of the error attending an interpolation procedure can 
best be obtained by plotting three or four points of the function 
concerned. For large deviations, the intermediary values can be 
more accurately obtained by graphical than by numerical inter- 
polation. The error is further dependent on the distance apart 
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of the values tabulated. Accordingly it must be kept in mind that 
interpolation should not be used where there are large differences 
D (often at the beginnings of tables). But usually the error is so 
small that it is contained within the uncertainty occasioned by 
rounding off the last place. 


Example: 


Given x = 3-284, to find Vx = 3-284. The root cannot be 
taken directly from Table I. If we had a Table in which the x-values 
were given at intervals of 0-001 instead of 0-01, we could extract 
the following values from it: 


x Vx 
3-280 1-8111 
: n=4 | d= 11 
3-284 1-8122 
: 10 D = 27, 
3-290 18138 


In the problem we have 
x = 3-28, V3-28 = 18111; 
x = 3:29, V3-29 = 1-8138; 
x = 3-284, VW/3-284 required ; 
n = 4 (more correctly, 3-284 — 3-280 = 0-004); 
D = 27 (more correctly, 1:8138 — 1-8111 = 0-0027); 
n:10 = d:D. 
These values yield d and hence the required value 3-284. For 


the sake of simplicity we use only digits in the last two decimal 
places (in the example, 4, 10, 11, 27). Since 2:10 = d: D, we have 


D 
d= τὸ ": 
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Thus in the example 


27 108 : 
d= To * 4= aj 10°8, or 11 after rounding-off. 
3-284 is thus 11-8111 
+ 11 
1-8122. 


This value coincides with the value which would have been 
obtained from a more refined tabulation. 

An inverse procedure is necessary if we have to start out from 
the table-values, i.e. if we have to determine an argument corre- 
sponding to a given function-value. 

Thus in our example, suppose the root-value, namely 1-8122, 
is given and the radicand (3-284) is to be found. In this case the 
equation n:10 = d: D must be solved for ἡ: 


_ d 
"= 'D/10 
In the example 
_ i 10, 
re Dp 
thus the radicand is 
3-280 
+ 4 
3-284. 


To simplify the calculation we frequently use a table of 
proportional parts. 


B. Table of Proportional Parts 
From such a table (see p. 704) can be read off directly the 


D 
value τοῦ = d corresponding to D, or the value pio" corre- 


sponding to d. The table is so arranged that D is found in the 
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horizontal border, m in the perpendicular border and d in the 
table itself. Thus in our example, for D=27 and n= 4. 
d= 10°38 = 11. 


C. Hints for Individual Tables 
Table 1, p. 601 


This table may be used for more purposes than appear at first 
sight. 


(a) Powers of x. 


1 
Proceeding from the x-column to x*, x° and -- x, yields squares, 
cubes and reciprocals of x. 


1 
E.g. x = 1:28 > x? = 1-6384, x? = 2-097, ri 0-78125. 
But we can also obtain squares and cubes by proceeding from 
the Vx- and */x-columns to the x-columns; 


e.g. x = 1:2207 (found in the Vx-column) gives x2 = 1-49 
(found in the x-column); x = 2-0793 (found in the column 


¥/x-column) gives x? = 8-99 (found in the x-column). 


If we operate with the columns x?, x°, Vx, “x we can obtain 
powers with fractional exponents, powers of roots or roots of 
powers. 


E.g. semi-cubical parabola y = x*”: for x (found in the 
x?-column) we find y = x?” in the x*-column. 


x = 1:96 > y = 2-744, 


The column for V10x extends the range [1:00-10-00] to 
[10-00-100-0]; 


e.g. V199: x = 7:99 > V10 x 790 = ν79: = 8-939. 
(b) Roots of x 


Square- and cube-roots are in general obtained by passing 
from the x-column to the columns for Vx and WY x 


e.g. x = 3-41 > Vx = 1:8466, Wx = 1:5052. 
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But the roots can also be obtained by passing from the x*- and 
x*-columns to the x-column. 


E.g. x = 2-1316 (found in the x’-column) > Vx = 1:46 
(found in the x-column); 


x = 42/144 (found in the x?-column) > Vx = 3-48 
(found in the x-column). 


In obtaining values corresponding to numbers outside the 
range given in the table, careful attention must be paid to rules 
for moving the decimal point (a preliminary estimate of the 
position of the decimal point is always advisable). 


Examples: 


1. If a value n is given which is 10 times as large as the available 
value in the x-column, we make the following modifications in 
arriving at 

n*: multiplication of the value corresponding to x in the 
x?-column by 100; 


μ5: multiplication of the value corresponding to x in the 
x-column by 1,000; 
Vn: look for the value corresponding to x in the 10x-column; 
Wn: look for the value n in the x®-column corresponding to x3 
such that Wn appears in the x-column; 


ae μὶ 


: multiplication of the value corresponding to x in the 
1 
column for = by 0-1. 


Numerical example: n = 14-5; to find n?, n°, Vn, Vn, 


= | = 


μϑ: x = 1-45 > x? = 2-1025 > n? = 210-25; 
nm: x = 1-45 > x8 = 3049 > μ8 = 3049; 
Vn: x = 1:45 —> V10x = 3-808 = Vn. 


TS 
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Intermediary values can be found by interpolation provided D is 
not too large: 


Vn: χϑ = 14349 x= 243 D=178 151.10, 
x8 = 14527 +x = 244 d=151"™ 178 ~ 


x8 = 14-5 > x = 2-438 = Wr. 


> x = 1-45 += = 0-68966 += = 0-068966. 


= le 


2. If on the other hand we have a value 2 which 15 one-tenth 
of some value in the x-column, we obtain 


n*: by multiplication of the value corresponding to x in the 
x*-column by 0-01; 


n®: by multiplication of the value corresponding to x in the 
x*-column by 0-001; 


1 

π' by multiplication of the value corresponding to x in the 
1 
- column by 10; 


Vn: by multiplication of the value corresponding to x in the 
10x-column by 0-1; 

Wn: by looking up 1000n in the x*-column and then multi- 
plying the associated value in the x-column by 0:1. 


Numerical example: n = 0-343; to find n?, πϑ, = Vn, Vn: 
n?; x = 3:43 — x? = 11:7649 — n? = 0-117,649; 
mn: x = 3°43 > x8 = 40-354 — n® = 0-040,354; 

I 1 1 

πὶ x = 3-43 >» — = 0-29155 — -- = 2:9155; 

n x n 

Vn: x = 3-43 > V10x = 5.857 > Vn = 0:5857; 


x 
Wn: 8 = 348 >x=7—> Yn = 07. 
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Table 2, p. 621 


The logarithms in this table are taken with respect to base 10, 
i.e. are Briggsian or common logarithms. The logarithms of a 
number occurs in two parts, the characteristic and the mantissa; 


e.g. log 38 = 157978 1 = characteristic 57978 = mantissa. 


With respect to base 10, the logarithms of numbers with the same 
digits (e.g.: 240; 24, 2:4; 0:24) are distinguished only by the 
characteristic—they each have the same mantissa (38021). Since 
the characteristic is easily determined, it is sufficient in Table 2 
to give mantissas. These are given to 5 places. To save space, the 
first two figures are omitted from all but the first column. Where 
the second figure changes within a row, this is indicated by an 
asterisk (*). Thus from the number indicated onwards the initial 
2 figures from the next row are to be used. 7 


Determination of the characteristic 


If a number is expressed as a power of ten, the exponent of the 
power is equal to the logarithm of the number; 


log 100 = 2-000,00 since 10? = 100, 
log 38 = 1-579,78 since 1015 79,78. = 38. 


The characteristic indicates how many times 10 or an integral 
(positive or negative) power of ten is contained in the number 
concerned. For this reason it is useful, in determining the 
characteristic, to split up the numbers occurring as follows: 


Factorisation Characteristic Logarithm 
3°15 = 3-15. 10° 0 0:49831 
31-5 = 3-15.10! 1 1-49831 
315 = 3-15.10? 2 2°49831 

etc. 
0315 =3-15.10- | —| 0-49831 — 1 
0:0315 = 3-15.10- —2 0-49831 — 2 
0-00315 = 3-15.10 —3 0:49831 — 3. 
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Negative characteristics are written either after the mantissa, or 
in front of the mantissa with a bar above to indicate the negative 
sien. E.g. log 0-0315 = 0-49831 — 2 = 2-49831. 


Rules to note 
1. (a) The characteristic of the logarithm of a number greater 
than 1 is 1 less than the number of digits to the left of the decimal 
point: 
e.g. log 1000 has characteristic 4 — 1 = 3; 
log 10 has characteristic 2 — 1 = 1. 
(b) Conversely, a number always has one more digit to the 


left of its decimal point than the characteristic of its logarithm 
gives. 


E.g. 3-55023 is the log of 3550; 1-49831 is the log of 31-5. 
2. (a) The characteristic of the logarithm of a number less 
than 1 is negative and its absolute value is one greater than the 
number of zeros immediately following the decimal point. 
E.g. log 0-315, characteristic —1; 
log 0-00315, characteristic —3. 
(b) Conversely, a number has one less zero immediately after 
its decimal point than the characteristic of its logarithm. 
E.g. 3-49831 is the log of 0-00315; 
0-49831 — 1 is the log of 0-315. 


Rules for calculating 

To multiply numbers, their logarithms are added. 

To divide numbers, their logarithms are subtracted. 

To take the power of a number, its logarithm is multiplied by 
the exponent. 

To take the root of a number, its logarithm is divided by the 
index of the root. 


Conversion of common logarithms to natural logarithms ee 
e = 2-71828...): 


log x = loge x Inx, log x = 0:43429 x In x, 
In x = 2:3026 X log x. 
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Table 3, p. 641 


This table has as argument the angle x measured in radians 
(arc-length of the unit circle). Corresponding values in degrees 
are given in the second column. sin x, cos x, tan x, cot x are the 
abbreviations for sine, cosine, tangent and cotangent, the 
trigonometric functions. 


Table 4, p. 660 


In the In x column we have the natural logarithms of numbers 
appearing under x. Natural logarithms are based on the number 
e = 2:71828... and are abbreviated as In. 

Powers of e are to be found in the e* and e~* columns. 


Conversion of natural logarithms to common logarithms: 


log x = loge X Inx log x = 0:43429 x Inx 
log e = 0-43429 
Inx = ee In x = 2:3026 x log x. 
log e 


Table 5, p. 694 


This table has as argument the angle ¢ measured in degrees. 
Corresponding arc-lengths of the unit circle (¢ in radians) are 
given in the x-column and values of the four principal trigono- 
metric functions in the remaining columns. 

Since sin (90° — ¢) = cos¢, tan (90° — ¢) = cot¢ and con- 
versely cos (90° — ¢) = sin φ, cot (90° — ¢) = tan ¢, ¢ runs on 
the left side of the table (reading from top to bottom) from 0° to 
45° and on the right side of the table (reading from bottom to 
top) from 45° to 90°. Similarly with x. For angles between 0° 
and 45° the designations at the head of the table are the relevant 
ones, for angles between 45° and 90° those in the lower border. 


E.g.: sin 33° = 0:5446 = cos 57°, 
sin 78° = 0:9781 = cos 12°. 


Functions of angles greater than 90° can also be obtained 
directly, by observing the following rules: 
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sin (90° = φ) = cos¢ sin (180° Ξ ¢) = + sing 
cos (90° ΞῈ φ) = + sind cos (180°  ¢) = —cos¢ 
tan (90° = ¢) = + cot¢ tan (180° = ¢) = F tang 
cot (90° + φ) = + tand cot (180°  ¢) = + cot¢ 
eg. ἴδῃ 131° = tan (90° + 41°) = — cot 41° = —1:1504 


cos 168° = cos (180° — 12°) = — cos 12° = —0-9781 
sin 253° = sin (180° + 73°) = — sin 73° = —0-9563 
cot 210° = cot (180° + 30°) = + cot 30° = +1-7321. 


The trigonometrical functions of angles between 720° and 360° 
are obtained by referring to values ¢ — 360° in the table, since 
the trigonometrical functions repeat themselves after 360°; and 
80 on. | 

The radian-measure of angles greater than 90° can easily be 


obtained by taking 5 ~ 15708 for each 90° contained in the 
angle, reading off the residual angle from the table, and adding; 
e.g. 6 = 288° = 3.x 90° + 18°, 
and so x = 3 X 1:5708 + 0°:3142 = 35-0266 


AT ὋΝ PL ER APY 
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